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ABSTRACT 

This dissertation develops a general method for the control of the class of local 
bifurcations of engineering interest, including saddle-node, transcritical, pitchfork and 
Hopf bifurcations. The method is based on transforming a general affine single-input 
control system into quadratic normal form through coordinate transformations and 
feedback. (The quadratic normal form includes the quadratic order Poincare normal 
form of the uncontrolled system as a natural subset.) Then, linear and quadratic state 
feedback control laws are developed which control the shape of the center manifold 
of the transformed system. It is shown that control of the center manifold allows the 
quadratic and cubic order terms of the center dynamics to be influenced to produce 
non-linear stability. Specific matrix operations necessary to transform a general affine 
single-input control system into quadratic normal form are provided. Specific control 
laws to stabilize a general system experiencing a linearly unstabilizable saddle-node, 
transcritical, pitchfork or Hopf bifurcation are also provided. 
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I. INTRODUCTION AND PRELIMINARY 

CONCEPTS 

A. INTRODUCTION 

1. Purpose of this Dissertation 

The purpose of this dissertation is to present an organized step-by-step method 
for the control or stabilization of bifurcations commonly encountered in engineering 
systems. This dissertation is organized into three main parts. Part I consists of Chap- 
ter I and briefly summarizes some preliminary concepts necessary to understand the 
rest of the material, including simple examples. Part II consists of Chapters II through 
IV and lays out the process of determining whether a system exhibits a bifurcation, 
what kind it is and where it occurs, and how to apply multivariable Taylor series 
expansions and linear control techniques to stabilize the linearly stabilizable part of 
the system. Part III consists of Chapters V through VIII and introduces material 
original to this dissertation, specifically a general method for achieving non-linear 
stabilization of linearly unstabilizable bifurcations. Chapter V defines the concept 
of a quadratic normal form, a system with simplified quadratic order terms which 
exhibits dynamics equivalent to the original system, and shows how to transform a 
system into its quadratic normal form. Chapter VI elaborates on the concept of the 
center manifold, a reduced dimensional space to which the dynamics of the system 
collapse, allowing for easier analysis. Chapter VI also shows that systems in the 
quadratic normal form of Chapter V can control the shape of the center manifold, 
and Chapter VII shows that this allows the non-linear stabilization of linearly unsta- 
bilizable bifurcations. Chapter VII then provides specific state feedback gain formulas 
which stabilize the commonly encountered types of bifurcations. Chapter VIII works 
through specific examples which show how to apply the techniques of Chapters V 
through VII. Taken as a whole, this dissertation lays out a comprehensive method 
for the control or stabilization of bifurcations commonly encountered in engineering 
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systems. It should be noted that, throughout this analysis, full state feedback is 
assumed and the practical question of how to observe the states is not addressed. 
However, successfully solving the state feedback problem opens the door to further 
investigation, including output feedback control. Interesting approaches to this prob- 
lem include that of Gu et al [Ref. 13] and the possibility of integrating the results 
of this dissertation with existing non-linear filtering theory, as for example, Krener 
[Ref. 14], Krener [Ref. 15] or Bestle [Ref. 16]. 

2 . Layout of the Chapters 

Each chapter is laid out with an introductory section which summarizes the 
applicable results from previous chapters and introduces the results of the current 
chapter. The material in the chapter is then developed from that starting point. 

3. Original Contribution of this Dissertation 

This dissertation introduces some new concepts, and provides some new re- 
sults. The new results are as follows: 

• The general quadratic normal form for single input affine control systems, 
which is developed in Chapter V, is new. Specific original contributions of 
Chapter V include: the separation principle; and the individual quadratic 
normal forms of the controllable/uncontrollable part, the controllable/mixed 
part, the uncontrollable/mixed part and the uncontrollable/controllable part. 
Two previous results in this field appear as natural subsets of this theory. 
The Poincare normal form of a dynamic system without control [Ref. 1] is 
included as the uncontrollable/uncontrollable part, and Kang’s result on the 
quadratic normal form of a linearly controllable system [Ref. 2] is included as 
the controllable/controllable part. 

• The general method for controlling the shape of the center manifold of a dy- 
namic system, which is developed in Chapter VI, is new. Although the concept 
of a center manifold is well established in dynamic systems theory (see Wig- 
gins [Ref. 3] or Carr [Ref. 17]), and center manifolds have been used as the 
basis for control of systems before [Ref. 4], Chapter VI presents a systematic 
presentation of the general case of control of the shape of the center mani- 
fold in the vicinity of an equilibrium point using the quadratic normal form 
developed in Chapter V. 
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• The general method for control of a system exhibiting a bifurcation, which is 
developed in Chapter VII, is new. This method is applicable to all well known 
local bifurcations in quadratic or cubic order, including saddle-node bifurca- 
tions, transcritical and pitchfork bifurcations, Hopf bifurcations, double-zero 
bifurcations, and cusp bifurcations. Several of these bifurcations have been 
successfully controlled individually based on the normal form approach [Ref. 
2]. In particular, Kang [Ref. 2] controlled bifurcations having at most one 
linearly uncontrollable mode using a normal form approach. However, this 
dissertation is the first systematic presentation of how to control a whole class 
of local bifurcations. 

• The general control laws presented for the control of Hopf bifurcations, devel- 
oped in Chapter VII, are new. Although Abed proved that Hopf bifurcations 
could be controlled [Ref. 5], general, explicit control laws for Hopf bifurcations 
do not exist. Others [Ref. 6] have provided specific control laws for specific 
systems exhibiting Hopf bifurcations, but the results in Chapter VII are the 
first general control laws for Hopf bifurcations. 

4. Who Cares? 

The control of bifurcations is of interest to many engineers and scientists in 
diverse fields. Bifurcations have been observed in aircraft stability and control (wing 
rock phenomena observed in certain aircraft at high angles of attack), marine engineer- 
ing (split trajectories of autonomous underwater vehicles), turbine engine compressor 
design (rotating compressor stall and surge phenomena), and high energy nuclear 
fusion research (high temperature plasma instabilities). Currently there are no com- 
monly accepted methods for approaching the control of bifurcations in general. This 
dissertation attempts to fill that gap. Although specific examples will be provided 
(for example, a simple model of the operation of a turbine engine compressor will be 
examined in Chapter VIII), the intent of this dissertation is not to solve any spe- 
cific problem, but rather to present a general approach to the control of bifurcation 
phenomena which can be applied to many different problems. 



B. SOME PRELIMINARY CONCEPTS 

This dissertation will be concerned with equations of the form 

x = + g(x,n)u (1.1) 
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where x is the state vector, p is the vector of parameters, and f(x,y) and g(x,y) 
are general non-linear, vector valued functions of x and //, and u is a single valued 
control input. Systems of the form of equation 1.1 are known as affine control systems, 
which means that the control input u can be factored out to stand alone. We will 
be interested in the case when the control input u has been adjusted so as to trim 
the system at an equilibrium point. Then, we will examine qualitative changes in 
the behavior of the system as the vector of parameters p is varied, which we call 
bifurcations. (By qualitative change, we mean situations such as a change in the 
number of equilibrium points, change in the stability of an equilibrium point, creation 
or destruction of limit cycles, etc.) This dissertation is concerned with developing 
state feedback control laws for the input u which will either eliminate, stabilize or 
soften bifurcations which occur as the vector of parameters p is varied. In order to 
explain the situation clearly, we will work up to our final equations through informal 
definitions (explanations) and relatively simple examples. We start our explanation 
of 1.1 by explaining what we mean by state variables and the state vector. 

Explanation B.l (State of a Dynamic System) We take our definition of state 
from Ogata [Ref 7]. The state of a dynamic system is the smallest set of variables 
(called state variables) such that the knowledge of these variables and the input to 
the system determines the behavior of the system for all .subsequent time . If n state 
variables are needed to completely describe the behavior of a given system , then these 
can be considered the n components of a vector x. Such a vector is called a state 
vector . Note that the state variables are not unique. That is , there may be more than 
one set of variables which , when taken together , determine the behavior of the system . 



Example. [State Vector] Given the set of coupled dynamic equations 



Xi = X\ + x 2 ( 1 . 2 ) 

x 2 — — 2a; 1 -f- x 2 0-3) 

the variables X\ and x 2 can both be seen to be acceptable state variables since knowl- 
edge of both is required to describe the behavior of the system with time. So, the 
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state vector in this case is 



x ~ 



X\ 

X 2 



(1.4) 



Note that any two independent linear combinations of the variables X\ and x 2 are 
also acceptable state variables for this system. « 

Now let’s look at what we mean by a parameter and by a vector of parameters. 

Explanation B.2 (Parameter) A parameter is a value which is constant in any 
given dynamic system, but which may take on different values from dynamic system 
to dynamic system. Since a parameter is constant in any given dynamic system, it 
may be characterized as having a time rate of change of zero ( i.e . p = 0). If all the 
parameters in a given equation or set of equations are stacked up in vector form, the 
result is called the vector of parameters. If the vector of parameters is appended to 
the state vector, then the result is known as the appended state vector. 

Example. [Parameters] Given the set of dynamic equations 



x 1 = fi l X 1 
x 2 — —2p 2 x 2 



(1.5) 

(1.6) 



where p\ and p 2 are unspecified constants, it can be seen that either pi or p 2 can be 
considered parameters if they can take on different values from dynamic system to 
dynamic system. In other words, parameters allow us to define a family of dynamic 
equations, which in this example we can express as 





= 0 


(1.7) 


h 


= 0 


(1.8) 


Xi 


= n 1*1 


(1.9) 


X2 


= —2hix 2 


(MO) 



Here we have p\ and p 2 as parameters, and X\ and x 2 as state variables, which gives 

• The vector of parameters: p = ^ 1 

^2 



5 



• The state vector: x = 



x\ 

x 2 



• The appended state vector: 



M 

x 



Mi 

M2 

X\ 

. ^2 . 



< 



Now, what do we mean by a vector valued function of x and p,l 

Explanation B.3 (Vector Valued Function) A vector valued function is a vector 
whose individual components are scalar functions of ( possibly ) multiple variables, in 
our case state variables and parameters. 

Example. [Vector Valued Function] Given the set of dynamic equations 



i\ = piXi + x\ (1. 11) 

x 2 = —2p 2 x 2 + (1-12) 

we can define two new functions, /i and / 2 , as 

fi(xi,x 2 ,p u p 2 ) = p^Xi + xl (1.13) 

f 2 {x\,x 2 ,pi,p 2 ) = —2p 2 x 2 + Zx\ (1.14) 



and using the state vector x and the vector of parameters /i, we can re-write the set 
of dynamic equations as 



x\ = f\{x,p) (1.15) 

x 2 = f2(x,p) (1.16) 

If we stack the components _/) and f 2 into a vector, we end up with a vector valued 
function / (x,p) in our set of dynamic equations, i.e. 

i = f{x,p) (1.17) 
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where 






/l 




fax 1 + x\ 


_ h {x, (i) _ 




—2fl 2 X2 + 3X] 



(1.18) 



We note that for a fixed value of /z, the vector valued function f(x,p) is a vector 
field. As p is allowed to vary, f (x,p) defines a family of vector fields. < 

Finally, our definition of single valued control input and its accompanying 
example will bring us fully up to speed on the equation we started with. 



Explanation B.4 (Control Input) A control input is a variable whose values are 
fed into a dynamic system from the outside, in order to affect the behavior of that sys- 
tem. The control input is allowed to change with time. A single valued control input 
has only one value fed in, that is, the control input is a scalar, rather than a vector. 
Automatic control systems commonly occur in two forms: open loop control, where 
the control input is predetermined (typically on a time basis), and where the output 
of the system has no effect on the control input; and feedback control, or closed loop 
control, where information about the output or state variables of a system is combined 
according to a pre-set formula and fed in as an input. A third type of control system, 
operator control or adaptive control, occurs when the system has an intelligent compo- 
nent as the controller (typically a human being, although occasionally applications of 
robotics or artificial intelligence) , who puts in whatever input he chooses, in response 
to his own situation and perceived need for control. Although in general any of these 
methods of control may be used, in this dissertation we will only deal with feedback 
control of a single control input. 



Example . [Affine Control Input] Here we have a dynamic system with a control 
input, u: 

i\ = y>\X\ + x\ + x 2 u (1-19) 

X 2 = —2p2 x 2 “h 3x| + u (1.20) 

If we separate out the terms containing the control input u from the other terms, and 
stack in vector form, we have 

x } 

X2 



P\X\ + x\ 
-2p2 x 2 “h 



+ 



x 2 



U 



( 1 . 21 ) 
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Since the control input u can be factored out by itself, this equation is said to be 
“affine” in u. Using our vector valued function notation from before, we get 



i = /(x,ti) + 



( 1 . 22 ) 



where we have 



x 



X 



M 



f(x,n) 






i 1 

Xi 

x 2 

Mi 
M 2 _ 

Mi^i "f” 

—2fj,2 x 2 4“ 3xj 

*2 

1 



(1.23) 

(1.24) 

(1.25) 

(1.26) 
(1.27) 



Note that we could have defined the function g as g (£ 2 ) since that is the only variable 
it depends on. However, it is also permissible to be more general, which we have done 
here. < 



Example. [Feedback Control] We decide to apply feedback control to our dy- 
namic system. Assume that we know our state variables, £j and X 2 , and also our 
parameters, pj and p 2 - If we desired, we could take combinations of our states and 
parameters and multiply them by values which we pick (called gains) and feed them 
back into the control input u. (Note that the combinations can be linear or non- 
linear.) Our dynamic system is 



Xi 





/TjXi + x\ 


+ 


X 2 


u 


(1.28) 


%2 




—2p 2 X2 + 3xf 




1 
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Let’s suppose we decide to apply feedback as follows: 



U — I\\X2 “f" A 2 (J'2%2 “f" A 3 X 2 



(1.29) 



Our dynamic system with feedback applied now looks like 



X 1 




fl l x 1 + 1^+12 ( I\lX 2 + I< 2 H 2 X 2 -1- I<zx\) 


. *2 




I\\X 2 -f- ( A 2 — 2) fi 2 x 2 + (A 3 -f- 3) Xj 



(1.30) 



Let’s look at the x 2 term for a moment. We can pick the gains as follows: 

A\ — — 10 (This ensures that x 2 will be very exponentially stable close to the 
equilibrium point.) 

K 2 = 2 (This cancels the —2fi 2 x 2 term.) 

K 3 = —3 (This cancels the 3x\ term.) 

Our dynamic system with these feedback gains applied is 



(1.31) 



ii 




H1X1 — 9 x| + 2fi 2 x% — 3xfx 2 


X2 




1 

CN 

H 

O 

1— 1 

1 

1 



So, in this example we succeeded in stabilizing x 2 with our choice of feedback gains 
AT, AT, and AT- However, we were left with a non-linear mess for the dynamics of Xi. 
Is xj stable? Is x\ unstable? How does the stability of x\ depend on the parameters 
H ] and ^ 2 ? None of the answers to these questions are obvious, because we chose our 
feedback gains in a very haphazard manner. Determining how to choose our feedback 
gains to affect the behavior of our system is the point of this dissertation. < 



This dissertation will present a systematic method for choosing feedback gains 
(linear and non-linear) which will allow us to stabilize our dynamic system around an 
equilibrium point, or to tell us when a system cannot be stabilized. In particular, we 
will focus on the control of bifurcations through the control of the center manifold of 
a system. Following Kang [Ref. 10], we will extend Poincare’s idea of normal forms to 
systems with control, which will allow us to prove a useful general result about affine 
non-linear control systems. Putting all of these pieces together will ultimately give us 
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the desired feedback gains. Since the terms bifurcation, center manifold, and normal 
form are unfamiliar to many controls engineers, they will be explained in subsequent 
sections. We start with bifurcations. 



C. WHAT IS A BIFURCATION? 

What is a bifurcation? Although this dissertation presents a theory for the 
control of bifurcations, we need to be clear about what a bifurcation is, before we 
can rush off and try to control one. As in the previous section, we will begin with 
explanations backed up by examples. 

Explanation C.l (Bifurcation ) We take our definition of bifurcation from Stro- 
gatz [Ref. 8 ]. A bifurcation is a qualitative change in the dynamics of a system as 
a parameter is varied . The value of the parameter at which the change occurs is 
called the bifurcation value, also sometimes known as the bifurcation point or point 
of bifurcation. (In this dissertation all these terms will be used interchangeably.) A 
bifurcation is always associated with a qualitative change in the nature of the equilib- 
rium points of the system. The qualitative change could be a change in the number 
of equilibrium points , the change in the stability of an equilibrium point, or other 
qualitative change , such as the creation or destruction of a limit cycle. 

Explanation C.2 (Equilibrium Points) An equilibrium point is a value of the 
state vector x of a dynamic system, such that the time rate of change of the state 
vector is zero at that point . That is, x = 0 when x = x* , where x* is an equilibrium 
point. For linear systems, the only isolated equilibrium point possible is the origin. 
However non-linear systems may have more than one isolated equilibrium point, as 
we will see in the next section. (Non-isolated equilibrium points typically occur in 
degenerate situations when one or more of the eigenvalues of the linearized system is 
zero.) 



Example. [Equilibrium Points] Look at the simple dynamic system 

= y 1 x 1 (1.32) 

where X\ is the state variable and /q is a parameter. First, let’s find all the equilibrium 

points of this system, which we will call x\ . We do this by setting — 0, and x\ = x\ 

and solving the resulting algebraic equation in x\. We get 

§ = y l x\ ( 1 . 33 ) 
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So, simple-mindedly we announce the answer: all the equilibrium points are given by 
the equation 

x\ = 0 (1.34) 

This is indeed true, except for one special case which turns out to be very important. 
When /j = 0 we get 

x\ = arbitrary (1.35) 

Clearly, a system with an infinite number of equilibrium points is qualitatively dif- 
ferent from a system with only one equilibrium point. Examining the stability of our 
system we see that the equilibrium point at X\ = 0 is stable for y < 0 and is unstable 
for y > 0, another qualitative change which occurs at y = 0. We call this qualitative 
change a bifurcation, and note that y = 0 is the bifurcation point for this system. 
(As we will see below, the bifurcation exhibited by this system is a special case of 
what is known as a transcritical bifurcation.) « 

Now we will look at specific cases of bifurcations of engineering interest. These 
include saddle-node bifurcations, transcritical bifurcations, pitchfork bifurcations (su- 
percritical and subcritical), and Hopf bifurcations (supercritical and subcritical). 
(Figures 1 through 6 were adapted from Strogatz [Ref. 8].) 

1. Saddle-Node Bifurcation 

Example. [Saddle-Node Bifurcation] Look at a simple non-linear dynamic sys- 
tem which exhibits a saddle-node bifurcation 

= //j + x\ (1.36) 

where aq is the dynamic state and y\ is a parameter. Again we find the equilibrium 
points as x = x* such that x = 0, i.e. 

0 = yi+x? (1.37) 

which gives 

X\=±y/=ji 7 (1.38) 
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an answer which only exists for fi\ < 0. Note that no equilibrium points exist for 
//] > 0. A qualitative change in the dynamics of the system occurs at fii = 0, and we 
call this change a saddle-node bifurcation. If we were to examine the stability of the 
two equilibrium points (when they exist) we would find that the equilibrium point at 
a:* = — ^/— JTi was stable, while the equilibrium point at x\ = \/—Jh was unstable. 
In this system, as is increased and passes through = 0, the stable and unstable 
equilibrium points coalesce and annihilate each other. The coalescence and annihila- 
tion of a pair of equilibrium points (or conversely the creation and separation of a pair 
of equilibrium points) — one stable and one unstable — is the first basic bifurcation 
mechanism in non-linear systems. We can represent the behavior of the equilibrium 
points on a bifurcation diagram, as shown in Figure 1. Here, the horizontal axis is 




Figure 1. Bifurcation Diagram for a Saddle-Node Bifurcation 

the value of the parameter /j l5 and the vertical axis is the location of any equilibrium 
points Xj, if they exist. The stability of the equilibrium points is also shown on the 
diagram, with the stable equilibrium point indicated by the solid branch of the curve, 
and the unstable equilibrium point indicated by the dashed branch of the curve. The 
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bifurcation is clearly visible at the origin, where the two branches of the curve meet 
and annihilate, resulting in no equilibrium points for p\ > 0. « 



2. Transcritical Bifurcation 

Example. [Transcritical Bifurcation] Now look at simple non-linear dynamic 
system which exhibits a transcritical bifurcation. Our system is 

ii = p.ix } + x\ (1.39) 

where Xj is the state variable and p\ is a parameter. Again we find the equilibrium 
points as x = x* such that x = 0, i.e. 

0 = p\x\ + Xj 2 (1-40) 

which gives 

x\ — 0 (1-41) 

x\ = p\ (1.42) 



Here we see that there are two equilibrium points, except when p\ = 0 and there is 
only one, a qualitative change in the system. Examining the stability of the equi- 
librium point at x\ = 0 (by using the first method of Lyapunov and examining the 
linearized system) we see that x\ — 0 is a stable equilibrium point for /q < 0 and 
an unstable equilibrium point for p\ > 0, another qualitative change. (If we were 
to examine the stability of the equilibrium point at x j = — p\ we would find that 
it also switched stability at pi = 0, and that for any given value of p.\ its stability 
was opposite to that of the other equilibrium point.) This is called a transcritical 
bifurcation. We can again represent the behavior of the equilibrium points on a bi- 
furcation diagram, as shown in Figure 2. Again, the horizontal axis is the value of 
the parameter pi, and the vertical axis is the location of the equilibrium points xj. 
The stable equilibrium point is again indicated by the solid branch, and the unstable 
equilibrium point indicated by the dashed branch. The bifurcation is clearly visible 
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Figure 2. Bifurcation Diagram for a Transcritical Bifurcation 

at the origin, where the two branches of the curve meet and the stability of each 
branch switches. <3 

3. Pitchfork Bifurcations 

Example. [Supercritical Pitchfork Bifurcation] Now look at a simple non-linear 
dynamic system which exhibits a supercritical pitchfork bifurcation. Our system is 

x\ = p,\ X\ — x 3 (1-43) 

where x\ is the dynamic state and p,\ is a parameter. Again we find the equilibrium 
points as x — x* such that x = 0, i.e. 

0 = p,\x\ — x^ 3 (1-44) 

which gives 

x\ = 0 (1.45) 

= ±y/Jii (1-46) 

Here we see that the equilibrium point at x\ = 0 always exists regardless of the value 
of /i, but that the equilibrium points at xj = Ey/pi only exist for pi > 0. Thus, a 
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qualitative change in the dynamics of this system occurs at = 0, which we refer to 
as a supercritical pitchfork bifurcation. (The next example will illustrate a subcritical 
pitchfork bifurcation.) To determine the stability of our system by using the first 
method of Lyapunov, we examine the Jacobian matrix of our system evaluated at 
each equilibrium point. The Jacobian is given by 

() 

J = dT, ('“ II “ = " 3i;2 (L47) 



so we have 



for Xj = 0, and 



J = Mi 



J = — 2/X] 



(1,48) 



(1.49) 



for x\ = Since our system is one-dimensional, the stability (sign of the 

eigenvalue) is immediate by inspection: our equilibrium point at x\ = 0 is stable for 
/ii < 0 and unstable for fi\ > 0; and our equilibrium points at x\ = are stable 

for /ii > 0. (Note that since they do not exist, we can not evaluate their stability 
for fi\ < 0.) We can again represent the behavior of the equilibrium points on a 
bifurcation diagram, as shown in Figure 3. Again, the horizontal axis is the value 
of the parameter fi i, and the vertical axis is the location of the equilibrium points 
x\. The stable equilibrium points are again indicated by the solid branches, and 
the unstable equilibrium point is indicated by the dashed branch. The bifurcation is 
clearly visible at the origin, where the two stable branches of the curve split off and the 
stability of the origin switches from stable to unstable. So, to summarize, for < 0, 
we have one equilibrium point at x\ — 0, which is stable. This situation persists, with 
no qualitative changes to our dynamics, until ji x > 0, when our equilibrium point at 
x x = 0 becomes unstable, which is a qualitative change. But because two new stable 
equilibrium points at x x — ± V //^T simultaneously come into existence on either side 
of the unstable equilibrium point, the dynamics around x x = 0 are bounded. In this 
situation the bifurcation is said to be supercritical, or “soft”. « 
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stable 



unstable 




Figure 3. Bifurcation Diagram for a Supercritical Pitchfork Bifurcation 

Example. [Subcritical Pitchfork Bifurcation] Look at another simple non-linear 
dynamic system 

X\ — fi\X\ -f- x 3 (1.50) 

where aq is the dynamic state and pi is a parameter. Again we find the equilibrium 
points as x = x* such that x = 0, i.e. 

0 = pL\x\ + Xj 3 ' (1.51) 

which gives 

x\ = 0 (1.52) 

x\ = ±y/^ (1.53) 

Here we see that the equilibrium point at x\ = 0 always exists regardless of the value 

of //], but that the equilibrium points at x\ — ±y/—pi only exist for /x a < 0. Thus, 

a qualitative change in the dynamics of this system occurs at fi\ = 0, which we refer 
to as a subcritical pitchfork bifurcation. To determine the stability of our system by 
using the first method of Lyapunov, we examine the Jacobian matrix of our system 
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(1.54) 



evaluated at each equilibrium point. The Jacobian is given by 

d 



J = 



dxi 



— /A + 3xj 2 

\ ' T\ =Xj L 



so we have 



for x\ — 0, and 



J = H i 

J — — 2/Ui 



(1.55) 

(1.56) 



for Xj = ±y/—fii. Since our system is one-dimensional, the stability (sign of the 
eigenvalue) is immediate by inspection: our equilibrium point at x\ = 0 is stable 
for Hi < 0 and unstable for Hi > 0; and our equilibrium points at x ^ 
are unstable for Hi < 0- (Note that since they do not exist, we can not evaluate 
their stability for H\ > 0.) We can again represent the behavior of the equilibrium 
points on a bifurcation diagram, as shown in Figure 4. Again, the horizontal axis is 



unstable 



stable 



unstable 




unstable 



A*. 



Figure 4. Bifurcation Diagram for a Subcritical Pitchfork Bifurcation 

the value of the parameter H\i an d the vertical axis is the location of the equilibrium 
points x\. The stable equilibrium point is again indicated by the solid branch, and the 
unstable equilibrium points are indicated by the dashed branches. The bifurcation is 
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clearly visible at the origin, where the two unstable branches of the curve meet and 
the stability of the origin switches from stable to unstable. So, to summarize, for 
ji\ < 0, we have one equilibrium point at X\ = 0, which is stable, and two additional 
equilibrium points at x\ — ±^/— /x 1? which are unstable. This situation persists, 
with no qualitative changes to our dynamics, until ji\ > 0, when our equilibrium 
point at x\ = 0 becomes unstable, which is a qualitative change, and the other two 
equilibrium points cease to exist, which is another qualitative change. Now, the 
dynamics around x\ = 0 are unbounded, and trajectories around the equilibrium 
point diverge exponentially, with nothing to “catch” them. In this situation the 
bifurcation is said to be subcritical, or “hard”. < 

4. Hopf Bifurcations 

Example. [Supercritical Hopf Bifurcation] Now look at a non-linear dynamic 
system which exhibits a supercritical Hopf bifurcation. Our system in Cartesian 
coordinates is 

ix = pixi — x 2 — Xi (xl + xl ) (1-57) 

x 2 — x\ + pix 2 — x 2 [x\ -1- xfj (1.58) 

and in polar coordinates is 

r = p\ r — r 3 (1.59) 

6 = 1 (1.60) 

with 

x\ = rcosO (1.61) 

x 2 = r s'mO (1.62) 

where X\ and x 2 (or r and 0) are state variables and is a parameter. Again we find 
the equilibrium points by solving for x = x* such that x = 0, i.e. 

0 = p\x\ - x* 2 - x\ (aq 2 + a^ 2 ) (1.63) 
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0 = xj + H\X^ — x\ (xj 2 + xj 2 ) 



which gives an immediate answer 



x, 



x, 



= 0 

- 0 



(1.64) 

(1.65) 

( 1 . 66 ) 



However, although we have found an equilibrium point, how do we know there aren’t 
more? For general systems, this is not an easy task, as we will see in Chapter II. 
For this system however, we can look at the equation in polar coordinates, where 
we see that there is only a single equilibrium point, at r* = 0, which corresponds 
to the previously determined equilibrium point xj = xj — 0. (Note that technically 
r* = 0 is not an equilibrium point, since 0/0. However, this is just an artifact of 
our coordinate system. But, it does allow us to rule out the existence of any other 
equilibrium points which are not at the origin.) So, we have only one equilibrium 
point, and its existence does not depend on the value of the parameter /xj . So there 
are no qualitative changes due to a change in the number of equilibrium points. 
Does the stability of the equilibrium point depend on the value of /q? Looking 
at the system in polar coordinates, it is immediately obvious that it does (the r 
dynamics undergoes a supercritical pitchfork bifurcation). However, can we see this 
by examining our original system? We can determine the stability of our system by 
using the first method of Lyapunov, and examine the Jacobian matrix of our system 
evaluated at the equilibrium point. The Jacobian is given by 






where 



x = 



Xi 

X2 



and 



/(*) = 



/<iXi — x 2 — Xj (xj T x\) 
xi + nix 2 — x 2 (x? + xl) 



(1.67) 



( 1 . 68 ) 



(1.69) 
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so we get 



J = 



— 3xj — x\ 


— 1 — 2xix 2 




Hi -l 


1 — 2xiX2 


fii — x\ — Zx\ 


x=0 


] m 



(1.70) 



When we calculate the eigenvalues A of our Jacobian matrix J with the formula 

det(A/-J) = 0 (1.71) 



we get 



A = [i\ ± i 



(1.72) 



So, we can see that the stability of our equilibrium point at the origin (which is 
determined by the sign of the real part of the eigenvalues) changes at fi i =0, and 
indeed that the origin is exponentially stable for < 0, and unstable for //i > 0. Now, 
unlike the pitchfork bifurcations above, the stability of this equilibrium point did not 
change due to the coalescence of two other equilibrium points — there are no other 
equilibrium points in the system. So what did happen? Looking at equations 1.59 we 
can see that the r dynamic equation undergoes a supercritical pitchfork bifurcation 
when ji\ — 0, and a new, stable r-equilibrium is established at r* = a// 7T for /ii > 0. 
(Note that we do not speak of an additional r-equilibrium at r* = — yZ/Tf, since 
negative radius is meaningless.) But since the 6 dynamic equation only allows for an 
equilibrium point at the origin, our new, stable r-equilibrium is not a stationary point, 
it is point moving on a fixed trajectory — a limit cycle. It is the creation of this stable 
limit cycle which is associated with the change of stability of the equilibrium point 
at the origin, and because the stable limit cycle surrounds the unstable equilibrium 
point, the dynamics around the origin are bounded, as shown in Figure 5. In this 
situation the bifurcation is said to be supercritical, or “soft”. In this system, at 
fi\ = 0, the creation of a stable limit cycle around an equilibrium point caused the 
stability of the equilibrium point at the origin to switch from stable to unstable. The 
change of stability of an equilibrium point associated with the creation or destruction 
of a limit cycle is the second basic bifurcation mechanisms in non-linear systems. « 
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M,< 0 



H ,>0 



Figure 5. Supercritical Hopf Bifurcation 



Example. [Subcritical Hopf Bifurcation] Now look at a non-linear dynamic 
system which exhibits a subcritical Hopf bifurcation. Our system in Cartesian coor- 
dinates is 



ii = pixi — x 2 + aq (xj + Zj) (1-73) 

£2 = £1 + Mi x 2 + £2 [x\ + xfj (1-74) 

and in polar coordinates is 

r = pir -f r 3 (1-75) 

6 = 1 (1.76) 

with 

X\ = r cos 6 (1-77) 

X 2 = rs'md (1-78) 



where x\ and X 2 (or r and 6) are state variables and p,\ is a parameter. Again we find 
the equilibrium points by solving for x = x* such that x = 0, i.e. 



0 



* * - * / *2 1 *2\ 

jJj j Xj 30 2 ~i X | I Xj I ^2 j 

* 1 ate 1 * / *2 1 * 2 \ 

X, + piX 2 + x 2 (aq + x 2 ) 



0 
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(1.79) 

(1.80) 



which gives the same answer as the supercritical Hopf bifurcation 

Xj = 0 



A = 0 



(1.81) 

(1.82) 



Again, as before, the equation in polar coordinates confirms that the origin is the 
only equilibrium point. Now we check to see if the stability of the origin depends on 
the value of the parameter /xj. Again the equation in polar coordinates confirms that 
it does, since the r dynamics undergoes a subcritical pitchfork bifurcation. We also 
determine the stability of our original system by using the first method of Lyapunov 
and examining the Jacobian matrix of our system, evaluated at the origin. The 
Jacobian is given by 



J - 



df 

dx , 



X—X* 



where 



x = 



Xi 



and 



f(x) = 



H\X\ - x 2 + X\ (x\ + x\) 
X\ + H\X 2 + x 2 (x\ + x\) 



so we get 



J = 



ji\ + 3xJ + x\ 


— 1 4" 2xi X 2 




/x, -1 


1 + C lX\X2 


Ha + X| + 3x2 


x=0 


1 ji\ 



(1.83) 



(1.84) 



(1.85) 



(1.86) 



which is exactly the same result we got for the supercritical Hopf bifurcation. So, the 
eigenvalues are 

A = pi±i (1.87) 

which give us the same stability criteria as before, that is, the origin is exponentially 
stable for < 0, and unstable for > 0. Now, so far, this example would seem to 
be a waste — nothing new has been discovered. But, when we look at equation 1.75 
we can see that the r dynamic equation undergoes a subcritical pitchfork bifurcation 
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when \i\ — 0. For < 0 an unstable r-equilibrium exists at r* = . (Note 

that again we do not speak of an additional r-equilibrium at r* = — >/— //j , since 
negative radius is meaningless.) And again, since the 9 dynamic equation only allows 
for an equilibrium point at the origin, our unstable r-equilibrium is not a point, it 
is a limit cycle. It is an unstable limit cycle surrounding a stable equilibrium point, 
and it is the collapse of this unstable limit cycle onto the stable equilibrium point 
which is associated with the change of stability of the equilibrium point at the origin, 
as shown in Figure 6. Also, because the unstable limit cycle is annihilated at the 



/ i ,>0 

Figure 6. Subcritical Hopf Bifurcation 

point of bifurcation (when the stability of the origin changes), the dynamics around 
the origin become unbounded, and trajectories around the equilibrium point diverge 
exponentially, with nothing to “catch” them. In this situation the bifurcation is said 
to be subcritical, or “hard”. Much of the rest of this dissertation will be concerned 
with ways to “soften” bifurcations, that is to use control inputs to turn subcritical 
bifurcations into a supercritical bifurcations. < 

D. WHAT IS A CENTER MANIFOLD? 

What is a center manifold? What is an invariant manifold? To most engineers, 
a manifold is a pipe. It may be straight, or it may be curved, but regardless of how 
the pipe twists or curves, what is in the pipe stays in the pipe, from one end to the 
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other — it doesn’t come squirting out the side somewhere in between. Now, we are 
dealing with mathematics, not hardware in this dissertation (you won’t find a piece of 
real pipe mentioned anywhere, not even in the appendices) but we can make a strong 
analogy which justifies our use of the terms: In dynamic systems, the manifold (piece 
of pipe) we are concerned with is a surface inside the state space, which has the 
property that trajectories which start on the surface, stay on the surface, just as our 
real flow stays in the pipe. This property (staying on the surface, or manifold) is 
called invariance, and in any given space there are as many invariant manifolds as 
there are trajectories. By itself then, the definition of an invariant manifold is not 
very useful. But we are not interested in just any invariant manifold — we are only 
interested in one particular invariant manifold, the center manifold. So what is the 
center manifold? The center manifold is that invariant manifold which is the “best 
match” to the center subspace of an equilibrium point. What is the center subspace? 
The center subspace is defined for the linearization around an equilibrium point as 
being that subspace spanned by the generalized eigenvectors having eigenvalues with 
zero real parts. Again, we use informal definitions and examples to make our point. 

Explanation D.l (Invariant Manifold) An invariant manifold is a surface (hy- 
persurface) inside a state space which has the property that trajectories (a trajectory 
is a path traced out by a point over time) on the manifold remain on the manifold. 

Explanation D.2 (Center Manifold and Center Subspace) The center mani- 
fold is that invariant manifold which has the same dimension as the center subspace of 
an equilibrium point, and is tangent to the center subspace at that equilibrium point. 
The center subspace is that subspace spanned by the generalized eigenvectors of the 
linearization around the equilibrium point which have eigenvalues with zero real parts. 

Example. [Center Subspace] Let’s look at an extremely simple linear system. 
The system 



x i = —X\ 



x 2 
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0 



(I.SS) 

(1.89) 



can be expressed in vector/matrix form as 



x = Jx 



(1.90) 



with 



and 



x = 



J = 



x\ 

xi 

-1 0 

0 0 



(1.91) 



(1.92) 



where we have used J to stand for the Jacobian matrix of the system. The eigenvalues 
of J are Aj = — 1 and A 2 = 0, which gives the generalized eigenvectors as 



Vi = 



Vo = 



1 

0 

0 

1 



(1.93) 



(1.94) 



where we have normalized both generalized eigenvectors. Now, since the center sub- 
space is the subspace spanned by the generalized eigenvectors corresponding to the 
eigenvalues with zero real parts, our center subspace for this example is spanned by 
V 2 , and is defined by the equation 

a*i = 0 (1.95) 



Example. [Center Manifold] Now look at the non-linear system 



X\ = —Xi + x 2 
• 2 

X2 = X x 

The linearization of this system around the origin is 

X\ — —Xi + O ^ 

it = 0 + 0 ,2) 



(1.96) 

(1.97) 

(1.98) 

(1.99) 



25 



which is exactly the same as the linear system in the previous example. So, we would 
like to calculate the center manifold of our non-linear system, to quadratic order. How 
would we do it? We proceed following the method of Carr [Ref. 17] by calculating 
the dynamics of trajectories on the center manifold two ways and equating them. 
The surface where the two answers are equal is our center manifold. (Note that since 
our space is two-dimensional, and since the center subspace is one-dimensional, our 
center manifold “surface” is going to be a one-dimensional curve.) First, we calculate 
the dynamics defined by the gradient of the center manifold. Then, we calculate the 
dynamics in general, and restrict them to the center manifold. Since the x*i axis spans 
the center subspace, we take x<i as our independent variable, and calculate the surface 

Zlc m =ft(*2) (1. 100) 

as our center manifold. Since we would like to calculate this surface to quadratic 
order, we expand in a Taylor series to get 

cm — &l x 2 T Qqx 2 + 0 (3+) (1. 101) 

where f II and f Iq are the linear and quadratic coefficients of (^ 2 ), respectively. 
Now, calculating the x\ dynamics as defined by the gradient of the center manifold, 
we get 

Cl — + 2 CIqX 2 + 0^ 2+ ^ X2 (1.102) 

= (ft L + 2Q q x 2 + 0 (2+) ) x\ 

= (fiz, + 2 fi Q x 2 + o (2+) ) (n L x 2 + r i Q xl + o (3+) ) 2 

or 

n = n 3 L xl + o (3+) (i.io3) 

Calculating the dynamics in general, and then restricting them to the center man- 
ifold gives 

item = -*\c m +A (1.104) 

= — (iljjX 2 ~\~ $IqX^ -\- 0 (3+) ) “|- X2 
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or 



— —17^X2 + (1 — fig) x \ -f 0 (3+) 



ii cm — —CIlx 2 + (1 — fig) x 2 + O' (1.105) 

Now, if we equate the linear and quadratic terms in equations 1.103 and 1.105, we can 
calculate the coefficients fl^, and fig as 



(li = 0 

fig = 1 



(1.106) 

(1.107) 



which gives the equation for our center manifold surface to quadratic order as 

X \cm = X 2 + 0 (3+) (1.108) 



We can see that this is tangent to the center subspace of our linearization 



x u s = 0 



by the fact that the linear terms of our center manifold surface are zero. <i 



(1.109) 



E. WHAT IS A NORMAL FORM? 

The theory of normal forms was initiated by the famous mathematician Henri 
Poincare over 100 years ago (Ref. 9]. It has been expanded and updated over the 
years, including work by Takens [Ref. 18]. More recently, Kang [Ref. 10] has applied 
the theory to systems having control. Briefly stated, the theory of normal forms 
reveals how much of the non-linearity of a system is inherent in the system, and how 
much of the non-linearity can be removed by appropriate coordinate transformations 
and (in the case of systems with control) by feedback. Quoting Wiggins [Ref. 1] 

The method of normal forms provides a way of finding a coordinate system 
in which the dynamical system takes the “simplest” form, where the term 
“simplest” will be defined as we go along. As we develop the method, three 
important characteristics should become apparent. 

1. The method is local in the sense that the coordinate transformations are 
generated in a neighborhood of a known solution. For our purposes, the known 
solution will be an equilibrium point. 
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2. In general, the coordinate transformations will be non-linear functions of the 
dependent variables. However, the important point is that these coordinate 
transformations are found by solving a sequence of linear problems. 

3. The structure of the normal form is determined entirely by the nature of 
the linear part of the vector field. 

Again, definitions and examples follow. 

Explanation E.l (Normal Form) The normal form of a dynamic system is the 
residue remaining after all possible terms have been cancelled through the use of co- 
ordinate transformations and feedback (if the system includes control). Due to the 
different possible ways to cancel terms, the normal form of a system is not unique. 

Example. [Normal Form without Control] Look at the simple system 



i\ = —X\ + 2xj 



( 1 . 110 ) 



Suppose that we wanted to perform a coordinate transformation to try and eliminate 
the quadratic term 2x\. How would we go about it? Suppose, for the moment, that we 
happened to be really good at guessing the answer, and we guessed that a coordinate 
transformation of the form 



x\ — — 2x\ 



(i.ni) 



would work. (We will see in the next example where this transformation came from.) 
Now, let’s calculate X\ two ways and set them equal to one another. The first way is 
to plug our coordinate transformation (I. Ill) into our original system (1. 110), which 
gives 




( 1 . 112 ) 



—x\ + — 8ij + 85j 



The second way is to differentiate our coordinate transformation itself, which gives 



i\ = X\ — AZ\X\ 



(1.113) 



= (1 — 4i x ) x.\ 
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Now, setting these two equal to one another, and rearranging gives 



x 1 = 



—x\ + 4£j — 8£j + 



(1.114) 



1 — Ax\ 

which on first glance is no improvement at all. But that’s because we haven’t dealt 
with the term (1 — 4iq) -1 yet. If we series expand (1 — 4xi) -1 around the equilibrium 
point of interest, X\ = 0, we get, to first order 



( 1 — Ax i ) 1 = 1 + Ax\ + 0 (2+) 



(1.115) 



which we can plug in to get 

x,\ = (l + 4xi + (— x\ + Ax 2 — + 8x ^ (1.116) 

- - X ! + Ax\ - Ax\ + 0 (3+) 

= -Xi + 0 (3+) 



So, we have eliminated the quadratic term, at the expense of added complexity in 
the higher order terms. The normal form for our original system (1.110), to quadratic 
order, is 

x\ = — x\ -f 0 (3+) (1.117) 



< 

Now, this example demonstrated what we mean by the normal form, but left 
two large questions unanswered: How did we come up with the coordinate transfor- 
mation we used; and how do we deal with the inverse operation which seems to be 
an integral part of the process? The next example will illustrate how we handle these 
two problems. 

Example. [Normal Form without Control, Reprise] Look again at the simple 
system from the previous example 

iq = — X\ + 2x\ (1.118) 
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Again, suppose that we wanted to perform a coordinate transformation to try and 
eliminate the quadratic term 2x Without knowing the answer ahead of time, how 
would we go about it? One way is to use a coordinate transformation which includes 
all possible quadratic terms with unknown but constant coefficients, and then try and 
pick the coefficients at the end so that the desired cancellation occurs. In this one 
dimensional example, the only possible quadratic term is x \ , so we use a coordinate 
transformation of the form 

x\ = x\ + h\x\ ( 1 . 119 ) 

where h\ is an unknown constant coefficient which we will determine later. Proceeding 
as in the previous example we have 

x\ = — + hix^j + 2 (xi + h\x^j (1.120) 

= — X\ + (2 — h^) x\ + 4 h\x\ + 2 h\x\ 

and 



X\ = x\ + 2h\X\X\ 
— (1 + 2h\X\) x\ 



( 1 . 121 ) 



which gives 

X\ — (1 -\- 2 h\X\) ^ — X\ 4~ (2 — /ij) Xj 4~ 4 h\x^ -f- 2 h^x^j (1.122) 

Now we have to deal with how to find the quantity (1 +2hix^)~ l in general. One 
way is to let 

= (1 + 2h\X\)~ l ( 1 . 123 ) 

and expand 4>{x\) in a Taylor series, which we represent as 



<f> (5i) — <f>Q T (£>\X\ -f <f>2x\ + . . . (1.124) 

Then, since a quantity times its inverse is one (or the identity matrix for higher 
dimensional cases) we get 

(1 + 2hix x ) <f>{xi) = (1 + 2hixx) {j)Q + + <f> 2 xl + . . .) (1.125) 



30 



— (<^o) + (2/ii^o + <t>\) i\ + + <t> 2 ) + • • • 

= 1 



So, we solve for <^ 0 ? <t> 2 ? etc. by matching coefficients term by term. We get 



<t> 0 = 1 


(1.126) 


(2/ii<^o + ^ 1 ) — 0 


(1.127) 


(2h\ (j>i + cf>2 ) = 0 


(1.128) 


which gives 


<t>o = 1 


(1.129) 


II 

1 

to 


(1.130) 


CM 1-H 

II ••• 

CM 


(1.131) 


yielding 


(1 + 2h\X\) 1 = 1 — 2h\i\ + 4 h\x\ + 0^ 3 ~^ 


(1.132) 


When we plug this into equation 1.122 we get 


x \ — ^1 — 2 h\ x ] -|- H - 0 (3+) ) ^ — x 1 -|- (2 — /ij ) x 3 -b 4/ii x 3 


+ 2hjX^ 


= — Xi + (2 + h\) x\ + 0^ 3+ ^ 


(1.133) 


So, to eliminate the coefficient of the x\ term, we need to pick 


S“ 

II 

1 

to 


(1.134) 


which gives us our normal form, to quadratic order, of 


X j — —Xi + 0 (3+) 


(1.135) 



<] 
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Now we will take a look at one more example, which illustrates two things: 
First, how this process works in more than one dimension; and second, how feedback 
can be used to eliminate terms that would otherwise appear in the normal form. 
Our example is a simple two-dimensional linearly controllable system with a few 
strategically placed non-linear terms. 

Example. [Normal Form with Control] Look at the simple two-dimensional 
dynamic system with control 

= x 2 + x\ + x\ (1.136) 

x 2 = u 



where X\ and x 2 are state variables and u is a single control input. We wish to use 
coordinate transformations and state feedback to eliminate the two quadratic terms, 
x\ and x\. We start with the coordinate transformation 



x — x + Hi {2) 



(1.137) 



where we have defined 



x 



x 



x& 



H 



X\ 



X\ 

X2 



X}X 2 

x\ 

h\\ h \2 h 13 

^21 ^22 ^23 



(1.138) 

(1.139) 



(1.140) 



(1.141) 



where the matrix of coefficients H contains unknown constant coefficients which we 
will determine later. Now, as in the previous examples, we determine the time rate 
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of change of the dynamic state vector, i, two ways and equate them. The first way is 
to plug our transformation (1.137) into our dynamic system equation (1.136), which 
yields 



x 



0 1 
0 0 



(i: -f Hx + 



0 




x\ + x 2 + C>( 3 +) ’ 




U + 


1 




0 



(1.142) 



where we have used the fact that the quadratic part of the coordinate transformation 
produces only terms of order three and higher when plugged into the quadratic terms 
in equation 1.136. Now the second way is to differentiate the coordinate transforma- 
tion (1.137) itself, which yields 



diW . 

x = Z + H-—i 

ox 

- ('-£) 



(1.143) 



X 



(Note that we have deliberately left the term containing the derivative in unexpanded 
form for compactness, which we will expand later. It does not hurt to expand it now, 
it only makes the algebra more complicated and harder to understand.) When we 
put them together, we get 

x 2 + x\ + 0 {3+) 

0 



x= [I + H 



dx^\ 

dx ) 



-i l 

\L 



0 1 
0 0 



+ HxS 2 ^ + 



0 

1 



u + 



( 



\ 

J/ 



.144) 



Now we need to calculate the inverse of (/ + H- f]r), which we do with a Taylor 
series expansion 



,<9£( 2 >\ 



-i 



\ I + H ~dT) = * = * (0) + ^ (1) + ^ (2) ( £ ) + • • ' (i-us) 

where the notation 4>(°) (x), etc. indicates what order of the components of the vector 
x are included in the function. We can calculate each term by multiplying the quantity 
by its inverse and setting it equal to the identity matrix. We get 

/ / + H^-] 4>(x) = (l + H^-) (x) + $ {1) (x) + <I>W (x) + . . .) 



dx J 
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(1.146) 



$ (0) ( x ) + ^ (1) (. x ) + # ^r$ (0) {*) 
+ f$ (2) (5) + (x)^ + . . . 



= / 



which gives 



$ (0) (x) 

^(x) 

$ (2) (x) 



= I 



= -H 



dx™ 

dx 



-iff 



(1.147) 

(1.148) 

(1.149) 



Plugging 



I + H 



dx^y 

dx 



-1 



= /_// ^T + + 0 (3+) 



, 3 x ( 2 )\ 2 

dx ) 



back into equation 1.144 gives 

0 1 



x = 



+ 



H 



0 0 

0 1 
0 0 

<9x* 2 ) 

dx 



x + 



0 

1 



u 



Hi {2) - H 



dx^ 
■ dx 



0 

1 



\ 



u 



+ 0 (3+) 



/ 



(1.150) 



(1.151) 



0 


1 




x\ + x\ 


1 






X + 




0 


0 




0 


) 



As we will see in later chapters, determining the two quadratic order terms is known 
as solving the “homological equation”, a term we will define later. Right now though, 
we need to define what we mean by and then make some choices about which 

terms to cancel by our choice of the components of H . We have 



dx^ 2 ) 

dx 



d_ 

dx 



x 2 




2xi 


0 


£ 1 X 2 


= 


X 2 


X\ 


x% 




0 


2x2 



(1.152) 
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and choosing to cancel all of the second quadratic order term in equation 1.151 (the 
term multiplied by u ) except for the bottom row, we have 



H 



dzw 

dx 



0 

1 



u — 



+ 2/113X2 

/l22^1 + 2/l23^2 



u 



(1.153) 



To cancel the top row term, h\ 2 x\ + 2/ii 3 x 2 , for all values of aq and x 2 requires that 
h \2 = /113 = 0. Using this fact, and plugging into the first quadratic order term in 
equation 1.151 gives 



0 1 
0 0 



Hx w - H 



dx 



0 


1 




x\ + x| 






X + 


0 


0 




0 



(1.154) 



(/l21 + 1 ) Xj + {h-22 — 2 /in) X\X 2 + (h 23 + 1 ) x\ 



— 2 / l 21 *^ 1^2 — / l 22*^2 

Now, we have five terms to cancel, and only four coefficients left: /in, h 2 1, /122 and 
/123. So, we take out as many terms as we can by setting /in = 0, h 2 \ = — 1 , /122 = 0 
and /123 = — 1 which leaves us with the system 



x = 



0 1 
0 0 



x + 



0 

1 



u + 



0 

2 xjx 2 



+ 



u 



+ 0 (3+) (1.155) 

Finally, we have one last trick up our sleeve. By using feedback, and setting 



0 

—2x 2 



v = (1 — 2x 2 ) u + 2xix 2 (1.156) 

we get the final quadratic normal form of our original control system, which is 

+ 0 (3+) (1.157) 

!J 

Out full coordinate transformation matrix is 

0 0 0 

H = (1.158) 

-1 0 -1 



, ( 


0 


1 




0 


\ 


x = 






X + 




V 


l 


0 


0 




1 


) 
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which yields a quadratic transformation of the form 



^2 



Z 2 



+ 



—x, — X 



~ 2 



( 1 . 159 ) 



Although all the quadratic terms were able to be eliminated in this example, that 
is not true in general, particularly for higher dimensional systems, and systems with 
linearly uncontrollable components of the state vector. We will see in later chapters 
which terms can be eliminated and which terms remain for the general case. <i 
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II. MANIPULATING THE ORIGIN OF 

COORDINATES 

A. PURPOSE OF THIS CHAPTER 

In this chapter we will consider how to take an arbitrary affine single-input 
control system of the form 

x = f (x,p) + g(x,jl)u (II. 1) 

and translate the origin of coordinates to achieve a new system of the form 

x = + g{x,/i)u (II. 2) 

such that / (0,0) = 0. Although this is a trivial coordinate translation if the equilib- 
rium point of interest and the point of bifurcation are known, it is less clear how to 
proceed for an arbitrary system. Therefore, finding the equilibrium point of interest 
at the point of bifurcation is the subject of this chapter. 

B. TRIMMING THE SYSTEM: FINDING THE CON- 
TROL INPUT NEEDED FOR AN EQUILIBRIUM 
POINT 

Consider again the dynamic control system given by equation II. 1. We would 
like to find a way to put this equation into the form of equation II. 2. We start 
by trimming the system, that is, finding the control input needed to achieve an 
equilibrium point for our system. 

Denote an equilibrium point by x* and the trim control input needed to achieve 
that equilibrium point by u*. Plugging into equation II. 1, we get 

0 = /(£*,?) + $(£*, fi)u* (II. 3) 

where we have used the fact that, by definition, x = 0 for x = x* at an equilibrium 
point. Now, in general we would like to solve equation II. 3 for x* in terms of u* and p. 
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However, that is a very difficult problem, which often does not have a unique solution. 
For example, consider an aircraft undergoing a flight test of its static stability, as 
discussed in [Ref. 11]. The test consists of trimming the aircraft over a range of 
airspeeds, and measuring the trim position of the longitudinal flight control. An 
aircraft is considered to have neutral static stability if the measured trim position 
of the longitudinal control is constant for different trimmed airspeeds. Thus, for an 
aircraft under these conditions, picking a trim position of the longitudinal control and 
solving for a unique equilibrium airspeed is impossible. However, there is another way 
to approach the problem, and that is to express the trim control u* as a function of 
x* and jl. That is, if we can somehow find an equilibrium point, the chances are good 
that we can find a value of the trim control u* which maintains the system there. 
Writing equation II. 3 by components gives us 



(II.4) 



which allows us to solve for the trim value it * (x*,g) as 

it- [ ■ */?! =-- = - f (11.5) 

9\{X,N 9n{x*,p) 

Picking any of the component equations which are convenient, say the k th component, 
gives us 



0 




h + 9\ (x*,g)u* 


0 




f n (x*,p) + g n (x* , g) u* 



“ (* , W = 



A (*•,?) 



( 116 ) 



W / V \ 

9k (X *,fi) 

where it is assumed that (x*,g) / 0. So, if we can somehow find an equilibrium 
point x*, equation II. 6 will give us the steady state trim value of the control input u* 
needed to maintain our control system there for a particular value of g. However, for 
different values of g we will get different values of the trim control u*, so it will also be 
important to discover which value of g to plug in. (Note that when </*. (x*,g) = 0 for 
all values of k, the steady-state control input u* (x*,g) is arbitrary, and will be decided 
by other considerations. Note also that even when Qk (x*, g) ^ 0, an equilibrium point 
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defines a control input, but not necessarily vice-versa, as mentioned earlier. That is, 
a given steady-state control input u * may trim the system at more than one 

equilibrium point.) Finally, it should be noted that the above analysis is completely 
dependent on the existence of an equilibrium point, and there is no guarantee at 
this point in the development that such an equilibrium point exists, with or without 
steady-state control input. Finding the equilibrium set, if it exists, is the subject of 
the next section. But first, we illustrate the results of this section with an example. 

Example. [Trim Control Input] Consider the affine single-input control system 



^ i^2i v 2 v 

X\ ~ H\X2 + + X X U 



(11-7) 



Z 2 = — #2 + 3 u 



where we can define 



and 



/(*>£) = 



v v , v-> y 

PlX 2 + Zj 






— Xr 



x\ 



(11-8) 



(11.9) 



We would like to find the control input u* (x,p) which trims the system II. 7 at an 
equilibrium point. Picking the second component of equations II. 8 and II. 9, and 
plugging into equation II. 6 gives 






*3 



&(**,/*) 



(11.10) 



(where we could have also chosen the first component and found u* (z, p) = — = 

^ sq j on g ag v, Qj we no ^ ag ^ jj ave an y guarantee that an 



equilibrium point z* exists. We now turn to how to find it. « 



C. THE EQUILIBRIUM SET 

Now that we have algebraically determined the steady-state control input 
u*(x*,p) needed to trim our system at an equilibrium point, z’, given that the 
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vector of parameters has the value fi, we need to solve for the equilibrium set of our 
system. That is, for all the different possible values of the vector of parameters, fi, 
what are all the different possible equilibrium points, x* for our trimmed system? In 
general, this is not an easy question to answer, nor will we answer it here. What we 
will do is to outline the general approach and illustrate the method with examples. 

1. Finding the Equilibrium Set 

To find the equilibrium set for our system, we can proceed as follows. If we 
plug the trim control from equation II. 6 into equation II. 3, and simplify component by 
component, we end up with n — 1 independent algebraic equations (the k tfl component 
equation drops out): 



fi (x\fi)h (x*,fi) - fk (x*,fi)gi {x*,fi) 


(ini) 


fk- i (x*,fi) 9k (x*,fi) - fk (x*,fi)g k . 1 (x\fi) 


( 11 . 12 ) 


0 


(1M3) 


fk+i (x*,fi)g k (x*,fi) - f k (x*,fi)g k+ i (x*,fi) 


( 11 . 14 ) 


fn ( x *, fi) g k (x\ fi) - fk (. x *, fi) g n (F, fi) 


( 11 . 15 ) 



Now, finding the set of all x* and fi which globally satisfy these equations, if such a 
set exists, may be a very difficult task. However, there is one thing we can say about 
the general equilibrium set: Because we have n — 1 equations in n + r unknowns ( n 
unknown components of x* , and r unknown components of fi), there will be at least 
r + 1 free variables if the equilibrium set exists at all. We will make the assumption, 
which is often justified for engineering systems, that all of the components of fi and 
one of the components of x* can be chosen as free variables. We illustrate with an 
example. 
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Example. [Equilibrium Set] Let’s continue the previous example. Consider 
again the affine single-input control system 

= fax 2 + x\ + x\u (11.16) 

x-i = — x\ + 3 u 



where we have determined our steady-state (trim) control input to be 

r(F,£) = ^ 



(11.17) 



We would like to find the equilibrium set x* for the system 11.16 Plugging equation 
11.17 into 11.16, we find that we have one independent algebraic equation in three 
unknowns, i.e. 



0 = /X]X 2 + x\ + (11.18) 

o 

0 = 0 (11.19) 



where the second equation has fallen out. This system is solvable for x\ if we choose 
5.2 and as our free variables, i.e. 



^ * i 

x-l = zb 



T>+¥) 



( 11 . 20 ) 



So, equation 11.20 gives a solution for the equilibrium set for our system. However, 
although an equilibrium set does exist for this system, an equilibrium point does not 
necessarily exist for all the possible values of the free variables p.\ and x 2 , since (as 
one example) when both /zj > 0 and x* 2 > 0 no real values of exist. « 



2. Control Inputs and the Equilibrium Set 

In the above section we dealt with finding the equilibrium set after the dynamic 
control system had been trimmed. We framed our search for the equilibrium set in 
terms of the free variables, which we assumed were the components of the vector of 
parameters, p . , and one of the state variables at the equilibrium point, x* k . Then, we 
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proceeded to search for a solution to the remaining components of the state vector at 
equilibrium in terms of jl and assuming that these two could take on any values we 
chose. In reality, of course, it is not that simple. Engineering systems do not operate 
for arbitrary values of the state variables and parameters, but only over a restricted 
domain. Also, the “free variable” component of the the state vector, may not 
actually be a free variable under our control. Rather, over a properly restricted 
domain, our actual free variable is the control input, u. That is, using the control u, 
we must first establish the system at the desired equilibrium point x *, then apply the 
trim control u* necessary to maintain the system there. Thus, the assumption that 
a component of x * is a free variable is only justified under the circumstance that our 
control input u is capable of achieving the desired equilibrium point to begin with. 
In subsequent sections, we will continue to talk about a free variable component of 
the equilibrium state vector because it makes the mathematical manipulations easier. 
However, in all cases this should be understood to mean that a control input u capable 
of establishing the system at the equilibrium point has been used to get the system 
there. 

D. FINDING THE BIFURCATION POINTS 

Now, assuming that an equilibrium set exists, and that we can trim the system 
there, we would like to find the points of bifurcation. That is, for what values of jl 
does a qualitative change in the equilibrium set occur? Here we define the term 
“qualitative change” as a change in the structure of the trajectories of a system, 
such as a change in the number of equilibrium points, a change in the stability of an 
equilibrium point, the generation or destruction of periodic solutions (limit cycles), 
etc. We note that, in all cases, a linearization around an equilibrium point having 
at least one zero real-part eigenvalue is a necessary (but not sufficient) condition for 
a bifurcation to occur. In general, this is not an easy problem to solve, nor will we 
solve the general case here. What we will do is to outline two useful approaches to 
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the problem and illustrate the method with examples. 



1. Change in the Number of Equilibrium Points 

One easy, but not comprehensive, check for a bifurcation point is to determine 
whether equilibrium points are being created or destroyed at a given value of p. Since 
we have assumed that one component of x* and all components of p are free variables, 
equations II. 11 through 11.15 can be examined to find those values of p for which the 
number of equilibrium points change. We illustrate with an example. 

Example. [Change in the Number of Equilibrium Points] Continuing the pre- 
vious example, we examine the solution for the equilibrium set, to see if there is a 
value of p\ which causes the number of equilibrium points to change. We have 



v * i 

X, = ± 




( 11 . 21 ) 



Now, for any value of the free variable x^, the sign of the quantity 






(-♦*) 



determines 



the allowable values of pi\ such that the equilibrium set exists. When 



> 0 ( 11 . 22 ) 

two equilibrium points exist for //j < 0, one equilibrium point exists for p \ = 0, and 
no equilibrium points exist for p\ > 0. When 




X n 




< 0 



(11.23) 



no equilibrium points exist for p\ < 0, one equilibrium point exists for pi = 0, and 
two equilibrium points exist for pi > 0. Finally, when 




= 0 



(11.24) 



one equilibrium point exists regardless of the value of p\. So, in this example, the 
value p\ — 0, a constant, is the point of bifurcation. In the general case however, the 
bifurcation point will be a function of the free variable component of x* . < 
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2. Change in the Stability of an Equilibrium Point 

To examine a change in the stability of an equilibrium point, we need to 
evaluate the eigenvalues of the Jacobian matrix of our system at that equilibrium 
point. We desire to find those values of jl for which one or several eigenvalues have 
a zero real part — this indicates the point at which stability changes. To do this 
we need to examine our original control system trimmed at the equilibrium point of 
interest, that is, when steady-state control which achieves that equilibrium point is 
applied. We need to examine the Jacobian matrix of the system 

x = f(x,/i) +g (x,p,)u* (11.25) 



around the point x = x *, and determine those values of p for which the real part of 
one or several eigenvalues is zero. If we let J be the Jacobian matrix of this system, 
and recognizing that the value u* ( x*,p ) is a constant, we have 



J = 



'dhx^y 

dx 



+ 



r=x* 



ogjx^L) 

dx 



il* (x*,p) 



(11.26) 



We can determine the eigenvalues A of the Jacobian matrix J by solving the equation 



det (XI — J) = 0 (11.27) 

and the points of bifurcation p = p* are found when the real part of any eigenvalue 
is equal to zero. We illustrate with an example. 

Example. [Change in the Stability of an Equilibrium Point] Continuing with 
the system and steady-state control input from the second example, our dynamic 
system trimmed at an equilibrium point x* is 

ah = p\Xi -f x\ + x\u* (a-*, p) (11.28) 

j 2 = —x\ + 3tz* {x*,p) 

where 

«•(**,« = ~ (11.29) 
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is a constant control input, since we are assumed to be trimmed at the equilibrium 
point defined by Calculating the components of the Jacobian matrix we have 



' dfj^py 

dx 



2x\ fa 
0 -3xf 



and 





2x\ 0 


V dx 


1 

o 

o 

1 



and putting the pieces together yields 

2x\ (l + fa 

0 



J = 



-rx? 



(11.30) 



(11.31) 



(11.32) 



where we have plugged in equation 11.29 for u* (£*,//). Now, the equation to solve for 
the eigenvalues of J is 



det (XI — J) = det 



A - 2x\ (l + -fa 

0 A + 3x f 



= 0 



(11.33) 



which is 



This is true when 



or 




(11.34) 

(11.35) 

(11.36) 



Now, we look at all possible equilibrium points where we could trim our system. 
Since x^ is a free variable of our equilibrium set, it is possible to trim the system to 
an equilibrium point such that x\ ^ 0. For such an equilibrium point, the real part 
of A can only equal zero when x\ — 0. Looking at equation 11.20, we see that the only 
value of fix which causes x\ — 0 is fa — 0. Thus fa = 0 is our bifurcation point. (Note 
that when x^ = 0, we have A equal to zero regardless of the value of the parameter 
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g 1 . Thus, no bifurcation occurs along this narrow subset of the equilibrium set. For 
x 2 = —v^, we a l so have A equal to zero regardless of the value of the parameter g \. 
However, the value x 2 — —\/3 does not indicate a bifurcation; rather, there is no 
equilibrium set at this value, except when g\ = 0). <i 



E. TRANSLATING THE ORIGIN OF COORDINATES 

Because of the general nature of our equations, we can say very little about 
the existence of a global equilibrium set, nor do we have any guarantees that a general 
system can be trimmed. However, as was mentioned earlier, engineering systems op- 
erate in a restricted domain, not everywhere. In a local region of operation, locating 
the equilibrium points and bifurcation points is often much easier than trying to de- 
termine them globally. Plus, engineering systems tend to be reasonably well behaved, 
so it is a reasonable assumption that we will be able to find a trim condition. So, 
with these points in mind, we will make the following assumptions: 

• An equilibrium point of interest, x*, exists and we have found it. In particular, 
we have chosen a particular value for that component of x* which is acting as 
a free variable. 

• We can solve for the trim value of the control u* and the value of the bifurcation 
point 1 1 . 



Making these assumptions, let us write our state vector, x , our vector of pa- 
rameters, g, and our control input, u, as perturbations away from the equilibrium 
point/point of bifurcation we have chosen. We get 



x = 

A = 
u = 

Plugging these into equation II. 1 gives 

x = f (x* + x, g* + g) + g (x 



V * . 

X + X 


(11.37) 


^ * . 

// +// 


(11.38) 


u + u 


(11.39) 


+ X, g* + g) (u* (x*,g*) + u) 


(11.40) 
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Since, by definition, x * is a constant with zero derivative, we can rewrite equation 
11.40 as 



x = f(x,fi) +g(x,fi)u (11.41) 

with 

f(x,n) = f(x* + x,p* + n) +g(x* + x,p* + n) u* (x*,/T) (11.42) 

g{x,n) = g{x* + x,fj,* + n) (11.43) 

and where 

/(0,0) = 0 (11.44) 

Equation 11.41 is the basis for all of the further transformations which will be per- 
formed in this dissertation. In that sense, equation 11.41 is the beginning of this 
dissertation. As before, we illustrate with an example. 

Example. [Translating the Origin] Continuing our example system, we have 

x\ = p\X 2 + x\ + x\u (11.45) 

£ 2 = -x 3 2 + 3u 

where we make the assumption that have used external engineering considerations 
(not shown here) to choose the free variable component of x* as 

x\ = 1 (11.46) 

In the second example, we determined our steady-state control input. Plugging equa- 
tion 11.46 into equation 11.17 we get 

«’(*■>« = 5 (H.47) 

In the third and fourth examples, we found that the bifurcation point for our system 

was 

p\ — 0 (11.48) 
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which lets us use equation 11.20 for the equilibrium set. Plugging equations 11.46 and 



11.48 into equation 11.20 gives 

x\ = 0 (11.49) 

So, translating our origin of coordinates by the rules 

xj = Xi (11.50) 

X2 = 1 4" X2 (11.51) 

h = Mi (11.52) 

u = — + u (11.53) 

O 

and plugging into equation 11.45, gives a new control system 

4 

ij = + l^ x 2 4 — x \ + (11.54) 

3 

x 2 = —3x2 — 3x2 — x^ + 3u (11.55) 



where our chosen equilibrium point, at the point of bifurcation, is the origin of coor- 
dinates. < 
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III. 



LINEAR NORMAL FORM 



A. ROADMAP: THE BIG PICTURE 
1. Results of Previous Chapters 

In Chapter II we showed that the origin of coordinates for any affine control 

system 

x = / (x,jl) + g(x,ji)u (III.l) 

could be translated to an equilibrium point x * at the point of bifurcation /z* using the 
trim control u*, making the reasonable assumptions that an equilibrium set exists, 
that the system can be trimmed, and that a bifurcation occurs. The translated affine 
control system has the form 

x = f(x,fi) + g(x,fi)u (HI. 2) 



with 



/ ( 0 , 0 ) = 0 



(III.3) 



2. Purpose of this Chapter 



In this chapter, we begin the process of simplifying a system in the form of III. 2 
by applying coordinate transformations and state feedback. This chapter considers 
how to simplify the linear terms in our control system, and Chapter V considers how 
to simplify the quadratic terms. Taken all together, the methods of Chapters II, III 
and V will produce a system which is in quadratic normal form. 

In this chapter we show how to take an affine single-input control system of 
the form of III. 2 and transform it into a system of the form 



A 




0 


0 


0 


0 




V 




0 


2 





F* 


F z 


0 


0 




2 


+ 


0 


U! 




0 


0 


F w 


0 




w 




0 


i y . 




0 


0 


0 


A 




. y . 




B 



+ / (2) (n,z,w,y) + <7 (1) (/x,5 ,w,y)u 



(III.4) 
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+ / (3) (/b 2, «>, y) + 5 <2) (/b 2 , w, y) u + 0 (4+) 



We accomplish this with the following steps: 

• Expand equation III. 2 in a multi-variable Taylor series around the origin. 

• Apply a linear similarity coordinate transformation to the Taylor series expan- 
sion to simplify the linear terms. 

• Apply linear state feedback to the transformed system produce further simpli- 
fication of the linear terms. 



B. MULTI- VARIABLE TAYLOR SERIES EXPANSION 

Consider again the dynamic control system given in equation III. 2. We would 
like to examine the dynamics of our system in the local vicinity of the equilibrium 
point of interest, around the point of bifurcation. Since our origin of coordinates is 
already at the equilibrium point of interest and at the point of bifurcation, we only 
need to expand our system in a Taylor series around the origin to obtain the local 
dynamics. By including the vector of parameters /j, as a variable in our Taylor series 
expansion, we will also capture the local bifurcation phenomena. We start by defining 
some notation to make multi- variable Taylor series expansions easier to manipulate. 



1. Notation Conventions 



Conventional multi- variable Taylor series notation quickly becomes cumber- 
some when dealing with vector-valued functions. For example, expanding the simple 
three-component system with two independent variables 



/i (aci, ar 2 ) 

f ( x ) = f2{X\,X2) (III. 5) 

/ 3(Xl,a:2) 

to only second order in a multi-variable Taylor series expansion around the origin in 
conventional notation yields three component equations of the form 



fi(x i,x 2 ) = ( 0 ’°) + *1 + 



' dfj_ 
doc-y 



X2 



(III.6) 



x=0 
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+ 2 O„ 0 * ? + 2 ( 2 affe)„ 0 x,X2 + 2 (S)„„ xl + 0<3+> 

(for i — 1 to 3) which is clearly difficult to deal with, even for this simple case. 
For more complicated systems, and in particular, for systems of arbitrary dimension, 
conventional notation is so difficult as to be unusable. 

However, there are simpler ways to express multi-variable Taylor series expan- 
sions for vector valued functions. One of these is the vector/matrix expansion, where 
the coefficients are grouped in matrices, and the variables are stacked in vectors, all 
according to the order (linear, quadratic, etc.) of the terms involved. For example, 
the Taylor series expansion of equation III. 5 could be written in vector/matrix form 



as 



/» = /(#) + *7 



X 1 

X-2 



+ Qj 



x i 

X\X2 

£0 



where the coefficient matrices are 



/( 0 ) = 



/1 (0,0) 
/ 2 ( 0 , 0 ) 
/a (0,0) 



+ 0 (3+) 



(III 7) 



(III.8) 



and 



L f = 



a/ i a/i 

dxi dx2 

<th <Lk 

dx\ dx2 
d& djz. 

. 9l l 9x 2 J i=0 



Q} ~ 2 ! 



a 2 /. 


2 Q lh 


a 2 fi 




^ dx\dx2 


d x\ 


§lh_ 
Hx f 


2 

dx\dx2 


d 2 h 

dx\ 


d 2 h 


9 a 2 / 3 


d 2 h 


d Xj 


w dx\dx2 


& x 2 



(III.9) 



(III.10) 



Another way which is even simpler (called functional order notation), is to merely 
indicate the order of the terms involved and otherwise leave the system in functional 
notation. For example, the expansion of equation III. 5 can be written in functional 
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order notation as 



/ (x) = /<°> (x) + (x) + (x) + 0< 3+ > (111.11) 

where the individual term orders are indicated by the superscript value in parentheses, 



i.e. 



/<"> (i) = 



A (o,o) 

A (0,0) 
A (o,o) 



(III. 12) 



/“'(*) = 



* 

\dx 1 j 


Lo X * 


+ 


\dx 2 J 


Lo* 2 


\dxj j 


K.o x ' 


+ 


\dx 2 J 




(dh} 

. V 9xi , 


U Xi 


+ 


(djz} 

\dx 2 ) 


U X2 . 



(III. 13) 



/ (2, M = 



1 


(d 2 h' 


r 2 


| 


1 


( 9 a 2 /. N 


) ^ 1X2 


+ 


1 


(dlA) 


r 2 


2 ! 


V dx 2 , 


I X 1 

' x=0 




2 ! 


\ Z, dx 1 dx 2> 


2 ! 


V®3F/«= 0 




1 

2 ! 


( d 2 h ' 

V dx\ J 


CN rH 

H 

o 

II 

H 


+ 


1 

2! 


(2 ' 
\ OX 1 OX 2 / 


) n X l X 2 
f x=0 


+ 


1 

2! 


O 

II 

‘ctr 0 


x\ 


1 


(&&' 


\ r 2 


i 


1 


( 9 d 2 h " 


) n X l X 2 

' x=0 


1 


1 


(a 2 h\ 


r 2 


2 ! 


\ dxj , 


1 

* x=0 




2! 


\ dx\dx 2 , 


1 


2! 


v 9x i ' x=o 


x 2 



(111.14) 



Finally, the expansion can be written in tensor notation. However, although tensor 
notation is very compact, it does not lend itself to ease of computation with the tools 
available today. Since a focus of this dissertation is the computation of feedback gains 
to control or stabilize bifurcations, we will not deal with tensors here. Instead, we 
will concentrate on the vector/matrix form and the functional order form. Both of 
these methods are formalized in the following lemma. 



Lemma B-l (Notation for Multi- Variable Taylor Series Expansions) Given 
a function with $ £ R s and £ £ R l , the multi-variable Taylor series expansion 

around the origin can be expressed in vector /matrix form as 

*(0 = *(0) + L*t + <3*£ (2) + CW 3 > + 0 (4+) (III. 15) 

or in functional order form as 

#(£) = xp(°)( < t) + vl»0)(£) + tf(2)(£) + vp(3)(^ + Q( 4+) (III. 16) 

where the order of the variable terms is given by the superscript value in parentheses. 
The matrix of coefficients Ly (the L is for “linear”) is known as the Jacobian of 
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while the matrix of coefficients Qy (the Q is for “quadratic”) and the matrix of 
coefficients Cxi, (the C is for “cubic”) do not have a commonly accepted names . These 
matrices are given by the formulas 



L\\f — 



V 

dtl 



L dil 



dis 



d^s 

dis 



(€=o) 



(III. 17) 



C "“3! 



Q * = 1 I\ 



a 3 ^i 



a 3 »i 



a 2 », 

' 

a 2 «i», 

~WT 

, 9 3 >I' 1 



9 3 tt,< 



9 9 3< I'i 



diid% 

l-giii- 



q 

o 9 3 »1>. 
°94 2 94 3 



> 9 2 <1* i 

'dildb 



> 9 2 4>, 
'9^9^ 



9 3 <I»i 

®$2 
( a 3 *] 



a 3 '!'. 

> a 3 ^. 



9 2 q>, 

~®«f 

9 2 fls 

■a?T 



9 2 »1 

941 



9 2 <I>. 



94? 



(III. 18) 



(4=0) 



o a 3 *!*! 

^a^t 

3#|fe 



Q d 3 y s 
6 dtjdi3 

2_a^_ 



9 3 ^, 



94i94 2 94 3 

9 3 tti 

"94f 



a 3 ». 



94i94 2 94 3 

9 3 <t s 



a 3 fli 

94? 



9 3 <I>, 

94? 



where Ly £ R sXt , Qq £ 






(4=0) 

(III. 19) 

and Cxi, G i? sx ( + e ( + } . iVeu; notation has also 
been introduced for the vectors of variables, £( 2 ) G R ^ 2 and £( 3 ) G /?“* 6 ( + ) . //ere 

indicates the vector of all possible quadratic combinations of the components of 
while indicates the vector of all possible cubic combinations of the components of 
f . The rule for ordering the elements £h£i of the quadratic vector of variables £( 2 ) is 
if i > k, or h > j if i = k. Then the smaller elements are stacked on top 
of the larger elements . The rule for ordering the elements °f the cubic vector 

of variables <^ 3 ) is > £k£l€m if j > m , or i > l if j = m, or h > k if j = m and 

i = L Then the smaller elements are stacked on top of the larger elements. These 
vectors may be written out as 



( = 



£(2) = 



6 



6 

& 

66 

e 2 2 



(III. 20) 



(III. 21) 
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6 3 

6 2 6 
e 2 
>2 



66 2 



e (3) = 



^2 

6 2 6 

666 

6 2 6 

66 2 

66 2 

6 3 

6 3 



(III. 22) 



Note that in subsequent sections these will be the common methods of Taylor series 
expansion and will be used interchangeably. 

Proof. Perform a conventional multi-variable Taylor series expansion on each 
of the components of T (£)• Then group the terms by order, and separate out the 
coefficients into matrices and the variable combinations into the vectors provided. 
This yields the results in the lemma. « 

Now we illustrate our notation with an example. 

Example. [Taylor Series Expansion] Find the Taylor series expansion around 
the origin of the function f(x) given by 



/(*) = 



fi(xi,x 2 ) 




_ 6(^1, x 2 ) _ 





sin(2a:i + x 2 ) 



X\e 



*2 



(III. 23) 



Now, our lemma tells us that the function f(x) can be expanded around the origin 
as follows: 



f(x) = f(°)( x ) + fW( x ) + f^( x ) + f^( x ) + 0 ^ 



(III. 24) 



— Fq + Lj 



X\ 


+ Qj 


' x\ ' 


+ 6/ 


’ *? ' 
x\x 2 


X\X 2 




. X2 




9 




Xj x 2 






x 2 














1 

H 

to CO 



+ 0 (4) (III. 25) 
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We calculate the vector Fq and the matrices L/, Qj , and Cj by the formulas 



Fo = /( 0) = 



sin(2xi + x 2 ) 




0 


Xie X2 


(x=0) 


0 



L f = 



a/i 9/i 

5xi 5^2 

a/ 2 5£> 

5xi ax 2 



2 1 
1 0 



(i=0) 



2cos(2xi + X 2 ) 005 ( 20 ;! + 0 : 2 ) 



o* 2 



S]e' 



22 



J (ar=0) 



2 ! 

1 

2 



dj h 

dx\ 

d 2 h 
_ 9x 2 



a 2 /i a 2 /i 



5x| 



5xi 5 x 2 

a 2 /2 a 2 / 2 



5xi 5 x 2 



9 *1 -i(*=o) 



— 4sin(2x! + x 2 ) — 4sin(2xi + ^ 2 ) 
0 2e* 2 

0 0 0 1 
0 1 0 



sin(2xj + X 2 ) 
xie X2 



(x=( 



Cf = - 7 



a 3 



5xj 

a 3 / 2 

dx\ 



i a 3 /i 

5x|5x 2 

> a 3 / 2 

* 5x 2 5x 2 



3 ^ 3 /i 
° 9xi 9x| 

O ^ 3 /2 

°9xi9x? 



9 3 /i 
9x§ 
9 3 J 2 
9x 3 



(x=0) 



8 cos(2xj + £ 2 ) 12 cos(2xi + X 2 ) 6 cos(2a;i + x 2 ) cos(2xi + x 2 ) 



0 



0 



-3e* 2 



_i _2 —1 -I 

3 ^ 1 6 



0 0^0 
which gives our answer in vector/matrix form as 



f{x) = 



—x\e 



x 2 



0 




2 1 




x\ 




0 0 0 




+ 








+ 




0 




1 0 




X 2 




0 1 0 



x \ 

X\X2 

xl 



(III. 26) 



(III. 27) 



(III. 28) 



J (x=0) 

(III.29) 



(III. 30) 
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+ 



’I - 2 “ l “I 



0 0 



x. 



x\x 2 

x\x1 



X, 



+ 0 (4+) 



or in functional order form as 

/(*) = 

+ 



0 

0 



+ 


2 x x + x 2 


+ 


0 




X\ 




X\X 2 



— |xj — 2X]X 2 — X\x\ — 



(III. 31) 



+ 0 (4+) 



Finally, it is worth asking why we choose to expand our Taylor series this way. 
First, the notation is very compact, and by using L, Q , and C to stand for linear, 
quadratic and cubic in the vector/matrix notation, or to indicate the term order inside 
superscript parentheses in the functional order notation, it is also reasonably intuitive 
as well. Second, as we will see later on in the chapter, putting the coefficients into 
matrices allows us to perform block matrix manipulations, which will lead to powerful 
simplifications. And third, after our transformations and simplifications are complete, 
the entries inside the matrices will mean something, much as the entries in a diagonal 
matrix give us the eigenvalues of that matrix. (In fact, the diagonal entries in our 
transformed linear coefficient matrix will be the eigenvalues of the linear portion of 
the system.) The entries in the transformed quadratic matrix will tell us whether the 
bifurcation which occurs is controllable, and will then feed directly into the formulas 
for the gains necessary to control our system. 

2. Taylor Series Expansion of the Control System 

Now let’s look at the Taylor series expansion of our control system around the 
origin, where we include the vector of parameters, //, as a variable. Rewriting our 
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control system, equation III. 2, for convenience, we have 



i = f {x, n) + g (z, ft) u (III.32) 

Now we can use functional order form to write the expansions 

/ (x, /i) = / (1) (x, g) + fW (x, + /(3) (x, //) + 0 (4+) (III. 33) 

5 (x,/i) = g {0) (x,g) + g {1) (x,g) + g {2) (x,g) + 0 {3+) (III.34) 

where we have used the fact that (x, fi) = 0 since the origin of coordinates has al- 
ready been translated to a trimmed equilibrium point. Substituting these expansions 

into equation III.32 and grouping by term order yields 

X = f (i) (x,g) + g^(x,g)u (III.35) 

+ f (2) (x,g) + g (i) (x,g)u 

4- / (3) (x,g) + g^(x,g)u + 0 (4+) 



which is the Taylor series expansion of our control system about the origin in func- 
tional order form, and where we have counted the control input u as order one. We 
desire the linear terms to be in vector/matrix form (we will leave the quadratic terms 
in functional order form for now), and .since we are preparing the system for a linear 
similarity transformation in the next section, we need the coefficient matrix to be 
square. So, using the fact that /’/ = 0 (since g is a constant) we can append equation 
III. 35 and convert the linear terms to vector/matrix form to yield the block form 



g 




0 0 




g 




0 




= 








+ 




X 




1 




X 




Go 





0 




0 


+ 


_ / (2) (x,fi) _ 


+ 


_ ^ (1) (x,/i) _ 




0 




0 


+ 


_/ (3) (*,/<) 


+ 


g {2) (x,/x) 



+ 0 {4+) 



(III. 36) 
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where we have used 



/ (1) {x,fi) 



L, 



b 

x 



and 



9 (0) (x,n) = Go 



(III. 37) 



(III. 38) 



Equation III. 36 is what we will apply our linear similarity transformation and state 
feedback to in the next two sections to achieve our desired linear normal form. 



C. LINEAR SIMILARITY TRANSFORMATION 

As we will see in later chapters, the structure of the linear terms makes 
a tremendous difference to the simplification and transformation of the non-linear 
terms, so it is to our advantage to simplify the linear portion of the system as much 
as possible. Our first theorem shows that our system can be transformed into Jordan- 
Brunovsky canonical form through the application of a similarity transformation and 
linear state feedback. First, we define the Jordan-Brunovsky canonical form. 



Definition C.l (Jordan-Brunovsky Canonical Form) A linear control system 
is said to be in J ordan-Brunovsky canonical form if it has the block vector/matrix 
form 



A ' 




■ 0 


0 


0 


0 ■ 




' M ' 




' 0 ‘ 


i 

ib 


— 


F, 

0 


F z 

0 


0 

F w 


0 

0 




z 

w 


+ 


0 

0 


y . 




0 


0 


0 


A . 




. y . 




. B . 



(III. 39) 



where fi £ R T is a vector of parameters, z £ R q is a vector of linearly uncontrollable 
states having zero real-part eigenvalues , w £ R m is a vector of linearly uncontrollable 
states having non-zero real-part eigenvalues, y £ R p is a vector of linearly controllable 
states, and v £ R l is a single control input. The matrix F z £ R qxq is in block 
diagonal (Jordan) form, and all the eigenvalues of F z have zero real parts. The 
matrix F^ £ R qxr is in general non-square and has zero rows corresponding to the 
non-zero rows in the matrix F z . The matrix F w £ R mxm i$ in block diagonal (Jordan) 
form, and all eigenvalues of the matrix F w have non-zero real parts . The matrices 
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A € R pXp and B 6 R pxl are in Brunovsky form, given by 



0 1 0 •••01 



A = 



0 



0 

•• 1 

0 . 



' 0 ' 

0 

1 



(III. 40) 



(III. 41) 



This definition allows for various degeneracies, that is, if certain of the vec- 
tors and corresponding matrices are missing, but otherwise the system is in Jordan- 
Brunovsky canonical form, then the system can be considered to be in the canonical 
form. For example, in certain systems of this form, the vector w (and by implication 
the matrix F w ) may not exist. Or, the vector 2 (and by implication the matrices 
and F z ) may not exist, etc. For the purposes of this dissertation, no distinction in 
terminology will be made between such degenerate cases and the complete Jordan- 
Brunovsky canonical form. Now we can state the Jordan-Brunovsky canonical form 
theorem. 



Theorem C.2 (Jordan-Brunovsky Canonical Form) Any linear system having 
the block matrix form 



A 

x 






(III. 42) 



can be transformed into Jordan-Brunovsky canonical form through the application of 
a proper similarity transformation and state feedback. The required similarity trans- 
formation is given by 




(III. 43) 
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where the similarity transformation matrix, T, and its inverse , T 1 , are given by the 
block formulas 



T = 
T ~ 1 = 



I 

’*2 

I 



0 



T x T m T x 



~T, T x 



0 

-l 



(111. 44) 

(111. 45) 



The sub-transformation matrix T x is chosen so as to put Lj x into block diagonal form 

F 7 



T~ 1 Lj x T x = 



2 0 0 
0 F w 0 
0 0 A 



(III. 46) 



where F z and F w are in the appropriate block diagonal (Jordan) canonical form, and 
A is in controllable canonical form. The sub-transformation matrix is chosen so 
as to eliminate as many rows as possible of the combination 



t;'l u + t^Lj x t x t,= 



-1 



0 

A u 



(III. 47) 



A subsequent theorem will show that all the rows of F ^ can be eliminated except for 
those corresponding to zero rows in F z , and that A M can be eliminated entirely in most 
cases. (In those cases where A M cannot be eliminated entirely, only the bottom row 
will be left, which will be removed with state feedback.) The state feedback required is 
given by 

u — H — a T p — a T y (III.48) 

where a T is the bottom row of A ^ (zero in most cases), and where a T is the bottom 
row of A. 



Proof. We wish to take our system 
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(III. 49) 



and transform it into 
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We start by applying our linear transformation 



with 
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to our original system. We get 



(III. 51 ) 



(111. 52 ) 

(111. 53 ) 
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(III. 54 ) 
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Now, T x is the similarity transformation which will separate out the controllable and 
uncontrollable modes for us, stacked in the right order, i.e. 

F z 0 0 



t;'l Jx t x = 



t: 1 g q = 



0 F w 0 

0 0 A 

0 
0 
B 



(III. 55) 



(III. 56) 



We are also given that T ^ is a linear transformation which produces F 4 and A 
eliminating as many of the entries as possible. (The next theorem will prove that this 
is possible, and give the structure of F ^ and A M .) 
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(III. 57) 



So, plugging in, we have our first intermediate result 
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(III. 58) 



Now apply the specified feedback to the system 



T T~ 

u = u — a fi — a y 



(III. 59) 



which gives 
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Since A was previously defined as being in controllable canonical form, with a r its 
bottom row, and A M was previously defined as being all zeros, except for the bottom 
row which was a T , and since we know the values of B , a T and a T , we can calculate 



and 



A — Ba T = 



0 1 



which gives our desired result 
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(III. 62) 



(III. 63) 



Our next theorem cleans up some results which were left hanging from the 
first theorem. 



63 



Theorem C.3 The transformation matrix T \ can be chosen in all cases such that all 
entries in the matrices F ^ and A M are zero , except for rows in F corresponding to 
zero rows in F z , and except for the last row in A In most cases ; the transformation 
matrix can be chosen such that the matrix A M is entirely zero , which is entirely 
dependent on whether a single entry in the matrix A is non-zero. 



Proof. From the Jordan-Brunovsky canonical form theorem we have 

F z 0 0 



T?L,.T X = 



0 F w 0 

0 0 A 



(III. 64) 



and 



T-'Go = 



0 

0 

B 



(III. 65) 



which defined the transformation matrix T x . We also have 



T x L U + T-'Lf'T^ = 



0 

A„ 



(III. 66) 



which now requires us to find T^. Breaking up the matrices into blocks grouped by 
y, ti, and z terms gives us 



T = 

1 f 



' Fz 



Fw 






1 Vy 
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T, 

t 3 



(III. 67) 



(III. 68) 



and substituting in yields 
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F z 0 0 

0 F w 0 
0 0 A 
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(III. 69) 
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Since our equation is block diagonal it separates, allowing us to solve for T Mz , T^ w 
and T^ y independently. We get 



if F z 1 exists. We also get 



F„ = 0 

T. z = —F~ l Ti 

T, w = -F~ X T 2 



(111. 70) 

(111. 71) 



(III. 72) 



since F w 1 always exists. (By definition, all the eigenvalues of F w have non-zero real 
parts. Since there are no possible zero eigenvalues, the matrix is invertible.) And, we 
get 



K = 0 

T, y = -A~ l Tz 



if A 1 exists. Now, look at the third block equation, 



Tz + AT — A M 

Looking at the individual rows of this equation, we have 
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For i = 1 to p — 1, the row equations are 



(III. 73) 
(III. 74) 



(III. 75) 



(III. 76) 
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= Tz, + T l 



^y, 
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(III. 77) 



so, if we pick T„ y ,^ = -T 3t , we get 



A 






= 0 



(III. 78) 
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For the bottom row, the equation is 

Afj. p = T 3p + ^2 a pi T ^ -f a pl T, yi (III. 79) 

i=2 

which we solve for T My if a pi ^ 0, and get A Pp = 0. If a pl = 0 however, T Pyj cannot 
affect the bottom row equation, and we solve for A Pp 

A Pp = T 3p -f Y2a pi T Pyi (III. 80) 

i = 2 

So, all rows of A p can be forced to zero when a pl ^ 0, and all rows of A p except for 
the bottom row can be forced to zero when a p i = 0. Now, we look at the first block 
equation 

Ti + F z T Pz = F p (III. 81) 



Since the matrix F z is block diagonal, this equation separates into sub-block equations 
as well. So, look at an individual block. There are three possible types of blocks. For 
a block consisting of a single zero eigenvalue, the rows of T Pz are multiplied by zero, 
and thus can have no effect on suppressing terms in F p . For a block consisting of a 
Jordan block of arbitrary dimension, all of the rows in the block of F p corresponding 
to the non-zero rows in the F z Jordan block can be forced to zero. But, the bottom 
row of the Jordan block is all zeros, and cannot affect terms in F p . Finally, a block 
in F z consisting of a pair of complex conjugates is invertible, and so can suppress all 
the corresponding rows in F p . So, any rows in F z which are non- zero suppress the 
corresponding row in and the only possible non-zero rows in F p correspond to 
zero rows in F z . This proves the theorem. « 

Now we need to apply the Jordan-Brunovsky canonical form theorem to the 
case of our control system, equation III. 36, which we rewrite here for convenience 
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u + 0 (4+) 



+ 



/ (3) (x,n) 



+ 






The theorem says that we can find a linear transformation matrix, T, and a feedback 
control, u, such that the linear terms of our equation are put into Jordan-Brunovsky 
canonical form. But when we apply the theorem to the linear part, it also affects the 
non-linear part, and we get 
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where we have used 



(fx,x) = 
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(111.83) 
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and 



r T~ 

u = u — a y — a y 



(III. 85) 
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If we define 



fW(n,z,w,y) = T 1 
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g (2) (y,z,w,y) = T' 
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we can rewrite the final result more simply as 
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(III. 86) 
\ ' 
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(III. 87) 



(III. 88) 



(III. 89) 



(111.90) 
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+ / (2) (n,z,w,y) + < 7 (1) (p,z,w,y)u 
+ / (3) (^, 5, u>, y) + <) (2) (/*, 5, w, y) u + 0 (4+) 

We say that an equation which has been put into the form of equation 111.90 has been 
put into linear normal form. 

We end this chapter with an example. 

Example. [Linear Normal Form] Consider the rather complicated linear system 

(III. 91) 



5 i , 1 i 

x\ = “ 1x1 ~ 1x2 + 2 Xs ~ 2 X4 + U 



i 2 = 



111 ~ 1X2 — ~X 3 + — x 4 — u (III. 92) 



1 , , 3 3 

X 3 — —~P\ + lxi + 1x2 + ^ x 3 — ~^ x 4 + u 



(111. 93) 

(111. 94) 

Appending the parameter p,\ and putting the system into vector/matrix form gives 
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(III. 95) 



Inspection of this system reveals that it is in the appropriate form to apply the 
Jordan-Brunovsky canonical form theorem, with 
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and 



Go — 



1 

-1 

1 

-1 



From the theorem, we have to generate two transformation matrices, T x 



that the block form equations 
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define the transformation matrix T x , and the block form equation 
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defines the transformation matrix T M . We find T x and T x 1 to be 
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and such 
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which gives 



t;'Lj x t x 



This gives 
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We find to be 



which gives 
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So, after the similarity transformation our system is 
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Now apply linear state feedback of the form 



u = 3/X] + 2 y 2 + u 



(III. 104) 



(111. 105) 

(111. 106) 

(111. 107) 
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which gives our system in Jordan-Brunovsky canonical form as 
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with the canonical form submatrices given by 
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IV. CONTROL OF LINEARLY 
CONTROLLABLE, LINEARLY STABILIZABLE 
AND LINEARLY UNSTABLE BIFURCATIONS 



A. ROADMAP: THE BIG PICTURE 
1. Results of Previous Chapters 

In Chapters II and III we showed that any affine system 

x = f + g(x,jx)u (IV.l) 



can be put into linear normal form 
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(IV. 2) 



where fi E R T is the vector of parameters, z E R q is the vector of linearly uncon- 
trollable states having zero real-part eigenvalues, w E R m is the vector of linearly 
uncontrollable states having non-zero real-part eigenvalues, y E R p is the vector of 
linearly controllable states, and u E R 1 is a single control input. Also, the matrix F z 
is in block diagonal (Jordan) form, and all the eigenvalues of F z have zero real parts, 
the matrix F^ has zero rows corresponding to non-zero rows in the matrix F w is in 
block diagonal (Jordan) form, and all eigenvalues of the matrix F w have negative real 
parts, and the matrices A and B are in Brunovsky form of appropriate dimension. (In 
certain systems of this form, the vector w (and by implication the matrix F w ) and/or 
the vector z (and by implication the matrices F^ and F z ) may not exist. That is, 
all the linearly uncontrollable states may have eigenvalues with only zero real parts, 
or only non-zero real parts, or there may be no linearly uncontrollable states at all. 
In these cases, deleting all reference to the states w and/or z as appropriate in the 
general equations gives the right answer as we will see.) We can also pick the control 
u = u (//, £, w , y) as state feedback. 
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2. Purpose of this Chapter 

In this chapter we apply linear control theory to stabilize the linearly con- 
trollable states y found in the linear normal form of our system. We show that the 
question of whether or not a trimmed system of Chapter II experiences a bifurcation 
is an independent question from that of whether such a system is linearly controllable. 
We will see that there are four possible cases for a system which does experience a 
bifurcation at a trimmed equilibrium point: the system can turn out to be linearly 
controllable or stabilizable; the system can turn out to be linearly unstable; the sys- 
tem can experience the full bifurcation in the linearly uncontrollable states; or the 
system can experience a reduced dimension bifurcation in the linearly uncontrollable 
states. This chapter considers the linearly controllable/stabilizable case and the lin- 
early unstable case. Chapters V, VI and VII consider how to stabilize bifurcations 
occurring in the linearly uncontrollable states. 



B. THE GENERAL METHOD FOR STABILIZING SYS- 
TEMS WITH BIFURCATIONS 

The general method we will employ in the stabilization of all of the bifurcations 
we will consider in this chapter and in Chapter VII consists of the following steps: 

1. Determine if a bifurcation occurs in the system of interest using the method of 
Chapter II. If so, trim the system to, and translate the origin of coordinates 
to, the equilibrium point of interest at the point of bifurcation. 

2. Determine the linear properties of the trimmed system by transforming the 
system into linear normal form using the method of Chapter III. There are 
four possible cases, and we will consider the first three in this chapter, and the 
fourth in Chapter VII: 

• The system is linearly controllable. That is, all states (except for the 
appended vector of parameters) are linearly controllable. This case is con- 
sidered in this chapter. 

• The system is linearly stabilizable. That is, all linearly uncontrollable 
states (except for the appended vector of parameters) have eigenvalues with 
negative real parts and are exponentially stable. This case is considered in 
this chapter. 
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• The system is linearly unstable. That is, at least one linearly uncontrol- 
lable state has an eigenvalue with a positive real part and is exponentially 
unstable. This case is considered in this chapter. 

• The system is linearly unstabilizable, but not linearly unstable. That is, 
all linearly uncontrollable states have eigenvalues with either negative or 
zero real parts, but there are no eigenvalues with positive real parts. This 
case requires consideration of the non-linear terms to determine stability, 
and will be considered in Chapter VII. 

3. Apply linear control techniques to stabilize the linearly controllable states. 
Any stabilizing linear control method (pole placement, linear quadratic regu- 
lator, robust control, etc.) is acceptable. 

4. If the system is linearly unstable, then stabilization is not possible using the 
methods in this dissertation. 

5. If the system is linearly unstabilizable, but not linearly unstable, then the 
methods of Chapters V through VII must be used to stabilize the system 
using the non-linear terms. 

6. Transform the stabilizing feedback into the original system by reversing all 
the translations and transformations used to put the system into normal form. 
The process for reversing the linear normal form transformations is detailed 
at the end of this chapter, and the process for reversing the quadratic normal 
form transformations (including the linear normal form transformations as a 
subset) is detailed at the end of Chapter V. 



In this chapter we will consider the control or stabilization of a dynamic con- 
trol system which experiences a bifurcation when the system is linearly controllable, 
linearly stabilizable, or linearly unstable. 



C. BIFURCATIONS AND LINEAR CONTROLLABIL- 
ITY OR STABILIZ ABILITY 

In Chapter II we found that a system may undergo a bifurcation when it is 
trimmed to an equilibrium point, without ever considering whether the system was lin- 
early controllable/stabilizable or not. In fact, the two questions, “Does a system expe- 
rience a bifurcation?” and, “Is the system linearly controllable/stabilizable/unstable?” 
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are independent questions, as we see if we can see if we consider the following exam- 
ples. 

Example. [Linearly Controllable Bifurcation] Consider the simple dynamic 

system 



^ v , v 2 i v 

X\ = Pi -f Xj + x 2 



x 2 — u 



(IV. 3) 
(IV.4) 



Using the methods of Chapter II, we find that this system can only be trimmed at 
an equilibrium point when 

u* = 0 (IV. 5) 

and that we have two free variables, /U and x which determine our equilibrium set 
as 

X\ = ±v/-//, - (IV.6) 

A saddle-node bifurcation occurs in this system, with the bifurcation point at 



//, = -x 2 



The equilibrium point at the point of bifurcation is 



x 2 = arbitrary 

X] = 0 

V * V * 

n 1 = -x 2 



(IV.7) 

(IV.8) 

(IV.9) 

(IV.10) 



Translating the origin of our coordinate system to the equilibrium point at the point 
of bifurcation yields an equivalent trimmed system 



ii — Hi + 
x 2 = u 



(IV.ll) 
(IV. 12) 



which, in the absence of control (that is for x 2 held constant — no feedback applied) 
still has a saddle-node bifurcation in the X\ dynamics. Using the methods of Chapter 
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Ill, we can expand our system in a Taylor series, which yields 
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then apply a coordinate change of the form 

xi - t/i 

^2 = + 2/2 



(IV. 13) 



(IV. 14) 
(IV. 15) 



which yields a system in linear normal form 
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(IV. 16) 



This system is linearly controllable! We can pick any stabilizing state feedback gains 



Ky = 



l yi 



l 2/2 



such that the closed loop matrix 



A + BK T y 



is stable, which gives us our control law 



A yi K y2 



(IV. 17) 



(IV. 18) 



u = K yi y { + I\ y2 2/2 



(IV. 19) 



Reversing the coordinate transformations and translations to get back to our original 
system gives 

u = Ky^ + I< y2 (x 2 + Al) (IV. 20) 

which is the control law which stabilizes our system at the equilibrium point Xj = 0, 
Xj = arbitrary. It should not be surprising that we were required to feedback the 
parameter /ii in order to stabilize our system. < 
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Example. [Linearly Uncontrollable Bifurcation] Now consider the simple dy- 
namic system, slightly changed from the previous example, 

(IV. 21) 
(IV. 22) 



z _ y, , x.2 , y,2 

X\ — X] “T" ^2 

X 2 = u 



Using the methods of Chapter II, we again find that this system can only be trimmed 
at an equilibrium point when 

u = 0 (IV. 23) 

and that we have two free variables, pi and x 2 , which determine our equilibrium set 
as 

x\ = ±y/-jh-Z? (IV.24) 

A saddle-node bifurcation occurs in this system, with the bifurcation point at 



* *2 
Pi — x 2 

The equilibrium point at the point of bifurcation is 



(IV. 25) 



x* 2 = arbitrary (IV. 26) 

x\ = 0 . (IV. 27) 

K = ~xf (IV.28) 

Translating the origin of our coordinate system to the equilibrium point at the point 
of bifurcation yields an equivalent trimmed system 



— pi T Xj T 2x 2 x 2 T x 2 (IV. 29) 

x 2 = u (IV. 30) 

which, in the absence of control (that is, for x 2 held constant — no feedback applied) 
has a saddle-node bifurcation in the X\ dynamics. Using the methods of Chapter III, 
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we can expand our system in a Taylor series, which yields 



M 1 




0 


0 


0 




Ml 




0 




0 


X 1 


— 


1 


0 


2xl 




Xj 


+ 


0 


U + 


x\ + x\ 






0 


0 


0 




x 2 




1 




0 



then apply a coordinate change of the form 



(IV. 31) 



x\ = 2x* 2 y x 



1 



12 = -( 2 ii) l ‘' + y2 

(for x 2 7 ^ 0 ) , which yields a system in linear normal form 



(IV. 32) 
(IV. 33) 



Mi 




0 


0 


0 




Mi 




0 


V 1 


— 


0 


0 


1 




Mi 


+ 


0 


h 




0 


0 


0 




1 

CS 




1 



u 



(IV. 34) 



+ 



0 



( 2 *2? y\ + ( 5 ^) m? - ( 4 ) + vl 

0 

Once again, this system is linearly controllable. We can pick stabilizing state feedback 
gains 



I<y = 



l y 1 



K, 



3/2 



(IV. 35) 



such that the closed loop matrix 



A + BKy = 



0 1 



A y J K y 2 



(IV. 36) 



is stable, which gives us our control law 

u = K yi yi + K V 2 y 2 



(IV. 37) 



Reversing the coordinate transformations and translations to get back to our original 
system gives 



u = 




X\ + h y2 




(IV. 38) 
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which is the control law which stabilizes our system at the equilibrium point xj = 0, 
x* 2 = arbitrary. However, there is one small fly in the ointment: if our desired 
equilibrium point is x 2 = 0, then the above analysis breaks down. For x 2 = 0, our 
system in linear normal form is 



Pi 




0 


0 


0 




Pi 




0 




0 


Z\ 


— 


1 


0 


0 




Z 1 


+ 


0 


u + 


+ v\ 


til 




0 


0 


0 




til 




1 




0 



(IV. 39) 



where we used the obvious linear coordinate transformation 



x\ = z\ (IV. 40) 

x 2 = yi (IV .41) 

In this case, the saddle-node bifurcation occurring in the state x\ is linearly uncontrol- 
lable, and the bifurcation is linearly unstabilizable without being linearly unstable. 
We will consider how to handle bifurcations of this form in Chapters V, VI and VII. 
< 



D. LINEARLY CONTROLLABLE BIFURCATIONS 

A bifurcation is linearly controllable if, after the system is transformed into 
linear normal form, the system has the form 



p 





0 0 




P 


+ 


0 


u + 0 (2+) 


. y . 




0 A 




. y . 




B 





(IV. 42) 



where the matrices A and B are in Brunovsky form of appropriate dimension. The 
system can be stabilized by choosing state feedback gains 



K 



y 



L yi 



K 



Vp 



(IV. 43) 
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such that the real part of the eigenvalues of the closed loop matrix A + BKj are 
negative. The control law is given by 

u = Kjy (IV.44) 

which, after reversing the transformations and translations needed to achieve linear 
normal form, gives the control law in the original system in block form as 

U = U* + (a; T - a T ) T~ l (x - **) - ((aJ - a T ) T, + a T ) (ft - f) (IV.45) 

where the trim control u*, equilibrium point x*, and bifurcation point ft* were found 
using the method of Chapter II, and the transformation matrices T~ l and T M and the 
bottom row vectors a T and a T were found using the method of Chapter III. 



E. LINEARLY STABILIZABLE BIFURCATIONS 



A bifurcation is linearly stabilizable if, after the system is transformed into 
linear normal form, the system has the form 



A 




0 


0 


0 




M 




0 


w 


— 


0 


F w 


0 




w 


+ 


0 


y 




0 


0 


A 




y 




B 



u + 0 {2+) 



(IV. 46) 



where the matrix F w is in block diagonal (Jordan) form, and all eigenvalues of the 
matrix F w have negative real parts, and the matrices A and B are in Brunovsky 
form of appropriate dimension. The system can again be stabilized by choosing state 
feedback gains 

K yi 



K 



y — 



(IV. 47) 



such that the real part of the eigenvalues of the closed loop matrix A + BI\J are 
negative. The control law is given by 




(IV. 48) 
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which, after reversing the transformations and translations needed to achieve linear 
normal form, gives the control law in the original system in block form as 



« = u-+[o (A'J - a r ) J T~' (A'J - a T ) \ T„ + c T ) (fi - /.') 

(IV. 49) 

where the trim control u*, equilibrium point x" , and bifurcation point y* were found 
using the method of Chapter II, and the transformation matrices T~ l and T M and the 
bottom row vectors a T and a T were found using the method of Chapter III. 



F. LINEARLY UNSTABLE BIFURCATIONS 

A bifurcation is linearly unstable if, after the system is transformed into linear 
normal form, the system has linearly uncontrollable states with eigenvalues having 
positive real parts. In this situation, there is no method presented in this dissertation 
which can stabilize the system. 



G. REVERSING THE TRANSFORMATIONS 

In Chapter II we began with a system of the form 

x = f{x,y) + g(x,y)u (IV. 50) 

and used translation, transformation and feedback to produce a system in the linear 
normal form of equation IV. 2. In this form, the control law which stabilizes the system 
is simple, as it is just a vector of state feedback gains for the linearly controllable 
states, y. However, in the original system, the control law may be substantially more 
complicated. In this section we will develop a systematic formula which relates the 
simple control law developed from the linear normal form to the actual control law 
which must be applied to the original system. We begin by developing the most 
complete linear state feedback control law possible in the linear normal form system. 
We use linear state feedback gains multiplied by every possible state to get 

u = A'J y + Kj z + I<lw + I<y y (IV.51 ) 
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where we note in passing that the gain vectors I\ J, I\J and I\^ have no effect on 
the stability of the closed loop linear system, which is determined solely by the gain 
vector Ky. Now, we want to unfold the control term and the states to get back to our 
original system, and we start with the control term u. From Chapter III we have the 
fact that u was arrived at by feedback after a coordinate transformation. Repeating 
the equation for convenience, we have 



~ T T ~ 

u — u + a y + a y 



(IV. 52) 



which we can combine with equation IV. 51 to get 



u 



= [(KJ-« T ) A'J KZ (KJ- <)] 



Recalling the coordinate transformation in block form 



z 




I 


0 




y 


w 




1 

1 


T~ i 

X 




X 



we can plug in to get 



z 

w 

y 



(IV. 53) 



(IV. 54) 



u = (l<:- a T -\ K r K ;T (gr _ a T) j r „) „ 


(IV. 55) 


+ 


' I<J KZ (A'J l«q ] T->* 




Finally, recalling the translation of the origin and the trim control input 






x = x — X* 


(IV. 56) 




V = 


(IV. 57) 




u = u — u* 


(IV. 58) 
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we get 



U = *■ + (a'J - a T - [ A'J 1<1 (A'J - a r ) ] T.) (a - n (1V.59) 
+ [ A', T Kl (Kl-a T ) ]r-> (i-F) 



which is our general linear control law in the original system. 

In Chapters V, VI and VII we proceed on to those cases of real interest, namely 
those cases in which the bifurcation is linearly unstabilizable but not linearly unstable, 
that is, the bifurcation occurs in linearly uncontrollable states having eigenvalues with 
zero real parts, and there are no linearly uncontrollable states with eigenvalues having 
positive real parts. 
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V. QUADRATIC NORMAL FORM 



A. ROADMAP: THE BIG PICTURE 
1. Results of Previous Chapters 

In Chapters II and III we showed that any affine control system 

« = /(*, £) + $(*, /Ou 

could be put into linear normal form 



A 




0 


0 


0 


0 




V- 




0 


i 


_ _ 


F, 


F z 


0 


0 




z 


+ 


0 


w 




0 


0 


F w 


0 




w 




0 


y . 




0 


0 


0 


A J 




. y . 




B 



+ / (2) (/x,5,w,y) + ^ (1) (/i,z,ic,y)u 

+ / (3) (/*, 2 , w, y) + g (2) (/x, 5, w, y) u + 0 (4+) 



(V.l) 



(V.2) 



through a translation of the origin of coordinates to an equilibrium point at the point 
of bifurcation, followed by a linear coordinate transformation and an application of 
linear state feedback. In Chapter IV we showed that the linearly controllable states y 
could be stabilized by the proper application of linear state feedback, and that if the 
system in linear normal form contained only linearly controllable states y and linearly 
uncontrollable but stable states w, that the bifurcation detected in Chapter II could 
be controlled or stabilized with linear state feedback. We also stated that nothing in 
this dissertation could stabilize the unstable case, when one or several of the linearly 
uncontrollable states w had eigenvalues with positive real parts. 

2. Purpose of this Chapter 

In this chapter we consider how to simplify the quadratic order terms in equa- 
tion V.2. Our goal is to perform quadratic coordinate transformations and apply 
quadratic state feedback to transform equation V.2 into quadratic normal form, given 
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by 



/x = 0 



i = Fu/i -f F z z 



+ Qz P1 


' ^ ' 
flZ^ 


+ Qz mi 


m 


+ Q 2c 


y\ 

y\ 




Z (A 




. zyi . 




. y l . 



+ Q : 



P 2 



flW ^ 
ZW^ 



+ Q; 



P3 



IF 



(2) 



+ Q 



z rri2 



wy i 



+ /i 3) (P, w, y ) + <7< 2) (/x, 0, tu, y) v + 0 (4+) 



IF 



ix = F w w 



~ l£/pj 


i 


Qw rni 


yy i 


+ Qw c 


' y\ 
y\ 




2 < 2 > 




zy i 




. y 2 P . 



+ Qt 



'P2 



zw 



+ 



tu 



( 2 ) 



+ Q 



U>m 2 



wy 1 



+ 0 (3+) 



t y = ^4?/ + Bu + Q 



!/c 



V? 

2/i 



2/p J 



+ 0< 3 +) 



(V.3) 

(V.4) 



(V.5) 

(V-6) 



(V.7) 



where /x € R T is the vector of parameters, z E R q is the vector of linearly uncon- 
trollable states having zero real-part eigenvalues, w (E R m is the vector of linearly 
uncontrollable states having negative real-part eigenvalues, y (z R p is the vector of 
linearly controllable states, v € R 1 is a single control input, and the matrices F M , F z , 
F w , A and B are in the appropriate Jordan-Brunovsky canonical form. Subsequent 
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chapters will consider how to use this quadratic normal form to impose non-linear 
stability on linearly unstabilizable bifurcations. 



B. THE QUADRATIC COORDINATE TRANSFORMA- 
TION AND QUADRATIC STATE FEEDBACK 



Equation V.2 is the linear normal form of our control system. However, the 
appended state vector is too complicated to facilitate a clear understanding of the 
quadratic coordinate transformation process. So, we introduce a new variable name 
for the appended state vector, y G Z? 1 ', and new notation for the block linear coefficient 
matrices, i.e. 



X = 



z 

w 



y 



0 0 0 0 

F, F z 0 0 

0 0 F w 0 

0 0 0 /1 



0 

0 

0 

B 



(V.8) 



(V.9) 



(V.10) 



This allows us to write the linear normal form of our control system, equation V.2, 
as 



X = Fx + Gu + / (2) (x) + j (1) (x) “ (v.ll) 

+ / (3) (x) + S m (X) fi + 0 (4+ > 

Now, we want to perform a quadratic coordinate transformation to simplify our 
quadratic terms, but we don’t want the transformation to alter the form of our linear 
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terms. An appropriate quadratic transformation is 



x = x + fc (2) (x) (V.12) 

where h ^ (x) is an as-yet unknown quadratic function of x> and x € R v is our 
transformed state vector. As desired, this transformation only alters the quadratic 
and higher order terms. Now we will apply this transformation to our system. 

1. The Homological and Constraint Equations 

To arrive at our transformed dynamic system, we calculate x two ways and 
equate them. The first way is to plug our transformed state vector into our linear 
normal form, that is, plug equation V.12 into equation V.ll, which gives 

X = F X + Gu + F/i (2) (x) + / (2) (x) + <7 (1) (x) tt (V.13) 

+ / (3) (x) + <7 (2) (x)“ + ° {4+) 

where we have defined 

/ ,3) (X) + O' 4 *) = 

3 (2 '(X) = 

and used 

/ (3) (x + h{2) (x)) = / (3) (x) + 0 (4+) (V.16) 

g {2) (x + h (2) (xj) = g {2) (x) + 0 (3+) (V.17) 

The second way is to differentiate our quadratic coordinate transformation, which 
gives 

X = X + jh (2) (x) (V.18) 

= x + ^ (2) (x)x 
= (/+^' 2, (x))x 



/' 3| (x) + (/ (2) (x + A ,2) (x)) - / (2) (x)) (V.14) 

s (2) (x) + s (1) (ft' 21 (x)) (V .15) 
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where the function ( x ) is a square matrix- valued function of x, that is, a square 

matrix whose entries are functions of x- (In this case they are linear functions of \.) 
Setting equation V.13 equal to equation V.18 gives 

X = (/ + ^~ /l(2) (^)) (^X + Gu + Fh^(x) + f {2) {x) + 9 {1 Hx)uj (V.19) 

+ + ^/i (2) (x)) (/ (3) (x) + 9 (2) (X) u + 0 (4+) ) 

Now we need to know how to invert a square matrix- valued function of X- We show 
this in a lemma. 



Lemma B.l (Inverse of a Matrix Function) A square matrix-valued function $ (x), 
of the form 

* ( X ) = / + * (,) (x) ( V .20) 

has an inverse 0 (x) = ^ _1 (x) ^ 71 a vicinity of x = 0, which is a square matrix-valued 
function having the Taylor series expansion 

e (x) = e<°> ( x ) + e<‘> ( x ) + © (2) (x) + © ,3 ' (x) + o< <+ > (v.21) 

where the terms for the Taylor series expansion for 0 (x) are given by 

e (0) (x) = I (V .22) 

e ( »(x) = -*<"(x) (V.23) 

e ,2) (x) = (-♦"'(X)) 2 (V.24) 

e |3| (x) = (-4> |,, (x)) 3 (V.25) 

: (V.26) 



Proof. This lemma is a well-known result, which we demonstrate briefly here. 
Since 0 (x) = <h -1 (x)> multiplying 0 (x) by (x) should yield the identity matrix. 
Multiplying term by term and matching term order yields 



0< o) (x) / 


= / 


(V.27) 


e l“ , (x)$( 1 l(x) + 0'‘)(x)/ 


= 0 


(V.28) 


e (I) (x) * (,) (x) + e« 2) ( x ) / 


= 0 


(V.29) 


© ,2) (x) f (11 (x) + e' 3 » (x) / 


= 0 


(V.30) 
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which, when rearranged, yields the expected result. < 

So, applying the results of the lemma to our problem yields 

(/ + (X))" = M+ (- ( X )) 2 + (-|>> (x))\o^> (V.31) 

and plugging this result into equation V.19 gives 

X = Fx + Gu (V.32) 

+ ( / p) (x) + (*) - JU (J > (x) ** ) (V.33) 

+ ("a 111 (x) - JV (!) (x ) G ) “ 

+ / l3) (x) + ^ (x) a + o (4+l 

where we have defined 

PHx) = f {3) (x)-^h {2 Hx)( K f {2 Hx) + FhW(x)-^hW(x)Fx') (V.34) 

^ 2) (x) = g {2) (x) - ^h {2) ix) (jj {1 Hx) - -^h (2) (x) G^J (V.35) 

Temporarily neglecting the cubic terms for clarity, we can write our preliminary 
quadratic normal form as 

X = Fx + Gi + /< 2 > ( X ) + 9 m (x) i + 0 (3+) (V .36) 



where we have defined our quadratic normal form terms as 

/ (2) (X) = f m (X) + Fh m (x) - |V' (x)Fx ( v.37) 

and 

9 {1) (\) = 9 W (X) ~ (X)G (V.38) 

Equation V.37 is known as the homological equation, while equation V.38 does not 
have as commonly accepted a name, although it has also been referred to as a ho- 
mological equation [Ref. 2], However, in this dissertation we will refer to equation 
V.38 as the constraint equation, for reasons which will become clear later. We will 
use equations V.37 and V.38 to eliminate as many terms of (x) and (y) as 
possible by properly picking h ^ (y). 



90 



2. Application of Regular Feedback 

However, before we examine the effect of picking h ^ (x) on / (2) (x) and 
g( l > (x), we should look at the effect of applying feedback. Looking at equation V.36, 
we see that the simple expedient of defining our new control input after feedback has 
been applied to be the bottom component of the equation, can eliminate many terms 
of / (2) (x) and 9^ (x) without considering whether a coordinate transformation has 
been applied or not. That is, if 



and 




! m (x) = 



fl% (x) 
. /< 2) (x) 




s m (x) 



si-i (x) 
si' 1 (x) 



and if we define our new control input after feedback, v, as 



(V.39) 



(V.40) 



» = “ + j? 1 (x) + si" (x) “ 



(V.41) 



then the bottom row of equation V.36 becomes pure control, i.e. 



Xu = V + 0 (3+) 



(V.42) 



The practical effect of applying equation V.41 is to remove the requirement that 
the coordinate transformation eliminate terms in the bottom row — the coordinate 
transformation can now be allowed to alter the bottom row arbitrarily, and the terms 
can still be eliminated by applying the feedback of equation V.41. We summarize this 
result in a theorem. 
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Theorem B.2 (Non-Linear Feedback) For a dynamic control system in the form 
of equation V.36, with x € R v , the non-linear control law 

u = v-gl"(x)v-fi‘ ) M (V.43) 

suffices to eliminate the quadratic order terms of the bottom row (u component ) . 

Proof. We prove the theorem by direct calculation. The bottom row (// 
component) of the system in equation V.36, is given by 

Xu = u + fl 2) (x) + 9 ( J ] (x) « + 0 (3+) (V.44) 

Plugging in our control law, we have 

= v - gi 1] (x) v ~ ! (2) (x) (V .45) 

+fl 2) (x) + gP (x) (t> - 9u ] (x) v ~ fi 2) (x)) 

= v - gl 1] (x) (x) v + fl 2) (x)) + 0 (3+) 

= v + 0 (3+) 

which proves the theorem. « 

3. Solving the Constraint Equation 

Now that we know that the bottom row of our system can be eliminated 
with feedback after our coordinate transformation is complete, we need to choose 
our transformation, h^ (y). There are two problems we are trying to solve. First, 
pick h W (x) so as to eliminate as many terms of f^ (^) as possible in equation V.37 
(except in the bottom row, which will be handled by feedback). Second, pick h^ (x) 
to eliminate as many terms of < 7 ^ (x) as possible in equation V.38 (except again the 
bottom row, which will be handled by feedback). Now, in general, we cannot eliminate 
all terms in both / ^ (x) and < 7 ^ (x) simultaneously, because there are not enough 
degrees of freedom in h ^ (x)- Also, we find that regardless of how many degrees of 
freedom we have, there are sometimes terms in f^ (x) which we cannot eliminate 
at all (called resonant terms). However, we find that we can always eliminate all 
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the terms in (x)- So our strategy is to pick (x) to eliminate all the terms in 
(x), and then use the remaining terms to eliminate as many terms of / ^ (x) as 
possible. We state our first result in a theorem. 

Theorem B.3 (Elimination of g(x)) For any control system of the form of equa- 
tion V.ll rewritten here as 



X = Fx + Gil + f {2) {x) +g { 1 ) (x)u 
+ / (3) (x) + g {2) (x) « + 0 < 4+ > 



with x £ R 1 ' , and with G of the form 



(V.46) 



0 1 



G = 



0 

1 



(V.47) 



a coordinate change of the form of equation V.12 completely eliminates the term 
g^ 1 ) (x) if the elements of h ^ (x) are chosen such that 



hi (x) = J 9^ (x) dxu + <^! 2) (xi» • • • » Xu-i) (V.48) 



for i — 1 to is — l, where 



h (2) (x) = 



hi (x) 
K (x) 



(V.49) 



and where (xi, • • • , X^-i) are arbitrary quadratic functions. The element h l/ (x) 
may be chosen as an arbitrary function if feedback is used to eliminate the term 



s<’> (x). 



Proof We prove the theorem by direct calculation. The transformed control 
term, (y), is given by equation V.38, which we write as 



» 

>T 

1 




1 

1 




9 ( u - 1 (x) 


= 


tfi-i (x) 


— 


1 




. 3 { » ] (x) 





a/n 


a/n 


dh, 


dxi 


dXv-1 


9xu 


dh u -\ 


dh u —\ 


dhy — ] 


&Xl 


dxv-i 


9xv 


Shy 


dhy 


dhy 


9xi 


dXv-l 


d\y 



(V.50) 
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jf’to 

%-i (x) 

. s<"(x) 

Now, if we set (%) = 0 for any component equation, we get equation V.48, which 
proves the theorem. Note that since components of gW (x) can be killed off individu- 
ally by components of (x), we can choose to not eliminate the bottom component 
of g M (x), since that can be eliminated with feedback, which saves the bottom com- 
ponent of /d 2 ) (x) for use in eliminating terms of (x). « 





dh, 

dXv 




dh u - 1 
dXv 
dh u 
dxu 



4. Solving the Homological Equation 

Now we consider how to eliminate terms of /U) (x) in equation V.37. We 
have two competing requirements. First, we need to show the general method of 
solution, which will lead to the Unstacking Theorem. Second, we need to exploit the 
structure of the problem to break it up into smaller problems, which lend themselves 
to individual solution. This will lead to the separation theorem. We begin with the 
general method of solution. Rewriting the terms in equation V.37 in vector/matrix 
form as 



f m (x) = 


<3x< 2 ' 


(V.51) 


; (2) <x) = 


Qx m 


(V.52) 


A«(x) = 


Hx m 


(V.53) 



where Q, Q and H are matrices of coefficients and x^ is the quadratic appended 
state vector in the form given by the lemma “Notation for Multi-Variable Taylor 
Series Expansions” from Chapter III. We can write equation V.37 as 

Qx (2) = Qx (2) + FH X (2) - H^-x (2) F X (V.54) 
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Now, the last term in this equation is of special interest. Using the method discussed 
in detail in Appendix A, we can define a matrix of coefficients, D , by the relation 

D X m = ^ X P) FX (V.55) 

(Notice that D depends only on the component order in the quadratic state vector 
and on the structure of the matrix F, but is otherwise independent of the specifics 
of the problem at hand. For this reason we refer to matrices such as D as structural 
matrices.) We can write equation V.54 as 

Qx {2) =(Q + FH- HD ) x (2) (V.56) 

which is only true when 

HD-FH = Q-Q (V.57) 

This brings us to the Unstacking Theorem. 



Theorem B.4 (The Unstacking Theorem ) Any matrix equation of the form of 
equation V.57 can be converted into the vector matrix equation 
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E-i ^ 
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(V.58) 

which can be used to find a solution for H and Q. The component matrices are 



D,I G 



— ■'(H-l) x l) 
IX 2 2 



(V.59) 



F 



H 



Q 



F n 

F v i 
H i 




€ R uxv 



G RT* 



v(v+l) 

2 



H v 

Q i 

. Q* . 



G R 



UX 



t'j V+l) 
2 



(V.60) 

(V.61) 



(V.62) 
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€ R " x 



(V.63) 



Q = 



Q i 
Q v 



2 



where the notation H t etc. has been used to indicate the ith row of the particular 
matrix, the notation Fij has been used to indicate the ijth element of the particular 
matrix, and where I indicates the identity matrix. 



Proof. Given an equation of the form 

HD-FH = Q-Q 



(V.64) 



with matrices defined as in equations V.59 through V.63, look at the equation row- 
by-row. We have 
/ 



H X D 




F XX H X + . 


■ . + F lu H l/ 


\ 




Qx 




Q\ 


H U D 




i 

H- * 

+ 


+ 

1 


) 




Qv 




Qv 



(V.65) 



Unstacking the rows of the matrices to the left to form one long row vector yields 

H X D ••• H„D (V.66) 

(F xx H x +... + F x „H v ) ■■■ (F vX H x + . . . + F U „H X ) 



Q i ••• Qv 



Q\ • • • Qv 



which when transposed and restacked yields the desired result 





' d t 0 


... 0 




■ F XX I ••• 


• • • F xv j ' 


\ 




'Hi' 




’ Ql j 




' Ql' 
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I 
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• 














• 






0 
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* 






\ 




; 




• 




0 ••• 


1 

o 




1 

£ 


• • • Fvvl . 


) 




.Hi . 




i 




i 

o< 

1 



(V.67) 



Corollary B.5 (The Unstacking Corollary) Any matrix equation of the form 

HD = Q-Q (V.68) 
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can be converted into the vector/matrix equation 



' D t 0 


... o' 




I 

5 = 

1 




or 




'or 


0 


\ 




• 




* 




* 


... 0 
1 


0 •* 

1 




1 

tt: ... 

i 




.Ql. 




C)< ... 

1 



with the notational conventions the same as the theorem. 



(V.69) 



Proof. This is just a special case of the theorem result with F = 0. <i 

5, The Separation Principle 

Now look at our system in linear normal form again, given by equation V.2. 
The appended state vector is 



P 

x 



P 

z 

w 

y 



(V.70) 



where ft is the vector of parameters, z is the vector of linearly uncontrollable states 
with zero real-part eigenvalues, w is the vector of linearly uncontrollable states with 
non-zero real-part eigenvalues, and y is the vector of linearly controllable states. The 
states //, 5, and w are all linearly uncontrollable, so if we define the state vector a in 
block form as 



a — 



z 

w 



(V.71) 



then we can represent the entire appended state vector in block form as 



<7 

y 



V 

z 

w 

y 



(V.72) 
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In Chapter III, in the lemma entitled “Notation for Multi- Variable Taylor Series 
Expansions”, the notation £^ 2 ) was introduced to stand for the vector containing all 
possible quadratic combinations of the elements of the vector £. For the case where 
two vectors, a and y, are involved, we need to introduce additional notation to account 
for the cross terms involved. We state this in the form of a lemma. 



Lemma B.6 (Quadratic State Vector) A state vector £ £ R 9 , made up of two 
component state vectors a £ R J and p £ R k , can be represented in block form as 



z = 



a 

P 



(V. 73) 



The vector £l 2 ) £ R^ \ containing all possible quadratic combinations of the ele- 
ments of is called the quadratic state vector , and can be represented in block form 



as 



e 2) = 



aW 

ap™ 

( 2 ) 



P 



(V. 74) 



k{k+l) 

R 2 contain all the possible 



The quadratic state vectors a ^ £ R 2 and p^ £ 
quadratic combinations of the elements of the linear state vectors a and p respectively , 
as explained in the lemma u Notation for Multi- Variable Taylor Series Expansions” 
in Chapter III . However, new notation has been introduced for the quadratic mixed 
terms. The vector ap ^ € R jk is called the mixed quadratic state vector, and con- 
tains all the possible quadratic combinations such that one element is from a and one 
element is from p. The vector ap ^ can be represented in block form as 



(V.75) 

where each block is the vector a multiplied by the appropriate element of p. The rule 
for ordering the elements ^h£,i of each of the quadratic state vectors a^ 2 \ ap ^ and 
P^ is if i > t, or h > s if i = t. Then the smaller elements are stacked 

on top of the larger elements. 



ap ^ — 



api 



°Pk 



Proof. Although the ordering of the individual elements is just a matter of 
convention, we would like to show that, taken together, the quadratic state vectors 
a^\ ap( 2 ) and pC) include all possible quadratic combinations of the elements of 
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the linear state vector £, and include no extra terms. The vector £ contains all the 
elements of a and all the elements of p. The vector contains all the possible 
combinations of the elements of £ taken two at a time, and there are only three ways 
to combine elements two at a time: both elements can be from < 7 , in which case the 
combination is an element of <7^; one element can be from a and one element can be 
from p, in which case the combination is an element of a p^ 2 b or both elements can 
be from p, in which case the combination is an element of p^ 2 k So, is given by 
equation V.74. < 

Now we desire to simplify our problem by breaking it up into smaller pieces 
which can be solved individually, and then recombined to yield the full solution. We 
begin by exploiting the structure of F, which we write as 



F = 



F a 0 
0 A 



(V.76) 



X = 



Pulling the linearly controllable states out of our state vector x> we get 

( 7 

y 

In both cases we have used the definitions 

0 0 0 



(V.77) 



Fr = 



F, F z 0 
0 0 F„ 



(V.78) 



and 



a = 



A 

z 

XV 



(V.79) 



Finally, we separate out the linearly controllable/uncontrollable components of / ^ 
/ (2) (x) and h ^ (x) in block form as 

/i 2) (<by) 



/ (2) (X) = 



/j 2 ) (^y) 



(V.80) 
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(V.81) 



; (2) (x) 

h (2) (x) 



/j 2) { a iV) 

/j 2) (<u y) 
h {2) (<u y) 

h ( y ] (<7,y) 



Pluggging our block forms into equation V.37, gives 



/i 2) (<r,y) 




h 2) 


4- 


F a 0 




h ( 2 ) W^y) 


_ 4 2) (<uy) _ 




_ /y 2) (<7, V ) _ 


T 


0 A 




_ h<£ ] (cr,y) _ 



dh„ 

da 

dhy 

da 



dhg- 

dy 

dhy 

dy 





Fa 


0 




a 




0 


A 




. y . 



(V.82) 



(V.83) 

(V.84) 



Using the previous technique of rewriting the terms in equation V.37 in vector/matrix 
form as 



f (2) (x) = 


Qx m 


(V.85) 


/ w (x) = 


Qx m 


(V.86) 


h m (x) = 


H X m 


(V.87) 



we can write equation V.83 as 



Qau Q am Qac 
Qyu Q ym Q yc 





r 

rT 

b 


r 




cryM 


= 


- 


1 

1 


- 



Qau Qam Qac 
Qyu Q ym Q yc 



+ 



F a 0 
0 A 

Hau 
Hy U 



H n 

H 



H n 



yu 



Ho 



Hym Hyc 



-i 


’ <t( 2 ) 




crt/U) 


- 




Ham H ac 


Hym Hyc 


-i 


1 

fa 




0 z 


- 


0 



-1 


I 

"to 




crj/( 2 ) 


1 


1 

"to 

1 



0 

0 

Dc 



(V.88) 





1 

"to 




(jy( 2 ) 




, 

i 



where we have used the results of the “Quadratic State Vector” lemma, and where 
the subscripts u, m and c stand for “uncontrollable”, “mixed” and “controllable” 
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respectively, with the reference to controllability referring to linear controllability. 
We have also used the definitions for D m and D c given in Appendix A as 



D a a (2) = 

0(7 



do 



D r yW = 



dy 



dj / (2) 

dy 



Ay 



Equation V.88 is only true if the coefficient matrices satisfy the relation 



(V.89) 

(V.90) 

(V.91) 



H au 


H a m 


Hac 


Hy U 


Hym 


Hyc _ 


‘ K 


0 




Hpu 


0 


A 




i 

£t! 

e? 


Qau 


Q am 




Q.c 


Qyu 


Q ym 







D a 

0 

0 

m 

Hym 



0 0 
Dm 0 
0 D c 

H cc 

Hyc 



Qau Qam 

Qyu Q ym 



Qac 

< 5 »« 



(V.92) 



which is in the form needed for the Unstacking Theorem. But, because of the block 
diagonal nature of the equation, it can actually be solved as six uncoupled equations. 
We state our result as the “Separation Principle” theorem. 



Theorem B.7 (Separation Principle) When the linear state matrix F has the 
block diagonal form 

f — Fa 0 
0 A 

and the state vector y * s given in block form by 



(V. 94) 

the solutions f ^ (y) and h ^ (y) to the homological equation 

! m (x) = i m (x) + Ft,™ (x) - (x) Fx (V. 95 ) 




(V.93) 



101 



are given by 



/ (2 >(x) = 



h m (x) = 



With (x) given by 
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Qac 


Qyu 


Qym 


Qyc 


H 0 u 
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Hyu 
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Qyu 
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cry {2) 
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/ ( 2 ) (x) = 



the block elements of the coefficient matrices 

Q au Q a 



-1 


"to 




crj/ (2) 
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. v m . 



Q = 



H = 



Q 

H, 

H 



yu 



Qym 

H n 



Q a c 

Qyc 

H n 



yu i i yin 1 1 yc 



are found as solutions of the separable matrix equations 

hi yc D c AHyc — Qyc Qyc 

1 1 ym Dm // y,ft — Q y m Q y m 

1 1 yu D a A 1 1 y u Q yu Q yu 

H ac D c F a H ac — Qac Quc 

1 1 am D in I'a ll am — Qam Q am 

HauDtj FpHffu — Q au Qau 

which individually have the form needed to apply the Unstacking 



(V.96) 



(V.97) 



(V.98) 

(V.99) 

(V.100) 

(V.101) 

(V.102) 

(V.103) 

(V.104) 

(V.105) 

(V.106) 

Theorem for solution. 



Proof. Plugging equations V.93, V.96, V.97 and V.98 into equation V.95, 
and using the definitions of D „ , D m and D c given in equations V.89, V.90 and V.91 
gives an equation of the form V.88, which can only be true if the coefficient equation 
V.92 is true. When equation V.92 is multiplied out we get 



H au D c ~ Fallen UamDm ~ F a H am H ac D c — F a H a 



H yu D 0 — AH 

yu 



1 1 ym Fm AHy m 



H yc D c — AHyc 



(V.107) 



Qau Qau Qam Qam Qac Qac 

Qyu Qyu Qym Qym Qyc Qyc 
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which is only true if equations V.101 through V.106 are true individually. <1 

Now, we have determined how to find a solution for the coefficients of our 
quadratic coordinate transformation, h ^ (x), and our quadratic normal form func- 
tion, using the Separation Principle theorem and the Unstacking Theorem. 

However, we have not yet taken into account the fact that part of h ^ (x) was used 
to eliminate the (x) term, nor the fact that our quadratic order state feedback 
can eliminate terms in / ^ (x) without using any terms in (x). These additional 
conditions act like constraints or relief from constraints on our search for solutions to 
equations V.101 through V.106. We summarize these conditions in two lemmas. 



Lemma B.8 (Constraints on H from g(x)) The search for solutions 

h {2) (X) = 



H (j U H arn H ac 

Hyu Hym Hy C 



1 


■ < 7 < 2 ) 1 




tjyW 


- 


1 

oT 



(V.108) 



to equations V.101 through V.106 is constrained by the fact that elements of h^ (x) 
were used to eliminate the g^ (x) term , as detailed in the u Elimination of g(x)” 
theorem. These constraints may be stated as the block matrix equations 



where 



G(j U H am D — 0 

G ac — H ac Ds y = 0 

Gyu — flym Db„ = Gyu 
Gyc HycD By ~~ Gyc 



7 (1) (x) = 



Gcu G ac 




a 


Gyu GyQ 




. y . 



(V.109) 

(V.110) 

(V.lll) 

(V.112) 

(V.113) 



and where the structural matrices Ds a and Db v are defined in Appendix A by the 
relations 

dayW 

Db„v = — - — B 



DB y y = 



dy 

% (2) 

dy 



B 



(V.114) 

(V.115) 
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The matrices G yu and G yc have the form 



Gyu — 



0 



G 



Gyc ~ 



yu P 

0 



G. 



yep J 



where the subscript p indicates the pth row. 



Proof. Equation V.38, which we rewrite here for convenience as 
9 1 " (X) = 9 (l) (X) - ( X )G 



can be put into block vector/matrix form 

H au H O 



<7 (1) (x) = 



G au 


Goc 




a 




I 

c* 


Gyc _ 




. y . 





H 0 



Hyu Hym Hyc 






0 



da 

dcry( 2 ) day( 2 ) 
da dy 

0 * r> 



dy 



where we have rewritten equation V.10 in block form as 

0 



G = 



B 



Multiplying out equation V.119 gives 



j'"(x) = 



G a u G n 



Gyu Gyc 



a 

y 



U day ( 2 ) jj , u dy( 2 ) 
Ham Qy H + H ac Qy ID 

+ H yc a -g-B 





a 




. y . 



(V.116) 



(V.117) 



(V.118) 



0 

B 



(V.119) 



(V.120) 



(V.121) 



G(ju H am DB„ G ac HacDBy 

Gyu Hy m D Gyc H yC D By 

where we have used the definitions for D Ba and D By from equations V.114 and V.115. 
From the “Elimination of g(x)” theorem we have that any component of (x) can 
be eliminated by a choice of the corresponding component of h ^ (x), 



Mx) = J 9i 1] {x)dXp + Vi {Xi,---,X»-i) 



(V.122) 
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So, if we choose to eliminate every component of < 7 ^ (x) except for the last row, we 
get equations V.109 through V. 112 , which proves the lemma. < 

In the next lemma, we examine the effect of feedback on relieving constraints 
on /i (2 ) (x)- 

Theorem B.9 (Feedback Relieves Constraints) When the non-linear control law 
given by equation V.f3 in the Non-Linear Feedback theorem is used to eliminate all 
quadratic order terms in the last row of the dynamic control system , the effect is to re- 
lieve some constraints on finding a solution for h ^ (x) in equations V.101, V.102 and 
V.103. Applying the Unstacking Theorem , then applying the control law of equation 
V.43 causes equations V.101, V.102 and V.103 to become 
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(V.123) 



Ql - Q 



ym\ 



0 T - 0 T 
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Q T - Q T 

yui 'v yu\ 



QT _ QT 
^ yu p -\ 'Vyup-) 

0 



(V.124) 



(V.125) 



Proof. When the Unstacking Theorem is applied to equations V. 101 , V .102 
and V.103, they become 
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When the non-linear control law given by equation V.43 is applied to these equations 



it has the effect of removing the bottom block row, which is equivalent to replacing 
all entries on the bottom block row with block zeroes. Consolidating the two square 
matrices then gives the desired result. <1 



Corollary B.10 Applying the Unstacking Corollary , then applying the control law of 
equation V.fS causes the constraint equations V.lll and V.112 to become 
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Proof. When the Unstacking Corollary is applied to equations V.lll and 
V.112, they become 



(V.131) 
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(V.132) 



When the non-linear control law given by equation V.43 is applied to these equations 
it has the effect of removing the bottom block row, which is equivalent to replacing 
all entries on the bottom block row with block zeroes. Then, when we apply the 
“Elimination of g(x)” theorem, all the remaining terms of G yu and G yc can be set to 
zero. This gives the desired result. <1 

In the next section we will begin the final task of this chapter, which is to 
eliminate as many terms of (\ ) as possible through our choice of M 2 * (x)- We 
will find, that in certain cases, elimination of a particular term in / ^ (x) will not be 
possible at all. Such terms are called resonant terms. In other cases, elimination of 
certain terms will imply that elimination of certain other terms is not possible, and 
vice-versa. That is, we may be able to choose which terms to eliminate, but still not 
be able to eliminate every term. And finally, in certain cases we will discover that 
we have more degrees of freedom than required, and will be able to find several co- 
ordinate transformations which eliminate as many terms as possible. (And of course, 
combinations of these cases are also possible.) 
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C. NORMAL FORMS 

In the previous sections we have proven several useful theorems, lemmas and 
corollaries. However, under all the detail hides a relatively simple problem we are 
trying to solve, and it is worth our time to briefly restate it here. We start with 
a dynamic control system in linear normal form, given by equation V.ll, which we 
repeat for convenience 

X = Fx + Gu (V.133) 

+ / (2, (x)+9 ,,, (x)i 
+ / (3) (x) + 9 m (x) « + 0< 1+ > 

A quadratic coordinate transformation which simplifies our quadratic terms without 
altering the form of our linear terms is given by equation V.12, which we repeat for 
convenience 

X = x + h (2) (x) (V.134) 

where h ^ (x) is an as-yet unknown quadratic function of x, and x is our transformed 
state vector. When we transform equation V.133 using equation V.134, we get 

X = F x + Gu (V.135) 

+ f {2) ix) + g (1) (x)u 
+ (x) + ^ 2) (x) « + 0 (A+) 



where we have defined our quadratic normal form terms as 



fm (x) = fm (x ) + Fh m (x) _ h m (x) Fx 

OX 



and 

9 {1) (x) = g {1) (x) - §^ h(2) (x ) G 

and where we have defined the cubic terms as 

/ 3) (x) = / (3) (X) - ^/* (2) (x) (/ (2) (x) + FhW ( X ) _ Aft(a) ( X ) F x'j 

? <2) (x) = 9 {2 Hx) ~ ^h (2 Hx) (^9 (1 Hx) ~ -7^h (2) (x) G'j 



(V.136) 



(V.137) 

(V.138) 

(V.139) 
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with 



/ ,3) (x) + 0 ,<+) = /» (x) + (/ W (x + A (2| (x)) - / W (x)) (V.140) 

S <2) (x) = ?‘ 21 (x i + (* ri| l \)) (V.141) 

When we apply non-linear quadratic order feedback to equation V.135, using a control 
law of the form 

“ = v - 9 { u ] (x) v - fl 2) (x) (V. 142) 

where the subscript v indicates the bottom row (j/-th component), we get 

X = Fx + Gv (V.143) 

+ ( f m (X) - C/< 2 > (xl) + (s'" (x) - Gg('< (x)) » 

+ (f l3, (x) - 3 1 ' 1 ( x) Jf 1 (x)) + (j* 2, (x) -9 (1) (x) jjrix)) <' + 0 <,+) 

which ensures that the bottom row of both quadratic order terms are zero. Finally, 
by applying the “Elimination of g(x)” theorem, we can always force the quadratic 
order control term to zero, which yields our equation in quadratic normal form 



X = Fx + Gv (V.144) 

+ (/' 2I (x) - G/f > (x)) 

+ (/ l31 (x) - s 1 ' 1 (x) ft 2) (x)) + (5 ,2 ) (x)-S (I, (x)^ 1) (x))«+0 (<+) 



Equation V.144 can be rewritten to put the quadratic order terms into vec- 
tor/matrix form and to recognize the natural separation between the linearly control- 
lable and linearly uncontrollable states of our system. We get 
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(V.145) 
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where we have neglected the cubic order terms for clarity. The task of this section is 
to show the form the remaining quadratic order terms take when as many coefficients 
of the matrix Q as possible have been eliminated by proper choice of h O (x). 



1. Normal Form of the y Dynamic Equation 

Separating out the y dynamics from equation V.145, we have 



y = Ay + Bv + 



Q yu Q ym Q 



yc 



<7< 2 > 

cryW 

y(2) 



+ 0 (3+) 



(V.146) 



Our task is to determine the submatrices Q yu , Q ym and Q yc with the fewest possible 
non-zero coefficients. From the “Feedback Relieves Constraints” theorem and its 
corollary we can find solutions from equations V.123, V.124 and V.125, while applying 
the constraints imposed by equations V.129 and V.130, all of which we restate here 
for convenience. 

Equations to solve: 



Dj -I 0 ••• 0 




1 




6 T - Q f 

V t/ci V yci 


0 •. •• ••. i 
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; ••. o 
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: dj —i \ 




H T 

ll yc p -\ 




0 T — Q T 

^yc P - 1 ycp-i 


0 0 0 




i 

i 




0 



I 

& 

1 

o 




0 




H'L 

ym\ 




Q T 

^ ym i 


- Q T 

™ ym\ 


o 




0 




: 


— 








Di 


-I 




Hjm 

ymp-i 




6 T 

'Vym.p - 1 


-0 T 

ym p „ i 


0 


0 


0 




H t 

11 yrrip 






0 



(V.147) 



(V.148) 
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and 



D T a -1 0 ••• 0 

0 ••• : 

:• ■ • . • • . ■ • . o 

: •• dj -i 

0 0 0 






H VU P 



0 T -O 

^ yu\ ^yu\ 



o 



where the matrix Q is defined by the relation 



/ (2) (a) = Qx m = 



Qcru Q am Qcrc 
Qyu Qym Qyc 



(J^ 

<ry m 



Constraints: 



and 



D t b 0 

a y 




0 




1 

SR 
3 ^ 

i 




1 

§s 

i 


o 




: 








* 


: 


Dl 

By 


0 




H yc P 




C T 

^*yc P - 1 


0 


0 


0 J 




- H lr - 




0 


Dl. 0 




0 




' H ‘ 







0 



: ■ • o 

0 ••• 0 0 

where the matrix G is defined by the relation 



HT m 

ym p _i 



H T 

ym p J 



C T 

yu P -\ 



9 0) (A) = G X = 


G au 


G ac 




a 




C5 


Gy C 




. y 



(V.149) 



(V.150) 



(V.151) 



(V.152) 



(V.153) 
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2. Controllable/Controllable Part 

The controllable/controllable part is given by the solution 

(V.154) 

to equation V.147, subject to the constraints of equation V.151. We start by stating 
a theorem due to Kang [Ref. 2]. 



Qyc — 



Q 



3/Cl 



Qycp-i 

0 



Theorem C.l (Controllable/Controllable: Kang’s Theorem) The normal form 
of equation V.154 given by 



QycV {2) = Qy c 





(V.155) 



where Q Vc € R? Xp has the upper triangular form (with zeros on the main diagonal 
and first super-diagonal) 



0 0 7i3 • • • 7ip 



Q yc= i 



0 



T(p-2)p 

0 

0 J 



(V.156) 



Proof This theorem is proven in reference [Ref. 10]. <i 



3. Controllable Mixed Part 

The controllable/mixed part is given by the solution 



Q 



yrn 1 



Q yrn — 



Q ymp—i 

0 



(V.157) 
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to equation V.148, subject to the constraints of equation V.152. We state the result 
in a theorem. 



Theorem C.2 (Controllable/Mixed) The normal form of equation V. 157 is given 
by 

Qym = o (V.158) 



Proof. We assume the theorem is true and show that we can always find 
a transformation matrix H cm which satisfies it. Plugging Qym — 0 into V.148, and 
eliminating the zero rows, we get 



Dl -I 0 ••• 0 

0 ••• •• ••• : 

: •• 0 
0 ••• 0 Dl -I 



H T 

1J ym 1 



ttT 

[1 ym p - 1 

h t 

IJ ym p 



Q 



T 

ymi 



Q T 

Vym p _ i 



(V.159) 



which is constrained by equation V.152, from which we eliminate the zero rows and 
write as 



0 

0 X 

0 ..-0 Dl 9 

We begin by considering that, taken alone, equation V.159 is equivalent to solving 
p 2 s — ps simultaneous equations in the p 2 s unknown coefficients of H ym . Adding in 
the constraints of equation V.160 is equivalent to an additional ps — s simultaneous 
equations to solve. So, taken together, we have p 2 s — s equations in the p 2 s coefficients 
of 7/ ym , which means that our system is underdetermined. This is acceptable, since 
it only means that more than one transformation matrix H ym may be capable of 
eliminating all coefficients of Q yrn . However, we still have to determine whether the 





H T 

ym\ 




I 

CJ. 

1 




ttT 

n ym p - 1 

h t 

. ll ym p m 


' 


1 

0 

... 

1 

i 



(V.160) 
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appended matrix A appe nded 



E fli p2 ~ l ) sxp2s 



A 



appended. 



Di -I 0 ••• 0 

0 : 



: o 

o ••• o Dl -/ 

F*B a 0 0 

0 : 



0 •••0 D T Ba 0 

contains an invertible ( p 2 — l)s x ( p 2 — l)s matrix inside it. From Appendix A we 
have D m 6 R psXps and Db„ £ R psxs which, when transposed, yield the block forms 



D 



T 

m 



FJ 0 0 

/ •. •. ; 

o •• •• •. : 

: •• •• •. o 

o ••• o I Fj 



(V.161) 



and 




0 ••• 0 / 



(V.162) 



where / E R sxs is the identity matrix in both cases. Using Gaussian elimination 
[Ref. 12] we put the matrix A appen ded into upper triangular form. First, perform row 
exchanges so that each block row of A appended which contains the matrix D'g is stacked 
directly below the corresponding block row containing the matrix Then, perform 
row exchanges on A avven ded to remove all top block rows of D ^ and block stack them 
in reverse order on the bottom of the matrix. When row reduction is applied to 
this matrix, it becomes upper triangular with l’s on the main diagonal, and the first 
p 2 s — s columns are seen to be independent. This proves that all coefficients of Q ym 
can be eliminated, and proves the theorem. < 
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4. Controllable/Uncontrollable Part 

The controllable/uncontrollable part is given by the solution 



Qyu — 



Q 



yu i 



Qyup - 1 

0 



(V.163) 



to equation V.149. This part is not subject to any constraint equations. We start by 
stating a theorem. 

Theorem C.3 (Controllable/Uncontrollable) The normal form of equation V.163 
is given by 

Qyu = o (V.164) 

Proof. We will prove the theorem constructively, that is we will assume it 
is true, and then find the transformation which satisfies it. Plugging Q yu = 0 into 
V.149, and eliminating the zero rows, we get 









hL 






o 

1 


... o 




yui 




' QL ' 


0 ••• ••• 


j 












••• 0 




Hi, 




# 


; 


Df -I 




yup-i 




Q T 

'vyup-i . 








. H k . 





(V.165) 



which can be solved regardless of the value of Df as 





= arbitrary 


(V.166) 




— n T r t — n T 

u a ^yu i V yu\ 


(V.167) 




• 


(V.168) 


"Ip 


— n T h t n T 

u o ^yup—i 'Vyup- 1 


(V.169) 



In the actual solution, we will pick Hj = 0. < 
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5. Normal Form of the o Dynamic Equation 

Separating out the a dynamics from equation V.145, we have 

<t< 2 > 



<t = F„a + 



Qau Qam Qa 



ay 



(2) 



y 



( 2 ) 



+ 0 (3+) 



(V.170) 



where we want to determine the submatrices Q ( 7U , Qam and Q ac with the fewest possi- 
ble non-zero coefficients. We can find solutions for these submatrices from equations 
V.104, V.105 and V.106, which we restate here for convenience 



H ac D c - F a H ac = Q 

o c Qac 

FamD m F a Ham — Qam Qo 
FauFa F a Hau — Qau Qai 



(V.171) 

(V.172) 

(V.173) 



The constraints are found from equations V.109 and V.110, which we also restate 

Gau~HamD Ba = 0 (V.174) 

Gac-HacD By = 0 (V.175) 

Equations V.171, V.172 and V.173 can be put into solvable form by applying the 

Unstacking Theorem, and likewise for equations V.174 and V.175 by applying the 

Unstacking Corollary. We state these here. 

Equations to solve: 
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~Q T ac. - 



(V.176) 
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' Fa,J ••• 


• Fa u r 
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1 ‘ am i 
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- Qam 1 

am i 




o 


0 


- 




















0 ••• 


1 

h £ 

to 

o 




. Fa.,I •• 


•• Fa„I _ 


J 




h t 

L “am, J 
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V(rm, J 



(V.177) 
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and 
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where the matrix Q is defined by the block relation 



} m (x) = Qx m = 



Qau Qam Qcrc 

Qyu Qym Qyc 



<x< 2 ) 

cn/ (2) 

y(2) 



Constraints: 



and 



D T By 0 • • • 0 



•• 0 
0 d b 



Dl. 0 ••• 0 
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11 am\ 




Gj Ul 



0 
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o d b 



Hi 



C’J,, 



where the matrix G is defined by the block relation 



•— i 

II 

O 

X 

II 


G(XU 


Gcc 




<7 




3 

C5 


Gyc _ 




. V . 



(V.178) 



(V.179) 



(V.180) 



(V.181) 



(V.18‘2) 



Before we begin considering individual cases, we need to prove two useful 
lemmas and a useful theorem. 



Lemma C.4 (Inverse of an Upper Triangular Matrix) The inverse of an in- 
vertible upper triangular matrix is upper triangular and invertible. 



117 



Proof. This is a well known result from linear algebra. Let the invertible 
upper triangular matrix 0 € R hxh be given by 

- ' ’ ' 01/i 



0 = 



011 

0 



(V.183) 



0 • • • 0 fihh 

such that /? -1 exists, that is such that 0,-,- ^ 0 for i = 1 to h. Let a — /? -1 be given 

by 

a n ••• a\h 



a = 



ah\ ' ' ' &hh 



In block form we write 



and 



Since a0 = /, we have 



0 = 



a — 



0 n 01 

0 0 

an a i 
aj a 



an aj 




1 

> 

2& 1 




1 0 


di a 




i 

O 

i 




0 / 



which yields 



an = h 

— o 

fii = -f-hr' 

P ll 

a = 0 



-l 



(V.184) 



(V.185) 



(V.186) 



(V.187) 

(V.188) 

(V.189) 

(V.190) 



where we have used the fact that (3\ \ ^ 0 to obtain ai = 0. Since cn is the vector of all 
elements directly below an, the matrix a has all zeros below the main diagonal. By 
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induction, this process can be repeated using /? and a in place of (3 and a. Therefore 
a is upper triangular, and since /? is invertible, a is also invertible. This proves the 
lemma. <i 



Lemma C.5 (Zero Diagonal Upper Triangular Matrix) Given a matrix of the 
form 

F s = F a F^Fp (V.191) 

where F a G R kxk , Fp G R kxk and F 7 G R kxk are upper triangular matrices, with one 
of them having zeroes on the main diagonal, then the matrix Fs is upper triangular 
with zeroes on the main diagonal. 



Proof. This is another well known result from linear algebra. We are given 
the structure of the matrices F a , Fp and F 7 , which we write in block form as 

Rail Ral2 Folk 

0 ••• : 

• ' * F a k—\k 

Rakk 



F a = 



Fa = 



0 

Fp ii 

0 

0 

F 



0 



Fall F a i 
0 F a 



(V.192) 



/312 



F-y = 



711 

0 

0 



rpik 

Fpk-ik 

Fpkk 

F^ik 



Fp n 

0 



Fp 1 

Fp 



(V.193) 



0 F 



'ykk 



7II 






(V.194) 



Fs = 



(V.195) 



where the upper left block is a scalar in each case. Multiplying out by blocks, we get 

Fall F yl 
0 F a 

FaiiFynFpn F Q \iF^\\Fp\ + F a \\Fy\Fp + F a \FyFp 

0 FaKh 
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0 f 7 




1 

O 
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which is seen, by induction, to be upper triangular with zeroes on the main diagonal, 
since all elements below the diagonal are zero, and since the scalar diagonal element 
is zero if the diagonal elements of F a , Fp or F 1 are zero. < 



Theorem C.6 (Invertible Matrix) Given a matrix A € R khxkh of the block form 



A = 


' / 0 
0 


... o' 


+ 


■ F n ... 


■■■ F lk - 




0 ••• 


■*. 0 
0 / . 




F kx ■■■ 


■ ■ ■ F kk 



(V.196) 



where I € R hxh is the identity matrix, and the submatrices Fa e Rhxh aj , e U pp er 
triangular with zeroes on the main diagonal, then the matrix A is invertible. 



Proof. We will show that A is an invertible matrix by putting it into upper 
triangular form through block Gaussian elimination and induction. First, if k = 1, 
then A = / + Fn, which is upper triangular with non-zero elements on the main 
diagonal, and is therefore invertible. If k > 1, then A can be represented in block 
form as 



where 



(V.197) 




An — / + Fn 



(V.198) 



A12 — 
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A2] — 
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F k 1 
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F22 • • • 


••• F n ' 
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0 ••• 
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0 I 




F k 2 ••• 


• • • Fkk 



(V.199) 



(V.200) 



(V.201) 
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and we note that An is an upper triangular invertible matrix. Now, using block 
Gaussian elimination on equation V.197 gives 
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0 




An A 12 


Mj A = 










Mi 


7 




A 21 A 22 



An A 12 

M1A11 + A21 A 7 iA 12 + A22 

Since An is invertible, we can choose = — A2iA n \ which gives 



Mi A = 



An A 12 

0 A22 — A21 An 1 A12 



(V.202) 



(V.203) 



which is block upper triangular. Now, looking at the term A 22 — A 2 iA 11 1 Ai 2 , we 
have 
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(V. 204 ) 



F 21 
F k 1 



[7 + F„] 



-1 



F 12 ••• F\k 



1-1 






Now look at the block terms in the second matrix. By the “Inverse of an Upper 
Triangular Matrix” lemma, the term [7 + Fn ] -1 is an upper triangular invertible 
matrix. Using that result, the combinations of the form F, 1 [7 + F11] 1 F\j are all 
upper triangular matrices with zeroes on the main diagonal by the “Zero Diagonal 
Upper Triangular Matrix” lemma. We are given that the matrices Fy are upper 
triangular with zeroes on the main diagonal, and a sum (or difference) of two matrices 
of this type is also an upper triangular matrix with zeroes on the main diagonal. 
So, we are back to our original problem, only one block smaller. Repeating this 
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process through induction yields a block upper triangular matrix such that all blocks 
on the main diagonal are upper triangular invertible matrices. Therefore, Gaussian 
elimination can convert our original matrix A to upper triangular form with non- 
zeroes on the main diagonal, so A is invertible, which proves the theorem. <3 

Now that we’ve established some preliminary results, we can consider the 
individual cases. 



6. Uncontrollable/Controllable Part 

The uncontrollable/controllable part of the normal form is given by the solu- 



tion 




Qac — 




(V.205) 



to equation V.176, subject to the constraints of equation V.180. We state our results 
in a theorem. 



Theorem C.7 (Uncontrollable/Controllable) The normal form of equation V.205 
is given by 



Qacy {2) = Q 



Oc 



yi 1 
yl 



y 2 P J 



(V.206) 



where Q c , c £ R SXp has the block form 

Q*c = 

with Q Zc £ R qXp and Q Wc £ R mXp . 



0 

Qz c 
. QvJc 



(V.207) 



Proof. We are trying to solve equation V.176 subject to the constraints of 
equation V.180. Equation V.176 has the form of ) simultaneous equations in 
- ' P+1 ' unknown coefficients of H ac , since each row of the transformation matrix H ac 
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is Hj € ft Pl> 2 +1) , with i — 1 to s. From Appendix A we have Ds y G R PP * Xp which, 
when transposed, yields the block form 



Dl = 



0 U 



where / 2 G R pXp is given in block form by 



h = 



I 0 
0 2 



(V.208) 



(V.209) 



where the bottom right element is the scalar 2. When we apply the constraints of 
equation V.180, we see that each matrix Db v imposes p constraints, and there are s 
matrices Dg y involved, for a total of ps constraints. So, equation V.176 is overdeter- 
mined by at least ps terms when the constraints are imposed, which means we will 
have at least ps terms which we can’t eliminate in the uncontrollable/controllable 
part of our normal form. Although different normal forms are possible, there is a nat- 
ural choice in this case, which is to pick the set of all coefficients of terms of the form 
yf, for i = 1 to p, which we will now investigate. Equation V.176 has s potentially 
resonant terms (with actual resonance depending on the coefficients of the matrix F„, 
which is arbirary), where a resonant term is defined as a term in the matrix Q ac which 
cannot be affected at all by our choice of the transformation matrix //„. The only 
way to have a resonant term in equation V.177 is to have a zero row in the matrix 
A c , where A c is the matrix 
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to 
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... 0 




' K U I ••• 
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: 






0 


0 D T C 




.KJ ••• 


■■■ F a J 



(V.210) 



Given that the submatrices F Ci I G R pE 2 ~ XpE i~ in the second matrix are diagonal, 
a zero row in A c can only occur in those rows of the matrix j Dj in which all the 
off-diagonal elements are zero. From Appendix A we have an iterative definition for 
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,-, (P+l)(P+2) .. (P41KP+2) . f n _ p P(P+l) x P<,P+U , . , , , 

D Cp+1 E R 2 x 2 m terms of L> Cp G n 2 A 2 which, when transposed, 



^ p+1 = 



yields the block form 

r DJ 0 0 

D By ^ 0 

0 B T 0 

where was given above, A T E R pXp is given by 

0 ••• 0 
1 



A t = 



0 ••• ••• 



and B T E R lxp given by 



B 1 - 



0 1 0 



0-01 



(V.211) 



(V.212) 



(V.213) 



So, we see that there is no possibility of a zero row in the two bottom block rows 
of Dj since all rows in DZ and B T are non-zero. So we check the top block row, 

Cp+i 1 

which means we are checking Dj p . By induction, there is no possibility of a zero row 
until we reach matrices Dj which we have actually calculated out. We have 




0 0 0 
2 0 0 
0 1 0 



(V.214) 



and we can see that there is a zero row, and therefore a potential resonant term, on 
the top row of Dj. This corresponds to the coefficient of the y\ term, and we see 
that our normal form set, consisting of all terms yf includes the potential resonance 
as a member. Our choice of normal form set consisting of all terms yj also guarantees 
that the unconstrained coefficients of the transformation matrix H am are able to 
exactly eliminate all remaining coefficients of Q as we now show. Choosing the 
normal form set is equivalent to removing the rows corresponding to those coefficients, 
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as detailed in Appendix B. Applying the constraints imposed by equation V.180 is 
equivalent to removing the columns of the matrix A c corresponding to the coefficients 
of the yiy p terms in the matrix H ac , which is equivalent to removing those columns of 
A c containing the two far right block column in any of the matrices Dj, as detailed 
in Appendix B. Truncating the matrix Dj in this fashion (removing p appropriate 
rows and p appropriate columns) results in a matrix which is upper triangular and 
invertible, as we show by induction. Start with a matrix Dj which, after truncation, 
is upper triangular invertible. (We start with p = 2, and we truncate the matrix Dj 2 
by removing the first row (y\ terms) and third row (y| terms), and second and third 
columns (constraints on H yc ). The result is 

= (2] (V.215) 

which is an upper triangular, invertible matrix. This gives us a starting place.) 
When the matrix Dj p is appended to create Dj , the result is upper triangular 
invertible when it is truncated. We see this by noticing that the matrix Dj is 
given in equation V.211, and when it is truncated the two rightmost block columns 
are removed (constraints on H yc ), the bottom row containing B T is removed (y p+ 1 
terms), and all the previous rows which were removed from Dj p [y\ through y % terms) 
are also removed. (Note that the blocks in D T Cp which were removed as columns are not 
removed in , but that they do not effect our argument, since they are above and 

to the right of the main diagonal of the truncated matrix.) Now, after the truncation, 
the non-zero terms in D'g line up on the diagonal of the new truncated matrix, and 
connect with the diagonal terms from the truncated Dj p block. So the new appended 
matrix Dj is upper triangular invertible when it is truncated, and the process 
can be repeated indefinitely. This completes the proof by induction, and shows that 
the matrix Dj is upper triangular and invertible after it has been truncated. The 
end result is that this truncation process results in a new matrix A ctrunc , which is 
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invertible, given by 





Dl 0 


0 




( Ctrunc 


( F'vis Ctrunc 




0 










A ctrunc — 




0 




: 






0 


o Dl 

Ctrunc -1 




_ ( si Ctrunc 


(■^ss -^) trunc - 



(V.216) 

That A ctrunc is invertible can be seen by noting that the truncation process moved the 
elements of the matrices F„ I off the diagonal up and to the right, so that [F a /) 
is upper triangular with zeroes on the main diagonal, and then applying the “Invert- 
ible Matrix” theorem, since Dj trunc is upper triangular and invertible. Since there 
must be at least ps elements in the normal form, and since picking the coefficients 
of yf as the normal form set results in no additional outside elements possible in the 
normal form, the coefficients of yf are an acceptable normal form. (Other normal 
forms may also be possible, but they are not of concern to us.) Noting that we can 
block separate out the //, z and w components, and that the /i components are zero 
(since that’s what we started with) completes the proof of the theorem. < 



7. Uncontrollable/Mixed Part 

The controllable/mixed part is given by the solution 



Qom — 



Qcrm\ 

Qcrrrip 



(V.217) 



to equation V.177, subject to the constraints of equation V.181. We state our result 
in a theorem. 



Theorem C.8 (Uncontrollable/Mixed) The normal form of equation 
given by 



Qcrm&y^ ^ — Q &m 



V.217 is 
(V.218) 
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where the notation [ay i] indicates the vector a multiplied by the scalar first component 
of the vector y. Additionally , the matrix Q Grn E R sxs has the block form 



Qom ~~ 



0 

z m j 
UJmi 



0 

Qzm 2 



(V.219) 



with Q Zmj € Q Zm2 G W* m , Q Wmi G and Q Wrr%2 G if 



to xm 



Proof. We are trying to solve equation V.177 subject to the constraints of 
equation V.181. Equation V.177 has the form of s 2 p simultaneous equations in s 2 p 
unknowns, since each row of the transformation matrix H am is H Jm, e Rps , with 
i = 1 to s. From Appendix A we have Ds a € R? sxs which, when transposed, yields 
the block form 



D T Ba = [ 0 • • • 0 / J (V.220) 

where I G R sxs is the identity matrix. When we apply the constraints of equation 
V.181, we see that each matrix D B<T imposes s constraints, and there are s matrices 
D Ba involved, for a total of s 2 constraints. So, equation V.177 is overdetermined by 
at least s 2 terms when the constraints are imposed, which means we will have at least 
s 2 terms which we can’t eliminate in the uncontrollable/mixed part of our normal 
form. Although different normal forms are possible, there is a natural choice in this 
case, which is to pick the set of all coefficients of terms of the form <7,?/; for i = 1 to 
5, which we will now investigate. Equation V.177 has s 2 potentially resonant terms 
(with actual resonance depending on the specific coefficients of the matrix which 
are still undetermined), where a resonant term is defined as a term in the matrix Q am 
which cannot be affected by our choice of the transformation matrix H am . The only 
way to have a resonant term in equation V.177 is to have a zero row in the matrix 
A m , where A m is the matrix 
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fa 
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... 0 




Co 1 1 I ••• 


••• F a j' 
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••• 0 
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: 




0 ••• 


o Dl 




.F a J ••• 


*-1 



(V.221) 
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Given that the submatrices F 9i I G R psXps in the second matrix are diagonal, a zero 
row in A m can only occur in those rows of the matrix D ^ in which all the off-diagonal 
elements are zero. From Appendix A we have D m G R psXps which, when transposed, 



yields the block form 



D 



T 

m 



FJ 0 0 

i : 

o : 

: o 

0 • • • 0 I Fj 



(V. 222) 



where / G R sxs is the identity matrix. Now, examining the structure of potential 
zero rows can only occur in the top block row, since the identity matrix blocks are 
off-diagonal in all the other rows. Since there are 5 potential zero rows for each ma- 
trix and s of these matrices in the matrix A m , there are a total of s 2 potentially 
resonant terms, as previously stated. The set of potentially resonant terms consists 
of all the coefficients of the quadratic state vector component <jyi, as can be seen by 
the fact that the top s rows in each matrix correspond to the first 5 elements of 
a corresponding row in the matrices Q am ^ Ham, etc., which are the coefficients of the 
cry\ terms. Now, if we choose this set of potentially resonant terms as our normal 
form, then the unconstrained coefficients of the transformation matrix are guar- 
anteed to be able to exactly eliminate all remaining coefficients of Q a m-> as we now 
show. Choosing the set of potentially resonant terms as our normal form is equiv- 
alent to removing their rows, as detailed in Appendix B. Applying the constraints 
imposed by equation V.181 is equivalent to removing the columns of the matrix A m 
corresponding to the coefficients of the ay p terms in the matrix H am , which is equiv- 
alent to removing those columns of A m containing a far right block column in 
as detailed in Appendix B. The end result is that this truncation process results in a 
new matrix A mtrunc , which is invertible, given by 





’ D"L 0 

''‘(rune 


0 




1^) ir uric 


( F<Ti s I\ runc 


A rritrunc — 
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0 


0 D* 

7i‘'trunc J 




. (F<j s itytrunc 


(Fa s$ I\ rU nc - 



(V.223) 
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with 



and 



D 



T 

m trunc 



I Fj 0 ••• 0 

o : 



: • • . • • . • • . 0 

: ••• ••• fj 

0 0 I 



(V.224) 



0 F aiJ I 0 ••• 0 




trunc 



o 




(V.225) 



That Amtrunc is invertible can be seen by noticing that T^m tra „ c is upper triangular 
invertible and that ( F at I ) is upper triangular with zeroes on the main diagonal, 
and then applying the “Invertible Matrix” theorem. Since there must be at least s 2 
elements in the normal form, and since picking the coefficients of ay\ as the normal 
form set results in no additional outside elements possible in the normal form, the 
coefficients of cry\ are an acceptable normal form. (Other normal forms may also 
be possible, but they are not of concern to us.) Now we look at the separation of 
the matrix Q am into blocks. Noting that we can block separate out the /r, 2 and w 
components, that the y, components are zero (since that’s what we started with), and 
that we can block separate the vector ay\ as 



i 



£y i 

wy i 



completes the proof of the theorem. <i 
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8. Uncontrollable/ Uncontrollable Part 

The uncontrollable/uncontrollable part is given by the solution to the equation 
V.173, which we restate here as 

H au D c - F c H gu = Q au - Q au (V.226) 

and where we wish to solve for Q au , the normal form for this part. We start by 
recognizing that, of the six separate pieces of our original homological equation, this 
is the only piece which is completely unconnected to any of the linearly controllable 
states. So, solving for the normal form of this piece of the homological equation is 
equivalent to finding the Poincare normal form of a dynamic equation without control, 
a job which has a large body of literature to assist us. Although we will not be able 
to solve equation V.226 for the general case, we will be able to make some statements 
about its general structure, based on the structure of F a and D a . We start with a 
theorem which splits off the influence of the states w from the rest. 



Theorem C.9 (Poincare Normal Form, Part I) When the linearly uncontrollable 
state matrix F c has the block diagonal form 



, = Ft 0 

* 0 F w 



(V.227) 



and the linearly uncontrollable state vector a is given in block form by 



a = 




(V.228) 



the solutions Q au 



and H au to equation V.226 are given by 



With Q au given by 



Qau 

H cu 



Qau 



Qu 


Qim 

Qwm 


Qe,w 
Q ww 


(V.229) 
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Hui(, 


F W m 


H iw ' 

H ww 


(V.230) 


Qti 
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Q^m 

Qwm 


Q ^w 

Q ww 


(V.231) 
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the block elements of Q au and H au are found as solutions of the separable matrix 
equations 

f^XUW D w k w H ww Q U) U) Q XV XJU (V.232) 



(V.233) 
(V.234) 
(V.235) 
(V.236) 
(V.237) 

which individually have the form needed to apply the Unstacking Theorem for solution, 



1 1 ami Du m T w 1 1 wtn — Q turn Q w 

U D £ T-yj H Q Q 

1 1 ll u' "* I f l Pw — Q 

H^mDum S eH^ m = Q^rn Q 

= Qx - Qx 



and where the structural matrices D w , Fum 



and D ^ are given in Appendix A. 



Proof. From Appendix A we have 



D a 



0 0 
0 D Um 0 
0 0 D*, 



(V.238) 



which we plug into equation V.226 along with equation V .227 and get the desired 
result by direct calculation. < 

Now we can look at how to calculate the Poincare normal form of our center 
states, f , when there is no influence from the states w. 



Theorem C.10 (Poincare Normal Form, Part II) The Poincare normal form 
of the center states 



£ = 



P 

z 



(V.239) 



when there is no influence from the states w, is found by solving equation V.237 which 
we rewrite here as 

H e( D ( -F ( H (( = Q (( -Q e( (V.240) 

for the coefficient matrices and Q^, which are given by 



Qa = 



o 

Qzn 




o 

Qzz 



(V.241) 



#« = 



0 

H z , 



0 

l Pm 




(V.242) 
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With Qzz and F \ given by 



Qa ~ 



0 0 0 



Q Q zm Q z 



(V.243) 



Fi = 



0 0 

F F 

1 11 1 z 



(V.244) 



the block elements of Q ^ and H^u are found as solutions of the hierarchical matrix 
equations 

H zz D zz - F Z H ZZ = Q zz - Q zz (V.245) 

H zm D^ z + H ZZ D V — F z H zm = Q zm — Q zm (V.246) 

H zm D p - F z H zp = Q ztl - Q ztl (V.247) 



which individually have the form needed to apply the Unstacking Theorem when solved 
in order, and where the structural matrices D zz , D pz , D n and D p are given in Ap- 
pendix A. 



Proof From Appendix A we have 



Di 



0 0 0 
Dp Dp Z 0 

0 D„ D zz 



(V.248) 



which we plug into equation V.240 along with equation V.244 and get the desired 
result by direct calculation. We note that, although some of the p components of Q ^ 
and H ^ were arbitrary, zero was an acceptable solution, which is what was chosen. « 
Finally, we block partition our uncontrollable/uncontrollable normal form ma- 



trix as 



Q au 



0 0 0 

Qzp , Qzp 2 Qz P3 

Qwp 1 Qvj P2 Qwp 3 



(V.249) 
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and block partition our linearly uncontrollable quadratic state vector as 

pzW 

z(*> 

fiw^ 

ZW& 



a< 2 > = 



(V.250) 



which we will need for the complete normal form. 

9. Overall Normal Form 

The overall normal form is found by assembling all six equations, (V.155), 
(V.158), (V.164), (V.207), (V.219), and (V.249), and plugging into equation V.144, 
which we restate here as 

X = Fx + Gv + (/M ( X ) - G/W (X)) (V.251) 

+ (I’ 3 ' (X) ~ S" 1 (X)/? 1 (Xi) + (9< 2 »(x)-« (,) (x)9j"(x))» + 0< 4+ » 

Omitting the cubic terms for clarity, we can express equation V.251 in block form as 
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0 0 0 0 
0 0 



F F 

1 fj, 1 z 

0 0 

0 0 



F w 0 
0 A 
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. y . 




B 



(V.252) 
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y\ 
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Qz P 


<7< 2 > + 


Q Zm 


o-J/i + 


Q Zc 




y\ 




Q wp 




Qwm 




Qw o 








0 




. 0 




- Qvc . 




. yl . 



+ 0 (3+) 



Alternatively, we can express equation V.251 as separate equations, given by equations 
V.3, V.4, V.6 and V.7, which is the preferred method for the rest of this dissertation. 
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D. REVERSING THE TRANSFORMATIONS 

Now that we have a system in quadratic normal form, we have a way to 
determine the control law needed to stabilize the system, or to decide if the system 
is unstabilizable. The control law needed will have the form of state feedback of our 
linear and quadratic state vectors, multiplied by appropriate gains, of the form 

» = I<lx + *5»X (,) (V.253) 

where x and x^ are the linear and quadratic appended state vectors after all quadratic 
transformations have been made, and I\ x and A' ( 2 ) are vectors of the appropriate 
linear and quadratic state feedback gains. Picking the appropriate values of the gains 
is the subject of Chapters VI and VII. However, even given the proper gains, a control 
law of the form of equation V.253 is of little use to us, since what we need is a control 
law for u, the control input in our original system. The purpose of this section is 
to show how to reverse all of the translations, transformations and feedback we have 
imposed on our original system to recover a control law for our original system which 
will implement equation V.253. We proceed in the reverse of the order in which we 
imposed them. 

We start by reversing the quadratic order feedback we imposed on the system 
in equation V.43, which we repeat here. for convenience 

u = v- gW (x) v - fj, 2) (x) (V .254) 

Plugging in equation V.253 we get 

« = K lx + (I<W 2) ~ ^ (x) K x* ~ ^ 2) (x)) - dl 1] (x) A'J 2 )X (2) (V.255) 

where we have grouped the quadratic terms together. Now we would like to reverse 
the quadratic coordinate transformation we imposed on the system in equation V.12, 
which we repeat here for convenience 

X = x + /i (2) (x) (V .256) 

= x + #x (2) 
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However, we have a minor problem. Right now, we have X as a function of X , but 
what we want is the opposite. So, we have to invert equation V.256. If we let 



X = *(*) 

= <h (1) (x) + 4> (2) (x) + 0 (3+) 



(V.257) 



then we can plug equation V.257 into equation V.256 and solve term by term. We 
get 

* (1) (X) = X (V.258) 

<I> (2) (x) = -Hx {2) (V.259) 

Plugging into equation V.255, we get 

« = l<lx + ~ 9l'> (x) Klx - 7< 2) (X) - l<lHx m ) (V.260) 

where we have neglected terms of Now we can reverse the linear feedback we 

imposed in Chapter III, which we repeat here for convenience 

u = u — a T fi — a T y (V.261) 



= u — 



a T 0 0 a 1 



Plugging equation V.260 into equationV.261, we get 

' T f T " - « T ])x 



u = I A'' - | a 1 0 0 



(V.262) 



+ (I<W 2) ~ (Gfx) Kx) - ~ KlHxM) 



Now we can reverse the linear coordinate transformation we imposed in Chapter III, 
which we rewrite as 

X = Tx (V.263) 

X = T-'x (V.264) 



where the vector X is defined as 



X = 



/* 

x 



(V.265) 
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This brings up the question of how to handle the quadratic state vector since the 
linear elements which are multiplied together to make up the quadratic components 
are being transformed. This is a difficult problem in general, but is one which is 
tractable (though still complicated) for a specific problem. We define a new matrix 
T (T -1 ) 6 R' 4 ' v - 2 +1)x ( * 2 + ) by the relation 

X (2) = T (T- 1 ) x< 2 > (V.266) 

where the elements of T are determined from the elements of the matrix 7 1-1 according 
to the following relation, 

XiXj = + • • • + T~ l Xv) (Tf^X i + • • • + T~Jxu) (V.267) 

We illustrate with an example. 

Example. Given the linear coordinate transformation 



x — Tx 



(V.268) 



such that 



r = 



1 1 t 2 
I 3 ^4 



we would like to find T (T ] ) such that 

x (2) = T (T- 1 ) i (2) 

So, we calculate each row of x^ in turn. 

xl = ( t\X\+t 2 x 2 ) 2 

= t\x\ -fi 2t\t 2 x\x 2 + 
t\ 2t\t 2 t\ 



xM 



X\X 2 = (txx\ +t 2 x 2 ){hxi + UX2) 

— t\l- 3 X\ + {t\ -f- ^2^3) X 1 X 2 + t 2 t$X^ 



t\tz (t\t4 + t 2 ts) t 2 t4 



X 



( 2 ) 



(V.269) 



(V.270) 



(V.271) 



(V.272) 
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(V.273) 



x n 



(^3^1 4" ^4^2 



t^Xi + 2 tzt 4 XiX 2 + t 2 A x 



t\ 2t 3 t 4 t\ 



xM 



2 

2 



Now, stacking up the rows, we get 





x] 




t 2 

L \ 


2 M2 i\ 


x( 2 > = 


Xxx 2 
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M 3 


{t\t 4 + ^2^4 




x\ 




t 2 

l 3 


2t 3 t 4 t\ 



So, the answer for T (T *) is 



(V.274) 



t (r- 1 ) = 



t\ 2tit 2 <2 

t 4 t 3 (<]t 4 + ^2^3) t 2 t 4 



(V.275) 



f 2 2 f 3 f 4 <4 

This example is illustrative of the process required to calculate the matrix T (7 1-1 ) 
for a specific problem. <1 

Now, we can transform equation V.262 by applying equations V.264 and V.266. 



We get 



u 



(A'J-[a T 0 0 a T ])T~ 1 x (V.276) 

(GlT-'x) (a'Jt _1 x) + (a'J 2) - Fj - k t x h ) T (t- 1 ) 



Equation V.276 gives the control law for our original system after the origin was 
shifted to the equilibrium point at the point of bifurcation. Often this will be sufficient 
for many applications. If the control law is required in the original untranslated 
system, then the reversed coordinate translations 
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V * 

- V 


X = 


X 




X 


— X* 



(V.277) 



should be plugged into equation V.276 by individual components and multiplied out. 
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VI. 



CONTROL OF CENTER MANIFOLD 



A. ROADMAP: THE BIG PICTURE 
1. Results of Previous Chapters 

Chapters II, III and V showed that any affine system 

x = /(£,#) +g(x,jl)u 



can be put into quadratic normal form 
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(VI-1) 

(VI.2) 
(VI. 3) 



(VI-4) 
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y - Ay + Bv + Qy c 



+ 0 < 3+ > 



(VI-5) 



where /i 6 if is the vector of parameters, z G R q is the vector of linearly uncon- 
trollable states having zero real-part eigenvalues, w € R m is the vector of linearly 
uncontrollable states having non-zero real-part eigenvalues, y € R p is the vector of 
linearly controllable states, v € R l is a single control input, and A and B are the ap- 
propriately scaled Brunovsky form matrices. We can pick the control v = v (y, z, w, y) 
as state feedback. It’s expansion through quadratic order is 



+ 

+ 



I<1» + Kjz + I<lw + Kjy 

+ A'J 2 (2)M2^ 2) + Kj(2)Z^ + K^ w(2 ) + KJ w ( 2 ) 

+ KWv m + + 1<W 1) 



(VI.6) 



where the vector of gains K have yet to be chosen. 

2. Purpose of this Chapter 

In this chapter we will consider how to control the shape of the center manifold 
of our linearly uncontrollable dynamic system by properly choosing our vector of 
feedback gains K. That is, after all the exponentially stable modes die out, the 
remaining dynamics of our system are restricted to a surface of reduced dimension — 
the center manifold — and we will show how to pick our feedback gains to control the 
shape of this surface. Controlling the shape of the center manifold surface is what will 
allow us to control bifurcations occurring in the linearly uncontrollable states y and 
z in the next chapter. (Note that we assume that all of the linearly uncontrollable 
states w are exponentially stable — otherwise our system diverges from the origin 
— and that we will stabilize the linearly controllable states y with appropriate state 
feedback so that they are also exponentially stable.) The center manifold is defined 
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by the relations 



^cm — Yl (/b Z) 
Vcm = n (fl,z) 



(VI.7) 

(VI-8) 



where we have used the notation w cm and y cm to indicate the values of xv and y on 
the center manifold surface. The uncontrollable center manifold function 0 (/x, z) and 
the controllable center manifold function II (/i, z) have Taylor series expansions of the 
form 



Ct(y,z) = f l L 



n {n,z) = IIl 
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+ 0 (3+) 



(VI-9) 



+ 0 (3+) 



(VI.10) 



We will give expressions for the linear and quadratic coefficient matrices and Qq, 
and we will show that the linear and quadratic coefficient matrices II £, and IIq are 
functions of their first row only, given by the formulas 



n Li — ifii 



and 



0 0 



F F 

1 /i 1 Z 



i — 1 



i - 1 



y-j- 1 



(VI-11) 



(VI. 12) 



n Qi = ngjZ)*- 1 - r 2j (n L ) d\ 

j = i 

where the subscript i indicates the row in question, where is a structural matrix 
defined in Appendix A and where Y z (IIl) is a matrix which will be defined later in 
this chapter. We will also show that the vector of gains K can be chosen to produce 
a desired center manifold function II (y,z) with the formulas 
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(VI. 13) 
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and 



l<lw 



K‘ 



HZ' 



( 2 ) 



]<T 
A z ( 2 ) 



= nQj Dk + rj- 



(VI. 14) 
J 2 ( 2 ) and 



where l\ , t , K z and K y are vectors of linear state feedback gains, A'^ 2) , 1\ 

I\J( 2 ) are vectors of quadratic state feedback gains, and the matrices Dk and will 

be defined later. These relations will be needed in the next chapter. 



B. DETERMINING THE CENTER MANIFOLD SUR- 
FACE 

What is a center manifold? In Chapter I we stated that a center manifold is 
a surface contained in a state space which has two properties: 

• The surface is invariant, that is, trajectories which begin on any point on the 
surface stay on the surface. 

• The surface is tangent to the “center subspace” of the linearization around the 
origin, where the center subspace is defined as the subspace spanned by the 
generalized eigenvectors having eigenvalues with zero real parts. 

Now at this point, those two properties may not be very illuminating. However, 
a simple way to think of the center manifold is to imagine a surface passing through 
the origin. In the case of a one dimensional center manifold, the surface is a curve. 
In the case of a two dimensional center manifold, the surface is a sheet. (It is left 
as an exercise to the reader to visualize a three dimensional center manifold inside 
a higher dimensional state space. In any event, we will only deal with one and two 
dimensional center manifolds in this dissertation.) If we pick a point on the center 
manifold surface, then the trajectory the point follows has to stay on the surface. The 
trajectory is also limited by the fact that the eigenvalues of the linearization at the 
origin have zero real parts, which imposes additional constraints on the trajectories 
possible. We now illustrate with some examples. 

Example. [One Dimensional Center Manifold] A one dimensional center man- 
ifold is a curve passing through the origin. Because it is one dimensional, the lin- 
earization at the origin has only one eigenvalue, which must be zero. Therefore, 
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trajectories on a one dimensional center manifold are capable of only algebraic decay 
toward the origin, or algebraic growth away from the origin, since the rate of growth 
or decay is determined by the higher order non-linear terms. Points which are not 
on the center manifold, but are displaced slightly from it, exponentially decay to- 
ward points on the center manifold. The points on the center manifold are decaying 
or growing algebraically, which is much slower than exponential decay, so all points 
slightly displaced from a one dimensional center manifold essentially collapse rapidly 
to the center manifold, and then slowly grow or decay on it. < 

Example. [Two Dimensional Center Manifold, Part I] A two dimensional cen- 
ter manifold is a sheet passing through the origin. Because the center manifold is 
two dimensional, there are two ways to have eigenvalues with zero real parts. The 
linearization can have two eigenvalues which are complex conjugates, with zero real 
parts, as is illustrated in Figure 7. Or, the linearization can have one eigenvalue, 




Figure 7. Collapse to 2-D Center Manifold 

which is zero, with either one actual eigenvector and one generalized eigenvector, or 
with two generalized eigenvectors. In the case of two complex conjugate eigenvalues, 
points on a two dimensional center manifold follow essentially circular trajectories 
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around the origin, with the frequency of rotation being determined by the lineariza- 
tion, but with the radius capable of only algebraic decay toward the origin or algebraic 
growth away from the origin, since the rate of growth or decay is determined by the 
higher order non-linear terms. That is, trajectories on this type of center manifold 
are slow spirals toward or away from the origin. Points which are not on the center 
manifold, but are displaced slightly from it, exponentially decay toward the center 
manifold surface. However, during the decay, their trajectories have to match the 
rotation rate of points on the center manifold, so all points slightly displaced from 
a two dimensional center manifold with complex conjugate eigenvalues follow essen- 
tially helical trajectories which collapse rapidly to essentially circular trajectories on 
the center manifold, which then slowly spiral toward or away from the origin on the 
center manifold surface. < 

Example. [Two Dimensional Center Manifold, Part II] For the case of a two 
dimensional center manifold with a single zero eigenvalue, points on the center mani- 
fold surface follow trajectories in which each of two components algebraically decays 
or algebraically grows independently. The rate of growth or decay is determined 
by the higher order non-linear terms. Points which are not on the center manifold 
surface, but are displaced slightly from it, exponentially decay toward points on the 
center manifold. The points on the center manifold are decaying and/or growing alge- 
braically, which is much slower than exponential decay, so all points slightly displaced 
from a two dimensional center manifold with a single zero eigenvalue essentially col- 
lapse rapidly to the center manifold, then follow trajectories on the surface which 
slowly decay to the origin or diverge from it. « 

Now, for our specific case, near the origin, both the linearly uncontrollable 
states w and the linearly controllable states y are assumed to be exponentially stable, 
while the magnitude of the linearly uncontrollable states z are capable of at best only 
algebraic decay or growth, since the real parts of the eigenvalues of their linearization 
are zero. (Note that the specific values of the individual components of the states 
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z on the center manifold may change quite rapidly, as for example on a limit cycle 
trajectory, but that their magnitude is restricted to algebraic growth or decay.) So, 
we have a situation where we can think of the dynamics of the magnitude of z as 
happening on a much slower time scale than the dynamics of the magnitudes of w 

and y. That is, near the origin, if we think of z as being on a fixed trajectory or 

having a fixed value, and given that y has a fixed value, then w and y both collapse 
to “fixed” trajectories or “fixed” values which depend on the values or magnitudes of 
y and z. This functional dependence of w and y (after their exponential decay) on y 
and z defines the shape of the center manifold surface, which is given by 

w cm = SI (/z, zr) (VI. 15) 

ycm - II(/z,z) (VI. 16) 



where we have used the notation w cm and y cm to indicate the values of w and y on the 
center manifold surface, and where f l(y,z) and II (y,z) are vector valued functions 
which we are trying to determine. We can expand each of them as a Taylor series 
around the origin to yield 
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(VI. 17) 



(VI. 18) 



Now, following Carr [Ref. 17], we can determine the as-yet-unknown constant coeffi- 
cient matrices fl^, fig, XI £,, and XIq by calculating the trajectories of the system two 
different ways, and equating them. In the first way, we calculate the dynamics of the 
system based on the gradient of the center manifold, which are determined by the 
z dynamics given by equation VI. 3. In the second way, we calculate the dynamics 
of the system anywhere, and then restrict them to the center manifold, which are 
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determined by the w and y dynamics given by equations VI. 4 and VI. 5. At those 
points where the dynamics from the two ways are equal, there is our center manifold 
— and since we have control of our y dynamics through the gain vector K , we have 
the possibility of affecting the controllable part of the center manifold. Now we look 
at the two ways of calculating the trajectories of the system. 



1. Dynamics Based on the Center Manifold Gradient 

The first way to calculate trajectories of our system is to calculate the dynamics 
of the system based on the gradient of the center manifold surface. On the center 
manifold, which is where all the dynamics end up after the exponentially stable states 



have decayed away, the dynamics are determined by 

n _ dn(n,z) . dfl (fi, z) . 

U — x [l H x z 

o/l dz 

n du (n,z) . dn (n,z) . 

n = + — a — z 



(VI. 19) 
(VI. 20) 



which, since \i = 0, and using our Taylor series expansions, can be expressed as 

d 2 ) 



and 
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Plugging in the 0 dynamics from equation VI. 3 gives us 
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(VI. 23) 



(VI. 24) 



where we note that we still have to plug in for w = f l(y,z) and y = II (y,z) in the 
quadratic terms in each equation. However, first notice that the terms involving the 
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partial derivatives can be expressed in terms of the structural matrix D $ (developed 
more fully in Appendix A) which we first encountered in Chapter V in deriving the 
quadratic normal form. That is 
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(VI. 25) 



Next, we define additional structural matrices to support our derivation of dynamics 
on the center manifold. We define 
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where the notation [V (y,z,w,y)] cm indicates the vector obtained by substituting 
w = Sl(y,z) and y = U(y,z) into V. The matrices Mi , M 2 , M 3 , M 4 , M 5 , Ah, N 2 , 
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A^ 3 , N 4 and N$ are functions of their arguments, and are developed more fully in 
Appendix C. So, now we can plug into our equations for the final result 
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(VI. 32) 
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Equations VI. 31 and VI. 32 are the first set of equations we will use to determine 
12 (/z, z) and IT ( h , z )• 
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2. Dynamics Restricted to the Center Manifold 

The second way to calculate trajectories of our system is to calculate the 
dynamics of our system anywhere, and then restrict the location to the center manifold 
surface. That is, lets look at the dynamics of w and y, and ask what they would be 
if they happened to be on the center manifold. Our w and y dynamics are given by 
equations VI. 4 and VI. 5, which we restate here for convenience 
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(VI. 33) 
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(VI. 34) 



Now, if we plug in for the case when w and y happen to be on the center manifold, 
that is when w = w cm and y = y cm , we get 
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(Quip 2 M 3 (fl L ) + Qwp 3 M 4 (Dl) + Qwm 2 Ms (f II-, IIl)) 
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where we have plugged in w cm and y cm from equations VI. 17 and VI. 18, and have 
used equations VI. 26 through VI. 30. So, equations VI. 35 and VI.36 are the second 
set of equations we will use to determine (p, z ) and II (p, z). 

3. Center Manifold Theorem 

Now, we determine fl (/i, z) and II (//, z ) by setting equations VI. 31 and VI. 32 
equal to equations VI. 35 and VI.36 respectively. We get 



and 



W cm = 0 



2/cm — fl 



(VI. 37) 



(VI. 38) 



This allows us to match the dynamics term by term, and so determine the linear and 
quadratic center manifold coefficient matrices 0^, CIq , 11^, and IIq. We present the 
results in the Center Manifold Theorem, after stating two useful lemmas. 



Lemma B.l (Sylvester Equation) A matrix equation of the form 

<bC + DO = E 



(VI. 39) 



with C and D square matrices of possibly different dimensions, is called a Sylvester 
equation, and has a unique solution matrix $ for each matrix E if and only if the 
matrices C and D have no eigenvalues in common. 



Proof This lemma is proven in Appendix A of Knobloch [Ref. 19]. <i 
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Lemma B.2 (Eigenvalues of D^) The structural matrix D^, defined by the relation 






and given in Appendix A by the block formula 

0 0 



D,= 



D p Dp Z 
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0 D v D zz 



has only eigenvalues with zero real parts. 



(VI. 40) 



(VI. 41) 



Proof. The eigenvalues of D % are determined by the eigenvalues of the matri- 
ces 0, D^ z and D zz , since D ^ is block diagonal. The eigenvalues of the 0 matrix are 
zero. The matrix D^ z is given in Appendix A by the general formula 



Dp Z 



F Zlq I 

F, q J ••• F Zqq I 



(VI. 42) 



Since the matrix F z is block diagonal, then the matrix D^ z is block diagonal if the 
matrices F Ztj I are taken as elements of a block. There are three types of blocks. 
Distinct real eigenvalues of F z produce blocks on the main diagonal of D^ z of the 
form F Zjj I , with F Zjj = 0, since that is the only possible real eigenvalue with a zero 
real-part. The eigenvalues of these blocks are zero. Non-distinct real eigenvalues of 
F z produce Jordan blocks on the main diagonal of D^ z of the form 



F Zt ,l I 0 0 

0 ••• ••• : 



Ji = 
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0 F Z J 



(VI. 43) 



with F z „ = 0, since that is the only possible real eigenvalue with a zero real-part. 
The eigenvalues of these blocks are zero. Complex conjugate pairs of eigenvalues of 
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F z produce blocks on the main diagonal of of the form 



Jk 



0 ~F Zkk I 

Fz k J 0 



(VI. 44) 



with F Zkk 0. The eigenvalues of these blocks are complex conjugate pairs, 0 ±iF Zkk , 
which have zero real parts. Therefore, all eigenvalues of the matrix D^ z have zero 
real parts. Finally, D zz is seen to have zero real-part eigenvalues by examining the 
cases given in Appendix A, and performing a block analysis as shown above. < 



Theorem B.3 (Center Manifold Theorem) For a dynamic system in the quadratic 
normal form given by equations VI. 2, VI. 3, VI. 4, and VI. 5, the linear and quadratic 
center manifold coefficient matrices Vli, Qq, 11^,, and fig of the exponentially stable 
states w and linearly controllable states y are defined in equations VI. 17 and VI. 18. 
They can be found by solving the following matrix equations in order for 11^, fig 
and IIq; 

fit = 0 (VI. 45) 
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(VI. 46) 

(VI. 47) 
(VI. 48) 

where K^, K z and I\ y are vectors of linear state feedback gains and D ^ is a structural 
matrix defined in Appendix A . The vector /i( 2 ) is a specialized vector of quadratic 
state feedback gains defined by 

(VI. 49) 
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where K^), K Z C 2 ), K zy ( 2 ) an d K y ( 2 ) are vectors of quadratic state feed- 

back gains , K w is a vector of linear state feedback gains , and the matrices M&( Hi) 
and are structural matrices defined in Appendix C . The matrices 1^(11/,), 

and T z (n L ) are defined by the relations 



r w (n L ) = q WPi + Q Wmi m x (n L ) + q Wc m 2 (n L ) (vi.so) 

and 
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where the matrices M\ (IT^) and are defined in Appendix C. 



(VI. 51) 
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Proof. For the linear part of the w dynamics in equation VI. 37 we equate the 
linear terms from equation VI. 31 with the linear terms from equation VI. 35 and get 

(VI. 52) 
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This can only be true when 



F w Q,l — &L 



0 0 



F F 

1 (1 1 Z 



- 0 



(VI. 53) 



Since equation VI. 53 is a Sylvester equation, by the Sylvester Equation lemma, it 

has a unique solution whenever there are no eigenvalues in common between F w and 

0 0. 

. Since by definition the eigenvalues of F w are assumed to have non-zero 



F F 

1 fl 1 z 



real parts and the eigenvalues of F z are assumed to have zero real parts, the two 
matrices have no eigenvalues in common. This implies that 



Q,l = 0 



(VI. 54) 



is the unique solution to equation VI.53, which proves the first part of the theorem. 

Now look at the linear part of the y dynamics in equation VI. 38. Equating 
the linear terms from equation VI. 32 with the linear terms from equation VI. 36 gives 
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To calculate this, we need to know the linear part of our control input, v. 
state feedback and set 



(VI. 55) 
We use 
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where we have used the notation 
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(VI. 56) 
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(VI. 58) 
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Plugging in, rearranging, and recognizing that = 0, gives our equation for the 
linear part of the w dynamics. We have 

0 0 



n. 



F, F, 



~(a + BKf) n l = b 



K I<± 



(VI. 59) 



Notice that because Vti = 0, our linear gain did not enter into this equation. 
Equation VI. 59 is also a Sylvester equation, and as long as the gains K y are picked 
so that the closed loop matrix (^4 + jBA'J) is strictly stable, then there is a unique 
solution for Y\i by the Sylvester Equation lemma. This proves the second part of the 
theorem. 

Now look at the quadratic w dynamics in equation VI. 37. Equating the 
quadratic terms from equation VI. 31 with the quadratic terms from equation VI. 35 
and plugging in Ol = 0, we get 
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which is only true when 

n Q Dt-F w n Q = q WPi + Q Wmi m, (n L ) + q Wc m 2 (n L ) 
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(VI. 61) 
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Now, from Appendix C, if fix, = 0 , then M 3 (£Il) = 0 , M 4 (fix,? Ul) = 0 and 
M 5 (fix,, II x,) = 0 . So, the quadratic term of the w dynamics simplifies to 

QqDz — F w VIq — Q Wp j + Q Wm j Mi (n L ) + Q Wc M 2 (Ilx,) (VI. 62) 

and since the theorem defined 



r w (n L ) — Qw Pl "I" Qw Tni m x (n L ) + q Wc m 2 (n L ) 



(VI. 63) 



we have 

flg-Dj — F w CIq = r w (IIx / ) (VI. 64) 

Since the matrix D ^ has only eigenvalues with zero real parts by the previous lemma, 
and since the matrix F w has only eigenvalues with non-zero real parts, f Iq has a 
unique solution by the Sylvester Equation lemma. This proves the third part of the 
theorem. 

Now look at the quadratic y dynamics in equation VI. 38. Equating the 
quadratic terms from equation VI. 32 with the quadratic terms from equation VI. 36, 
we get 
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Looking at the quadratic control input, v^ 2 \ we have 
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Now we need to use equations VI. 28 and VI. 29, and define a few more structural 
matrices (which are developed more fully in Appendix C), 
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(VI. 69) 



From Appendix C we have M 3 (£Il) = 0, JV/ 4 (fiz,, IIz,) = 0, Ms = 0, and 

M 7 = 0 when ffz, = 0, so we can rewrite equation VI. 66 for the quadratic 

control input on the center manifold as 
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where we have used the notation 
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Now, we can plug equation VI. 70 into equation VI. 65. Rearranging and again setting 
Ms (^l) = 0, M 4 (SIl, n L ) = 0 and M 5 (fI L , I1 L ) = 0, we get 
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which allows us to rewrite equation VI.74 more simply as 
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(VI. 77) 



As long as the gains K y are picked so that the matrix (A + BKy^j is strictly stable, 
then there is a unique solution for IIq by the Sylvester Equation lemma. This proves 
the last part of the theorem, o 

Now we prove a corollary of the above theorem, which shows that the gains 
I\J L , , K J y ( 2 ), Kj y ( 2 ) ai 'd A"J( 2 ) may be set to zero without loss of generality. 



Corollary B.4 For any vector I\7 2 s of the form 
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any desired value can be obtained by setting K^, K^ 2 )> ani i ^y< 2 ) ^ ° zero an ^ 

choosing suitable values of A^ 2) , A , J. (2 ) and Kjw 



Proof. Any desired value of the generalized gain vector Kj 2 ) can reached 



directly through the gain vector 
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, without requiring input from 



the other possible gains in the equation VI. 78. That is, even if the gains K^, I\ T 



uy 



-( 2 )) 



Kj y ( 2 ) and KJ( 2 ) are set to zero, any desired value of the gain vector Kf^\ can still be 



. reached by choosing appropriate values for the gain vector 



( 2 ) 

I'T j/T / ' T 

n n<- 2 ) lX yz( 2 ) 1 X z( 2 ) 



Thus, the gains I\ f. A'J^ (2) , 2) and A^ 2) may be set to zero without loss of 



zyy 



generality. < 

We note that one result of this corollary is that the structural matrices Me (IIl) 
and Ms(TLi) need never be calculated, and that the dynamics of the uncontrollable 
part of the center manifold, fl(p,z), do not enter into the gains which produce the 
controllable part of the center manifold, II (y,z). 



C. SOLVING THE CENTER MANIFOLD EQUATIONS 



Now we would like to solve equations VI. 45, VI. 46, VI.47, and VI. 48 for the 
linear and quadratic center manifold components, Ql, II^, Qq, and IIq, and calculate 
the feedback gains which achieve these components. Since equation VI. 45 gives Qi = 
0, we start by applying the results of the Unstacking Theorem from Chapter V to 
equation VI. 46, which yields 



(\ 



0 Fj 

0 Fj 







0 



0 



0 

0 Fj 
0 Ff 






0 

I 



uT 



FyJ 



AV 
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0 



0 

Ffi 

K z 



(VI. 79) 



where we have used the convention 



n L 



n 



u 



n. 



£ f{PX(r+q) 



(VI. 80) 



and where IIx,, indicates the z th row of the matrix 11^. We can solve equation VI. 79 
in block form as 



0 Fj 

0 FJ 




(VI. 81) 



0 FJ 
0 FJ 




0 



0 


F T ' 






I< u 




n I P - K n n T Li - . 


i 

** 

a 

*0 

li 


F 


0 


FJ _ 


. K * 



(VI. 82) 
(VI. 83) 



The solution of these equations is the subject of our next theorem. 



Theorem C.l (Linear Center Manifold Solution) The linear center manifold 
coefficient matrix f li was previously calculated as 



n L = o 



(VI. 84) 



The rows of the linear center manifold coefficient matrix 11^ can be calculated as linear- 
functions of the first row of the matrix according to the formula 



ru, — n Ll 



o 

F, 




(VI. 85) 



where II i t indicates the ith row of the matrix Hl, and Yli 1 indicates the first row. 
Additionally the linear state feedback gains required to achieve the desired value of Hi 
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are given by the formula 

I<1 AT ] = n tl 



0 0 
F F 

1 /i 1 z 



V v 

- E A-„, 

Z =1 



0 0 
F F 

1 /i 1 z 



1 z — 1 ^ 



(VI. 86) 



where we have used the definition 


0 

. F » 


0 

F z _ 


V 

= I , and where we have used 




V = 


' K Ml 




K Mr ] € R lxr 


(VI. 87) 


AT = [ 


K Z1 




K Zr ] e R lxq 


(VI. 88) 


V = 1 






Ky p ] e R lxp 


(VI. 89) 



with n £ R T , z £ R q and y £ R p . 

Proof. The previous theorem proved that = 0. To solve for 11^. equations 
VI. 81 through VI. 82 can be solved individually and transposed to yield 

0 0 



!Il 2 = IIl, 



F F 

1 1 Z 



(VI. 90) 



fU p = iu p _, 



0 0 



F F 

1 fl 1 Z 



Plugging in each equation in turn from the top down yields 

0 0 



IIl 2 — IIlj 



F. F z 



(VI. 91) 



(VI. 92) 



n l p — n Lj 



o o 



F F 

1 pi 1 Z 



n P-1 



(VI. 93) 



which is the desired result for the first part of the theorem. The last equation can 
also be transposed, and when the results of the first part of the theorem are plugged 
in, and rearranged, yields the desired second result of the theorem, where we have 
used the definition 



IIl, = IIl, I = Hz 



0 0 



F F 

1 ^ 1 Z 



(VI. 94) 
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Now we would like to solve for f Iq and I1 q. To solve for Qq we apply the 
Unstacking Theorem of Chapter V to equation VI. 47 and obtain 

/ 



u 



Dj 0 

0 



0 



0 D I J 



F wu I 



F / 

1 w m 1 1 



where we have used the convention 



F I 

1 W lm j 



F I 

1 yJmm 1 



■\ 














VI 




r l, (n L ) 


J 




W m 




rL (iu) 



(VI. 95) 



Hq = 



flc 






G R " 



. (r+q)(r+q+l) 



(VI. 96) 



where Qq, indicates the ith row of the matrix Uq. We can solve equation VI. 95 for 
FIq by rows to yield 



i 

.V T Qm 



Dj 0 • • • 0 



F I 

1 I 1 



VL 



0 • • • 0 Dj 



Rwml I 



F 1 

r U>\ m 1 


\ 


-1 


' (n L ) ' 


Fw-mm ^ 


) 




. r^(n L )_ 



(V 1.97) 

where we are guaranteed that the inverse exists, since CIq was shown to have a unique 
solution in the proof of the Center Manifold theorem. Now we would like to solve 
for IIq and the quadratic state feedback gains. We apply the Unstacking Theorem of 
Chapter V to equation VI. 48 and obtain 









i 

o 

o 

0 

1 


\ 






Dj 0 


... 0 










< 

0 






: 






n «, 








— 


: 0 










0 ••• 


0 

0 Dj _ 




0 0 I 














.Ky> I •• K yp l\ 


/ 





(VI.98) 
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0 




■ Tl (n L ) ' 


0 

. K V) . 


+ 


• 




. rJ p (n L ) 



where we have used the convention 

n Q = ; 



e RP x ^^±n 



(VI. 99) 



where IIq, indicates the ith row of the matrix IIq. We can solve equation VI. 98 in 
block form as 



D J n h 



n Q, 



= rJ(n L ) 



(VI.100) 






D l U Qp -K y JV Ql - I< yp W Qp = K {2) + Ti p (U L ) 
The solution of these equations is the subject of our next theorem. 



(VI.101) 
(VI. 102) 



Theorem C.2 (Quadratic Center Manifold Solution) The rows of the quadratic 
center manifold coefficient matrix f Iq are found by solving equation VI. 9 7. The rows 
of the quadratic center manifold coefficient matrix Ilg can be calculated as functions 
of the first row according to the formula 

n«, = - £r,, (nncp-' (vi.io3) 

3=1 

where II q x indicates the ith row of the matrix I Iq, and II q x indicates the first row } 
where we have used the definition D® = I, and where the rows of the matrix 



t z (n L ) = 



r 21 (n L ) 



e R P X tii2Xl±2±il 



(VI. 104) 



r.-„ (n L ) 

are given by equation VI.51. Additionally the quadratic state feedback gains which 
achieve the desired value o/IIq are given by the formula 

‘<m = n «. r„ £>•-') + £ K y , £ r,, (n t ) - r„ (m) (vi.ios) 



i = 1 



i = 1 



3=1 
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The definition of K^ 2 ) is given in equation VI.49, but using the results of the corollary 
to the Center Manifold Theorem we can set the gains K Kj y ( 2 ) °> n d K y ( 2 ) to 
zero, which yields a more compact formula for the quadratic gains 



u(2) 









Rq x Dk + 



(VI. 106) 



where we have defined 



D« = 



V 

2=1 



and 



rl = E i<„ E r.., (iu) - r. p (ru) 

i= 1 j=l 



(VI. 107) 
(VI. 108) 



Proof. Equations VI.100 through VI. 101 can be solved individually and 
transposed to yield 



rig, = ng.Dj-r^aii) (vi.109) 

ng, = ng p _,D £ - T, r _, (IU) (V1.110) 

Plugging in each equation in turn from the top down yields 

Uq 2 = n Ql Di-T zl (n L ) (vi. m) 

ng 3 = n Ql d\ - (r 2l (n L ) d ( + r 22 (n L )) (vi. 112 ) 



n Qp - n <3l £»f 1 -(r 21 (n L )^- 2 + ... + r 2p _ 2 (n L )^ + r 2p _ 1 (n L ))(vui3) 

which can be written in index form as 

ng, = ng.oj-' - Er,, <n t ) d?-' (vi.ii4) 

j = 1 

which is the desired result for the first part of the theorem. Equation VI. 102 can also 
be transposed, which gives 

i<m = n Qp d ( - k„ n Ql - . . . - K, p n Qp - r, p (iu) (vi.ns) 
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which can be written in index form as 

‘<m - n ar D e - £ i<„, n«, - r 2 „ (n t ) (vi.ns) 

i=l 

Plugging in equation VI. 114 for IIq, yields the desired second result of the theorem, 
and the results of the corollary follow directly from the definition of I\ r J 2 y <1 
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VII. 



STATE FEEDBACK CONTROL OF 
LINEARLY UNSTABILIZABLE 
BIFURCATIONS 

ROADMAP: THE BIG PICTURE 
1. Results of Previous Chapters 

In Chapters II, III, and V we showed that any affine system 



x = f{x,g) + g(x,g)u 
can be put into quadratic normal form 

g — 0 

z — F^g + F z z 

,( 2 ) 

+ Qzp x nvW 






+ Q 



Zp, 



gz 
zW 

gw O 
zw^ 



” 1 " Q z m 1 


yyi 


+ Qz c 


y\ 

y 2 


. zyi . 


- 






. vl . 



+ Q 



Z P2 



w 



( 2 ) 



+ Q 



Z TU2 



wy i 



+ /i 3) (/*, y) + 9 ( z ] (y, z , w,y)v + 0 (4+) 



(VII.l) 

(VII. 2) 
(VII. 3) 



w = F n 



,w 



Qwp l 


i 

s ~ 
1 


+ Qwm x 


m 


+ Qw c 


' vl 
y\ 




Z< 2) 




. zyi . 




— i 

<m a 

i 



H" Qwp. 



gwW 

zw^ 



+ Q 



wp 3 



w 



( 2 ) 



+ Qv 



wyi 



+ 0 (3+) 



(VII. 4) 
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y — Ay + Bv + Q Vc 



+ 0 (3+) 



(VII. 5) 



where y (z R r is the vector of parameters, z € R q is the vector of linearly uncon- 
trollable states having zero real-part eigenvalues, w € R m is the vector of linearly 
uncontrollable states having non-zero real-part eigenvalues, y € R p is the vector of 
linearly controllable states, v £ R 1 is a single control input, and A and B are the ap- 
propriately scaled Brunovsky form matrices. We can pick the control v = v (y, z,w,y) 
as state feedback. It’s expansion through quadratic order is 



+ 

+ 



Kly + Kjz + Klw + Kjy 

/t J 2) /i (2) + Kl zi 2 } yz {2) + A'J 2 )Z (2) + I<l wW yw (2) + Kj w( 2)ZW 

k£(W 2) + * ■ £ W 2) + /C,( W 2) + I<W 2) 



(VII. 6) 



(2) + I<L 






( 2 ) 



where the vector of gains I\ have yet to be chosen. 

In Chapter VI we showed that the center manifold of a general affine control 
system in quadratic normal form could be controlled by state feedback, with linear 
feedback controlling the quadratic order terms of the center manifold and quadratic 
feedback controlling the cubic terms as a general rule. The center manifold was 
defined by the relations 



Wcm = ft(/i,z) (VII. 7) 

ycm = n (/!,*) (VII. 8) 



where the notation w cm and y^n indicates the values of w and y on the center manifold 
surface. We showed that the center manifold function hi (y,z) was only a function of 
its first component, and that the linear and quadratic Taylor series coefficient matrices 
were given by the formulas 



n Ll = n 



0 o 

F F 

1 n 1 z 



(VII. 9) 
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and 



n„, -X;r,,(n t )D;-'-‘ (vu.io) 

J= 0 

The vector of gains K can be chosen to produce a desired center manifold function 
IT (y,z) with the formulas 











V 






i-i\ 


r 






0 0 


V 


0 


0 


A'J I<J 


= n Ll 






- £ I<v, 












F F 

1 [l 1 * 


i - 1 


. F, 


F z 


) 



and 

K Ji) - n Ql D K + r£ 



(VII.ll) 



(VII. 12) 



where Dk and are matrices defined in Chapter VI. We showed that without loss 
of generality, the quadratic gain vector could be reduced to 






( 2 ) 




(VII. 13) 



and that the linear gain vector K w and all other quadratic gains can be set to zero. 



2 ♦ Purpose of this Chapter 

In this chapter we look at applying control of the center manifold to stabilize 
linearly unstabilizable bifurcations which occur in the states z of our system. In 
effect, in the previous chapter we focussed on the y and w dynamics. In this chapter 
we focus on the 2 : dynamics. 



B. THE GENERAL METHOD FOR STABILIZING SYS- 

TEMS WITH BIFURCATIONS 

The general method we will employ in the stabilization of all of the bifurcations 
we considered in Chapter IV and will consider in this chapter consists of the following 
steps: 

1. Determine if a bifurcation occurs in the system of interest using the method 
of Chapter II. If so, trim the system to, and translate the origin of coordinates to, 
the equilibrium point of interest at the point of bifurcation. 



169 



2. Determine the linear properties of the trimmed system by transforming 
the system into linear normal form using the method of Chapter III. There are four 
possible cases, the first three of which were considered in Chapter IV, and the last 
will be considered in this chapter: 

• The system is linearly controllable. That is, all states (except for the appended 
vector of parameters) are linearly controllable. This case was considered in 
Chapter IV. 

• The system is linearly stabilizable. That is, all linearly uncontrollable states 
(except for the appended vector of parameters) have eigenvalues with negative 
real parts and are exponentially stable. This case was considered in Chapter 
IV. 

• The system is linearly unstable. That is, at least one linearly uncontrollable 
state has an eigenvalue with a positive real part and is exponentially unstable. 
This case was considered in Chapter IV. 

• The system is linearly unstabilizable, but not linearly unstable. That is, all 
linearly uncontrollable states have eigenvalues with either negative or zero real 
parts, but there are no eigenvalues with positive real parts. This is the case 
we will consider in this chapter. 

3. Stabilize the linearly controllable states with linear state feedback as de- 
scribed in Chapter IV. Any linear control method (pole placement, linear quadratic 
regulator, robust control, etc.) which produces a stable closed loop matrix A + BK J 
is acceptable. 

4. If the system is strictly linearly unstable, then stabilization is not possible 
using the methods in this dissertation. 

5. If the system is linearly unstabilizable, but not strictly linearly unstable, 
then stability depends on the non-linear terms. Determine the underlying dynamics 
of the states with linearly uncontrollable, zero real part eigenvalues by transforming 
the system into quadratic normal form using the method of Chapter V. This will 
determine the type of bifurcation in the linearly uncontrollable states which needs 
to be controlled. Then apply the appropriate control laws using the methods of this 
chapter. These can be summarized as: 
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• Stabilize the linearly controllable states with linear state feedback as previously 
discussed. 

• Determine the desired quadratic order dynamics for the linearly uncontrollable, 
zero real part eigenvalue states after control has been applied. This will allow 
calculation of the linear coefficients of the center manifold, which will allow 
calculation of the linear feedback gains for these states. 

• Determine the desired cubic order dynamics for the linearly uncontrollable, 
zero real part eigenvalue states after control has been applied. This will allow 
calculation of the quadratic coefficients of the center manifold, which will allow 
calculation of the quadratic feedback gains for these states. 

6. Transform the stabilizing feedback into the original system by reversing 
all translations and transformations used to put the system into normal form, as 
described at the end of Chapter V. 



C. LINEARLY UNSTABILIZABLE BIFURCATIONS 

A bifurcation is linearly unstabilizable if, after the system is transformed into 
linear normal form, states z exist which are linearly unstabilizable but not linearly 



unstable, that is, the system has the form 

/} = 0 (VII. 14) 

z = F ll fi + F z z + 0 (2+ ) (VII. 15) 

w = F w w + 0 (2+) (VII. 16) 

y = Ay + Bv + 0 (2+ > (VII.17) 



where the matrices F^, F z , F w , A, and B are in Jordan-Brunovsky canonical form, 
and all the eigenvalues of F w have negative real parts. (In certain systems of this 
form, the vector w (and by implication the matrix F w ) may not exist. That is, all 
the linearly uncontrollable states may have eigenvalues with zero real parts. In these 
cases, deleting all reference to the states w in the general equations gives the right 
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answer.) Since linear stabilization of the states z involved in the bifurcation is not 
possible, in general we will not be able control these states. However, we would still 
like to be able to use our control to affect the dynamics of these states in a favorable 
manner. To investigate our ability to affect these states through the non-linear terms, 
we transform our system into quadratic normal form using the method of Chapter 
V. The general quadratic normal form is given in equations VII. 2, VII. 3, VII. 4, and 
VII.5. Since linear control or stabilization of the bifurcation is not possible, our 
non-linear control strategy will instead be: 

• To stabilize the bifurcation if stabilization is possible, which normally means 
that after control is applied, the linearly uncontrollable states are attracted to 
a stable (but not necessarily linearly stable) equilibrium point, which, however, 
may shift location as the parameter is varied; 

• If stabilization is not possible, to soften the bifurcation if softening is possible, 
which normally means that the bifurcation is converted to a supercritical form 
with desired coefficients; 

• If softening is not possible, to know that the bifurcation is not controllable, 
stabilizable, or softenable in any of the above senses. 

Now we look at the effect of the shape of the center manifold on the dynamics 
of the linearly uncontrollable states. 

1. General Center Manifold Dynamics 

Certain characteristics of the dynamics on the center manifold depend on 
the shape of the center manifold, and are the same for all linearly unstabilizable 
bifurcations, which we will develop in this section. In later sections we will look at 
how to manipulate the shape of the center manifold to achieve the dynamics desired 
for each individual type of bifurcation. For a general system in normal form exhibiting 
a bifurcation, the dynamics on the center manifold are given by equation VII. 3, which 
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we rewrite here for convenience as 
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(VII. 18) 
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(VII. 19) 
(VII. 20) 
(VII. 21) 
(VII. 22) 
(VII. 23) 
(VII. 24) 
(VII. 25) 
(VII. 26) 



are matrices of constant coefficients, which take on different values depending on the 
type of bifurcation involved, as set out in Appendix D. 

Now we want to determine what happens to our 2 dynamics given by equation 
VII. 18 when y and w have collapsed to the center manifold. On the center manifold, 
from Chapter VI, we have 
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W cm — f f L 
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z 






( 2 ) 

( 2 ) 



y,z 

z (2) 



-f 0 (3+) 



(VII. 27) 
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and 



}j cm — n L 

From Chapter VI we also have 



2 



+ n 



Q 



fxzW 

z<n 



+ o {3+) 



n L = o 



and that 



n L € R mx (r+,) 

€ R^ il±a) ^ 3±n 

n L € R px {r+q) 



n g € R px 



(’•+<7)(’-4g+l) 



are matrices of constant coefficients, which we will be determining as 
control problem. From Appendix C we have 
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/J,W^ 
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= N 3 (Sl Q ) 
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fJLZ 
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( 2)1 



= 0 + 0 (4+) 



(VII. 28) 

(VII. 29) 

(VII. 30) 
(VII. 31) 
(VII. 32) 
(VII. 33) 

part of the 
(VII. 34) 

(VII. 35) 

(VII. 36) 
(VII. 37) 
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wy i 



= N 5 (UlMq) 



fiW 

fiz 

2 ( 3 ) 



+ 0 (4+) 



(VII. 38) 



where we have included the fact that M 3 = M 4 = M 5 = 0, and that N 4 — 0. We 
note from Chapter VI the fact that fig is only a function of II^, which implies that 
jV 3 (flg) and ./V 4 (IIl, fig) are also functions only of Wi (see Appendix C for discus- 
sion). Plugging equations VII. 34, VII. 35, VII. 36, VII. 37 and VII. 38 into equation 
VII. 18, we have the equation for the dynamics on the center manifold 

d (2) 

z = F^g + F z z + ( Q Zp j + Qz mi M\ (I1l) + Q Zc M 2 (fl^)) 



F 

[iZ^ 

z (2) 



(VII. 39) 



+ (Qz mi Ni (Hq) + Qz c N 2 (n^, rig)) 



+ (Qzp 2 A3 (fig) + Qzm 2 Ns (IIl, fig)) 
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gZ 1 ' 3 ' 1 

Z< 3) 

/d 3 ) 

gZ^ 

2 ( 3 ) 



+ /i 3) (/C z, yM) + gf ] (g, z , , y^) u (1) + 0 (4+) 

Now we rewrite equation VII. 39 in the form of a theorem. 

Theorem C.l (General Center Manifold Control) The center manifold dynam- 
ics of a system in the form of equation VII. 18 are given by the equation 



Z = F^fl + F z Z + Q cm (n L ) 
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Z F) 



+ C>( 4+) (VII. 40) 



where the matrices Q cm (11/,) and C cm (Il^IIg) are given by 

Qcm (I 1 l) = Q*p i + Qz mi Afi ( 11 ^) + Q Zc M 2 (fix,) 

Ccm (IIl, IIg) = C z (IIl) + Q Zmi N\ (Ilg) + Q Zc N 2 (!!/,, Ilg) 



(VII. 41) 
(VII. 42) 
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with the matrix C z (II^) defined by the relation 

c z (n L ) 
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pF) -1 


pzF) 


— ( Qzp 2 Nz (^q) + Qzrn 2 FIs (11^, Hq)) 


pzF) 


1 

'co 




z (3) 



(VII. 43) 



+/i 3) (/*, z , w cm, vitl) + gi 2) (h, z » yim) u 



a) 



and where the matrices M\, M 2 , N\, N^, N 3 , and N$ are determined from Appendix 
C for the specific system being analyzed. 

Proof. Looking at equation VII. 39, grouping all the quadratic terms gives 
QcmiJ^L), and grouping all the cubic terms gives C cm (Hl, IIq). Grouping all the 
cubic terms which do not depend on IIq gives C z (14^), noting that 
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is only a function of IIl, and where we have set $7/, = 0 by the Linear Center Manifold 
Solution theorem in Chapter VI. From the same theorem, we have 
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(VII.46) 



which combined give 
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(VII.47) 
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Since Sl L = 0, /j 3) {ji.z.w^y^j and (g,z,wW,yW'j are only functions of I1 L , 
which means that C z is only a function of fl^ as stated, which completes the proof. < 

Now our theorem has an important consequence. By choosing the elements 
of Y\.i we affect the quadratic and higher order coefficients of our center manifold 
dynamics. Then, knowing II^ and choosing the elements of IIq, we affect the cubic 
and higher order coefficients of our center manifold dynamics. Finding the formulas 
for IIz, which produce the desired quadratic coefficients, and the formulas for IIq 
which produce the desired cubic coefficients, and then turning them into appropriate 
state feedback gains using the formulas in Chapter VI, will be our general control 
strategy for linearly unstabilizable bifurcations. 

2. General Considerations for One Dimensional Bi- 
furcations 

In this section, we will look at the specific ways to stabilize various bifur- 
cations occurring in one dimension, having one parameter (so-called “co-dimension 
one” bifurcations). The generic one dimensional co-dimension one bifurcation is a 
saddle-node bifurcation, which we will consider in detail in this dissertation. Also 
well known are the one-dimensional co-dimension one degeneracies: transcritical bi- 
furcations, the two types of pitchfork bifurcations, and the various forms of degenerate 
transcritical cases, such as the isolated equilibrium point. Because these degenerate 
cases are special cases of the generic one dimensional case, no attempt will be made 
to treat them comprehensively. Instead, they will be treated as isolated special cases 
and dealt with on a case by case basis. For all the one dimensional bifurcations, the 
quadratic terms in the center manifold dynamics are inherently de-stabilizing, so the 
focus of our efforts at stabilization will be directed toward exactly cancelling them 
with the application of state feedback. Note that although exact cancellation of a 
term may be possible in certain cases in a mathematical sense, in actual practice this 
will not occur (there will always be a small error). The cubic terms, however, can 
be either stabilizing or de-stabilizing, depending on the sign of their coefficient. (In 
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a one dimensional dynamic system, a negative cubic coefficient is stabilizing, while 
a positive cubic coefficient is de-stabilizing.) So the second stage of our stabilization 
efforts will be devoted to controlling the sign and magnitude of the coefficient of the 
cubic term. In a practical sense then, our attempt here is to create quadratic coeffi- 
cients which are sufficiently small, and cubic coefficients which are sufficiently large, 
such that the hysteresis created by errors in cancellation will be small in magnitude. 

For a system exhibiting a one dimensional, co-dimension one bifurcation, the 
quadratic normal form of the z dynamics is 
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and the dynamics on the center manifold are given by 
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+ 0 (4+) 



(VII. 49) 



where we have used y = [/ii] € R 1 , z = [z\\ € R 1 , w € R m and y € R v • The 
matrix F ^ is a scalar, and is non-zero for a saddle-node bifurcation, but is zero for a 
transcritical or pitchfork bifurcation, or any other of the one dimensional degenerate 
cases. Also, the matrix F z is a scalar zero for any one dimensional bifurcation, since 
that is the only possible one dimensional matrix having an eigenvalue with a zero real 
part. (We will see in the case of two dimensional bifurcations that there are three 
possible choices for F z .) F z — 0 is implicit in equations VII. 48 and VII. 49 since it 
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doesn’t show up. The matrices of coefficients in equation VII. 48 are given by 



Qzp i — 



7zp, c hp 2 <lzp 3 



Qz mi ~ 



<lz mj Qz m<2 



(VII. 50) 



(VII. 51) 



Qz c = 



Qzci <lz C2 * ‘ 



Cp 



(VII. 52) 



The elements of the matrix Q ZPl take on different values depending on the type of 
bifurcation, as set out in Appendix D. Since the matrices Q ZP2 , Qz Ps and Q Zrn2 are 
rather complicated in general, and have only a limited effect on the outcome, we will 
detail them later. 

Now we want to calculate the matrix of quadratic coefficients Q cm (fI L ) in 
equation VII. 49. First we need to state the one dimensional form of the matrix fl^, 
which is 



n L = 



^Li M1 TIli z1 



^Lppi n L pzi 



(VII. 53) 



Next, we need to get the matrices Mi, and M 2 for a one dimensional co-dimension 
one bifurcation from Appendix C, which are 



M ! (fI L ) - 



n ^M, n ^ 21 0 

0 n LlMi n Llii 



(VII. 54) 



and 



M 2 (n L ) = 



(n^,) 2n Ll/M n Llzi (n Llzi ) 

l 1zi ) 0 0 

000 



0 0 

Rewriting equation VII.41 for convenience, we have 



(VII. 55) 



Qcm (n L ) = Q ZPi + Q Zmi Mr (n L ) + Q Zc M 2 (IIz,) 



(VII. 56) 
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Plugging equations VII. 50, VII. 51, VII. 52, C.16 and VII. 55 into equation VII. 56 for 
a one dimensional system gives 



Qcm (I^l) 



Qcmi 9c7Tl2 9c77l3 



with 



q cmi — q ZPl + q Zmi ^L itli d- q Zci (nL 1P1 ) d- q Zc2 F* (n Ll2 J 
qcm.2 — q^p 2 d” d~ q Zjni nLi zl d - 2 q Zci n Ll(j] IIlj^j 



(VII.57) 



(VII.58) 
(VII. 59) 



qcm 3 — 9zp 3 d" q ~ in 2 zj 



+ q Zci (nL lzl ) 



(VII. 60) 



Now, based on the Poincare normal forms attainable for each individual bifurcation 
(see Appendix D), we will use equations VII.58, VII.59 and VII.60 to pick the linear 
coefficients IT ^ and Ul Xzi of the y component of the center manifold surface. (This 
process will become clear in subsequent sections as we work out the process for the 
individual types of bifurcations.) 

Now we want to calculate the matrix of cubic coefficients C cm (IT/,, IIq). First 
we need to state the one dimensional form of the matrix IIq, which is 
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(VII. 61) 



. n <? P „2 U Qp M,*, U Q pz 2 . 

Next, we need to get the matrices Ni, and N 2 for a one dimensional bifurcation from 
Appendix C, which are 



n, (n g ) = 



n Qlnai n <? lz 2 
0 n Qi(i? n QlMi2 



0 



(VII. 62) 
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and 



jv 2 (n L ,n Q ) = 



2 nLi M1 riQ i#j 2 2 (n LlMi n Q lmzj + 

2 F M n Llzi 2 F^n Ll2i iiq 2#m2i 

0 1 0 (VII. 63) 



2 (n Ll>11 n Qiz2 + n^n^, 

^Ul^Uq^ 
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Then, we need to state the one dimensional form of the matrix C z , which is 



c z (n L ) = 



Cz\ &Z2 ^Z\ 



(VII. 64) 



where the coefficient matrix C z is defined by the one dimensional (2 = [ 21 ]), co- 
dimension one (n = [^ 1 ]) case for equation VII. 43, given by 
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= (Q,r, Nz (fi 0 ) + Q, mi Ns (n L , n,)) 
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+ /i 3) (mi^I >™cm>2/cm) +9 i z 2) (VU ZuW^iVill) V (1) + 0 {4+) 



which is most easily calculated on a case by case basis for a given individual system. 
Here we will assume C z has already been calculated. Plugging equations C.17, VII. 63, 
VII. 64, VII. 51 and VII. 52 into into equation VII. 42 we get 



C c m (n L , n Q ) = 



Ccm 1 C cm2 C cm3 C crriA 



(VII. 66) 
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where 



Ccrrii — ^z\ + 9ariQ 2 + </-yI Tq 2 
***1 ^1 



(VII. 67) 



C cm2 — &Z2 + 9/?n Qiti 2 + q a u Qlmzi + 9 7 n Q 2 M)21 (vn.68) 

C Cm3 = ^23 + + 9aIlQ iz 2 + <1iRq 2z 2 (VII. 69) 

Com 4 — ^24 + wn«,, (vii. 70) 

1Z 1 

with 

9a = 9 2m , + 2 qz Cl n Llfii (VII. 71 ) 

qp = qzm 2 + 2 ? 2ci n Llzi (vii.72) 

q-y = 2 qz C2 F M n Llzi (vn.73) 



Now, based on the cubic Poincare normal forms attainable for each individual bifur- 
cation, we will use equations VII. 67 through VII. 70 to pick the quadratic coefficients 
IIq i 2 ^ IIq,^^ and IIq ] ^ °f the y component of the center manifold surface. The 
quadratic coefficients II q 2 ^) ng 2M121 and IIq 2 ^ are functions of IIq^, Ilg^^ and 
n q„ 2 , as given in equation VII. 10. (This process will become clear in subsequent 

l2 i 

sections as we work out the process for the individual types of bifurcations.) 

Finally, we prove a specialized lemma and corollary for the general one dimen- 
sional co-dimension one case, which we need in considering the individual types of 
bifurcations. In Chapter VI, in the Center Manifold Theorem, we defined the matrix 

r 2 (n L ) as 



r,(n L ) 



Qy c M 2 (n L ) 




( Qz Pl + Q Zmi M\ (IIl) + Qz c M 2 (n L )) 



(VII. 74) 



182 



where the individual rows T Zi (FI/,) are given by 



r z (n L ) 



r zi (n L ) 



T z P (n L ) 



(VII. 75) 



The rows of T z (IIl) were then used in the Quadratic Center Manifold Solution the- 
orem to calculate the matrix used in the solution of the quadratic state feedback 
gains, which was defined as 

r£ = -E r,, (n t ) op + £ k„ £ r,, (n t ) (vii.76) 

j —0 1=1 j =0 

where we have used the definitions D® — I and r 2o (IIl) = 0. So, we would like to 
calculate the matrices T z (IIl) and for the general one dimensional co-dimension 
one case. We state our results in a lemma and a corollary. 



Lemma C.2 (One Dimensional IV Matrix) For the general one dimensional, co- 
dimension one case, the rows of the matrix T z (IIl) in equation VII. 75 are given by 
the formulas 

r„ (m) = m,,, (q,„ + Mi (iu) + (nj) (vn. 77 ) 



and 



for i = 2 to p. 



r* (n L ) = 



000 



(VII. 78) 



Proof. We wish to solve equation VII. 75 by plugging terms into equation 
VII. 74. Looking at the term Q Vc M 2 (IIl), we have Q Vc (E R pXp from Kang’s Theorem 
in Chapter V given by the upper triangular form with zeros on the main and first 
super diagonals 

0 0 713 •• • 7i P 



Qyc — 



0 



7(p-2)p 

0 

0 



(VII. 79) 
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and we have A/ 2 (11/,) € R px3 from Appendix C given by 

KJ 2 *K)K) (iu,J : 

o o 

m 2 (n L ) =o o o 



(VII. 80) 



0 0 0 
When we multiply them out, because of the fact that the first two columns of Q yc are 
zero and because only the first two rows of M 2 (14/,) are non-zero, we get Q yc M 2 (Hl) = 

0 



0. Next, look at the term 14/, 

VI, in the Linear Center Manifolc 
given by 



. Because z 6 fi 1 , we have I = [1]. From Chapter 
Solution theorem, the rows of the matrix 14/, are 



iu, = 



(VII. 81) 



where we have used the definition 
sional bifurcation, we obtain 

n L 
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F, F z 
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= I. Since F z = 0 for a one dimen- 



Fn F z 



0 
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(VII. 82) 



which yields equations VII. 77 and VII. 78 when plugged into equation VII. 74, proving 
the lemma. <i 

Corollary C.3 (One Dimensional T/c Matrix) For the general one dimensional , 
co-dimension one case, the matrix is given by the formula 



r? = -r«, (iu) 



for p — \, and 



r£- = r zi (n L ) 



i-2 



(VII. 83) 
(VII. 84) 
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for p > 2. 



Proof We focus on the fact that only the row T Z1 (n^) is non-zero for the 
one-dimensional case. The case where p = 1 is obtained by plugging the definition 
T Z0 (IIl) = 0 into equation VII. 76, which eliminates the second term entirely, and 
using the definition D® = I which simplifies the first term. The case for p > 2 is 
obtained by plugging the above definitions and T Zt (II l) = 0 for i = 2 to p from the 
preceding lemma into equation VII. 76. < 

We now look at the individual one dimensional bifurcations: saddle-node, 
transcritical and both types of pitchfork. 

3. Saddle-Node Bifurcations 

Saddle-node bifurcations are characterized by equations of the form 

ii = F + Q Z A + C z z\ + 0 (4+) (VII. 85) 

where //i E /2 1 , Z\ £ jR 1 , Q z and C z are scalar constants, and F ^ is a non-zero scalar 
constant. When Q z ^ 0, equation VII. 85 can be expressed as 

z\ = F^ x + Q z z\ + 0 (3+) (VII. 86) 

Analyzing the system in equation VII. 85, for Q z 0 as in equation VII. 86, the 
local dynamics near the origin are dominated by the quadratic term z\. For n i < 0, 
there are two equilibrium points, one at 

(VII. 87) 

and one at 

(VII. 88) 

while for fi X = 0, the only equilibrium point occurs at z* = 0, and for fi x > 0, there are 
no equilibrium points at all. (For convenience, we assume that > 0 and Q z > 0. 
The analysis is similar for other cases.) Looking at the stability of our equilibrium 
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points (when they exist) by examining the eigenvalues of the Jacobian matrix of our 
system, gives 

J = 

where J is the Jacobian matrix, and where 

+ Q z z\ + 0< 3+) (VII.90) 



'df 

dz ld 



(VII. 89) 



which gives 

J = 2 Q z z* + 0 (2+) (VII. 91) 

- ±2 ^^^ +H - 0T - 

where we have plugged in equations VII.87 and VII.88 for 2 *. For small values of (i \ 
(i.e. a local bifurcation around the origin), the higher order terms may be neglected, 
and the initial term determines the sign of J . Since our Jacobian matrix is one- 
dimensional, the eigenvalue is just the value of J itself, and we can see that the 
equilibrium point at zl is stable, while the equilibrium point at z+ is unstable. So, 
our local system dynamics can be summarized as follows: For./ii < 0, points in the 
region z\ < z + are attracted to z* and converge, but points in the region z+ < Z\ are 
repelled from z+ and diverge; for /uj = 0, points in the region Zj < 0 are attracted to 
the origin and converge, but points in the region z i > 0 are repelled from the origin 
and diverge; and for fi\ > 0, no equilibrium points exist and all local values of Z\ 
diverge. So clearly, the quadratic term is destabilizing in all cases. 

What about the case when no quadratic term exists? Analyzing the system 
in equation VII. 85 for Q z = 0, we have 

z\ = /=>! + C z z\ + C>( 4+) (VII. 92) 



and the local dynamics near the origin are dominated by the cubic term z \ . For any 
value of hi, there is only one equilibrium point for this case, at 



0 = 




(VII. 93) 
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Examining the eigenvalues of the Jacobian of this system, we have 



J = 3 C z z* 2 



(VII. 94) 



and the stability of our system is determined purely by the sign of C z . (For C z < 0 
the system is stable, while for C z > 0 the system is unstable.) So, our control strategy 
in subsequent sections for a system which exhibits a saddle-node bifurcation will be 
to attempt to cancel the quadratic term with linear state feedback, and to produce a 
negative cubic term with quadratic state feedback. 

a. Desired Closed Loop Dynamics After Control has been Applied 
For a saddle-node bifurcation, the center manifold dynamics of a one- 
dimensional system are given by equation VII. 49, and have the form 



z\ — F^p, i + Q cm (Hi) 



o 
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V\Z\ 


+ Ccm (Ili,, I1 q) 
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V\ z \ 









+ 0 ,4+) (VII. 95) 



where ^ 0, and where F z = 0 is implicit in the equation. The question is, for 
systems of the form VII. 95, when F ^ / 0, does the system experience a saddle-node 
bifurcation at the origin? The answer is yes. Appendix D shows that a system 
of the form of equation VII. 95 can be transformed by an appropriate coordinate 
transformation into a system of the form 



h - F^p x + q*z\ + c z\ + 0 (4+) 



(VII. 96) 



which is clearly of the form of equation VII. 85. Appendix D also shows that the 
quadratic and cubic coefficients q* mz and c* m4 can be written as functions of the 
elements of the coefficient matrices Q cm (Lli) and C cm (II/,, IIq), as 



(VII. 97) 
(VII. 98) 
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9 cm 3 “ ?cm 3 

C cm 4 “ C cm 4 



The coefficients q crn3 and c cm4 are taken from equation VIL60 and VII. 70 respectively. 
So, if F ^ ^ 0, and as long as q cm3 ^ 0, the system exhibits a saddle-node bifurcation 
at the origin, which means that the system is subjected to quadratic instability. 

The previous analysis assumed that ^ 0 and q cmz ^ 0. Although 
is not subject to change, q cm3 is a function of IIl, which we can manipulate. If we 
could apply control and somehow eliminate the quadratic term by forcing q cm3 = 0, 
would we be any better off? The stability of our equation would be governed by the 
cubic terms, and we would have 

k = F^fi i + c cm <z\ + 0 {4+) (VII. 99) 



Now the situation is very different. Regardless of the value of /z i our system only has 
one equilibrium point, at 

^ -F/x/Xl (VII.100) 



Z = 



'-'CTTIq 



and the stability is determined purely by the sign of c C77l4 . (For c C77l4 < 0 the system 
is stable, while for c cm4 > 0 the system is unstable.) So, our control strategy for a 
system which exhibits a saddle-node bifurcation will be to attempt to force q cm3 = 0 
with linear state feedback, and to force c cm4 = < 0 with quadratic state feedback. 

b . Determining the Linear Terms of the Center Manifold (II/,), and 

the Linear Gains 

Now we want to determine how to manipulate Hi so as to force q cm3 
to zero. Restating equation VII. 60, we have 



Qcmz — Qzp 3 Qzm 2 ^Li 2l + qz Cl 



(VII.101) 



which we will use to pick a value for n^. However, before we proceed to a theorem 
giving the solution, two important points need to be made. First, equation VII.101 
only depends on 11^ , leaving 11^ as an arbitrary free variable. Although Chapter 
VI showed that the first row of the matrix II/, determined all the other rows of the 
matrix, as well as the linear gains, we do not need to use all the elements of the 
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first row in our attempt to force q cm3 to zero in this case. Second, equation VII. 101 
may not have a solution for q cm3 — 0. For example, the case of q zp ^ = 1, q Zm2 — — 1 
and q Zci = 2 is illustrated in Figure 8, where no matter what value is picked for 

qcm3 versus Pi Li zl 




Figure 8. Uncan cellable One-Dimensional Quadratic Terms 

n L , the coefficient q cm3 cannot be forced to zero. If q cm3 cannot be forced to 
zero by an appropriate choice of IT^ lz , then the saddle-node bifurcation can not be 
eliminated with feedback, and hysteresis in the system is inevitable around the point 
of bifurcation. However, in this case, there may be some value in choosing n l 1z such 
that the magnitude of q C7Tl3 is appropriately minimized, in an attempt to bound or 
minimize the hysteresis in the system. With those two points in mind, we come to a 
theorem. 

Theorem C.4 (Saddle-Node Linear Gains) For a control system in the quadratic 
normal form of equation VII.48, with F ^ ^ 0, and with the vector of linear state feed- 
back gains K y chosen to stabilize the linearly controllable states y, the linear state feed- 
back gain which forces the coefficient of the quadratic term z\ to zero and suppresses 
the hysteresis associated with the accompanying saddle-node bifurcation is given by 

K„ =-A'„n il „ (VII. 102) 
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where the coefficient is given by 



n L lzl = 



?2m 2 v(^ 2m 2 ) 4g 2ci q ZP3 



2 <lz Cl 



(VII. 103) 



and where the coefficients q ZF > 3 , <lzm 2 > an d Qz ci we the appropriate elements of the 
coefficient matrices Q ZPl , Qz mi ; an d Q Zc from the one dimensional quadratic normal 
form equation VII. 48. For those cases where equation VII. 103 does not have a real 
solution , then there are no linear state feedback gains which can suppress the hysteresis 
associated with the saddle-node bifurcation. The remaining linear state feedback gains 
/\ M1 and I\ w have no effect on the equivalent quadratic order dynamics and may be 
chosen arbitrarily, including being set to zero. 



Proof From Chapter VI, in the Linear Center Manifold Solution 
theorem, for the one dimensional, co-dimension one case, we have 
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We also have 
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for j > 2. For p = 1, we have 
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which, when multiplied out gives 



Fin — F yi 



Kzi — F yi U LlZi 



(VII. 107) 
(VII. 108) 



For p > 2 we have 
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-A', 



V2 



0 0 
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1 0 
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(VII. 109) 
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which, when multiplied out gives 



ix m = -F„K y2 Il Ll7i - K yi n LlMi 



(VII. 110) 



K Zl = -K yi U LlZi (VII. Ill) 

In both cases we recover equation VII. 102, proving the first part of the theorem. 
Equation VII . 103 is recovered by setting q cm3 = 0 and solving equation VII. 101 for 
IIli , proving the second part of the theorem. If no real solution exists, then the value 
of II i lzi which minimizes the magnitude of q cm3 is found by setting the derivative of 
equation VII. 101 with respect to II l 1zi to zero, and solving for II^ , then plugging 
back in, which gives 

(<lzm 2 ) -4 q Zci q ZP3 



^ cm 3 min 



4<7z ci 



(VII. 112) 



Now, there are two reasons why equation VII. 103 can fail to have real solutions. If 
q Zci = 0 , there are no real solutions to equation VII. 103 , and by equation VII . 112 we 
have q cm3 . ^ 0, so the quadratic z\ term and its associated hysteresis cannot be 

suppressed. Likewise, if (qz m2 ) — 4 q Zci q Z p 3 < 0 , there are no real solutions to equation 
VII. 103 , and by equation VII. 112 we have q cm3 . 0, so the quadratic z\ term and 

its associated hysteresis cannot be suppressed in this case, either. This proves the 
third part of the theorem. Since equation VII. 101 only depends on II , we have 
II ^ as a free variable, which can be chosen arbitrarily. Looking at equations VII . 107 

and VII. 110, we see that I\^ follows and is arbitrary, and can always be set to 

zero if 

ru,,, = p-nL,., (vii. n 3 ) 

lx y i 

for p = 1 , or 

n l,„ =-A'v,#-n tl „ (VII. 114 ) 

lx y i 

for p > 2 . Note that K yi 7^ 0 , since the vector of gains K y is assumed to stabilize 
the linearly controllable states. (If K Vl = 0, then the closed loop linearly controllable 
plant, given by A + BKj has a zero eigenvalue, and is not stable, violating our 
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assumption.) Finally, from Chapter VI, in the Center Manifold Theorem and related 
proof, we showed that K w does not affect the calculation of IIz, since f \i — 0, and is 
therefore arbitrary, and from the corollary to the Center Manifold Theorem, we have 
that K w may be set to zero. This proves the last part of the theorem. < 

c. Determining the Quadratic Terms of the Center Manifold (big), 
and the Quadratic Gains 

Now that we have chosen we want to determine how to manipulate 
fig so as to force c cmi to the desired value c* TO< . Restating equation VII. 70, we have 



C cm.4 — c 24 T ggW q 2 

i 



(VII. 115) 



with 



9/3 = 9zm 2 + 2 q Zci n Llii 



(VII. 116) 



The coefficient c 2< is determined by evaluating equation VII. 65, which we rewrite here 
for convenience as 



(VII. 117) 
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a (n L ) 


hi z i 




h\ z 1 
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hi z t 


f*l Z l 
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1 J 




Z 3 

L "i J 



+ /« 3) >»£!,»2!) +s! 21 + cx-+> 



which is 



Cz (n L ) = 






-Z2 



^3 



(VII. 118) 



Knowing 11^, the coefficient matrix C z (TIl) is most easily evaluated for a specific 
system, following the method of Appendix C. (It is very difficult to evaluate C z (11^) 
for the general case, since the dimensions m and p of the vectors w and y respectively 
are not specified.) Now, if we desire the cubic coefficient of our dynamic system to 
have the value c* m4 < 0, where we have chosen c* to provide non-linear (cubic order) 
stability, then we can plug in and solve equation VII. 115. However, before we proceed 
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to a theorem giving the solution, one important point needs to be made. Equation 
VII. 115 only depends on IIq^, leaving IIq ^ an( i IIq 1>j]Zi as arbitrary free variables. 
Although Chapter VI showed that the first row of the matrix IIq determined all the 
other rows of the matrix, which determined the quadratic gains, we do not need to 
use all the elements of the first row to force c cm4 to our desired value c*„ l4 in this case. 
This brings us to the next theorem. 



Theorem C.5 (Saddle Node Quadratic Gains) For a control system in the quadratic 
normal form of equation VII. f 8, with F y zf. 0, with the vector of linear state feedback 
gains I\ y chosen to stabilize the linearly controllable states y , and with the linear state 
feedback gains K w and quadratic state feedback gains K yy ( 2 ), K zy ( 2 ) and K y ( 2 ) set to 
zero, the quadratic state feedback gain which forces the coefficient of the cubic term 
z\ to the desired value c* TO4 is given by 



— -I<v^Q 12 2 + Fa's 

with the coefficient Uq 2 given by 



(VII. 119) 
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and with 



for p = \, and 



Qcms 

^ K 3 ^V2 9cm3 



(VII. 121) 
(VII.122) 



for p > 2. The quadratic coefficient q crnz and the linear center manifold coefficient 
II Llz are determined by the choice of linear state feedback gains from the Saddle 
Node Linear Gains theorem, where q cm3 is normally forced to zero . The quadratic 
coefficients q Zrn2 an d <]z ci are the appropriate elements of the coefficient matrices Q Zrni , 
and Q Zc from the one dimensional quadratic normal form equation VII. 48, c* m4 is 
the desired value of the coefficient of the cubic term z\ after stabilizing quadratic 
state feedback has been applied , and the cubic coefficient c 24 is calculated from the 
individual system being analyzed using equations VII. 1 17 and VII. 118. The remaining 
quadratic state feedback gains /i M 2 and K^ lZl have no effect on the equivalent cubic 
order dynamics and may be chosen arbitrarily, including being set to zero. 



Proof. From the Quadratic Center Manifold Solution theorem in 
Chapter VI for the one dimensional, co-dimension one case, we have 

Dr + 



^1 



v V\z 1 



K, 






r k , r k 2 iV 3 

(VII. 123) 
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with 



Appendix A gives 



and we get 



and 
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E^r 1 
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0 0 0 
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0 2F fl 0 
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(VII. 124) 
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for j > 3, and where we have used the definition D ® = /. Looking at the matrix Dk-, 
we see that it is lower triangular with — I\ yi on the main diagonal, regardless of the 
dimension of p. Since we are given that the gains K y stabilize the linearly controllable 
states y, we have K yi ^ 0 by the arguments given in the proof of the Saddle Node 
Linear Gains theorem, and so the matrix Dk is invertible. Particularly, we have 



K,, = -K y ,n Qi _, + r K , (vii. i28) 

1 lZj 

since Dk is lower triangular, which proves the first part of the theorem. Plugging 
C cm 4 — Ccm 4 equation VII. 115 and solving for I1 q 2 proves the second part. r^' 3 

lz i 

is calculated from equations VII. 77, VII. 83 and VII. 84. Since we have 

0 



Ta -3 = r I 



0 

l 



(VII.129) 



equations VII. 83 and VII. 84 become 

Ta ' 3 = -r 21 (IU) 



0 

0 

1 



(VII. 130) 
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for p — 1, and 



Ta- 3 = K y2 T Zl (]1 l) 

for p > 2. Plugging in equation VII. 77, we get 
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r„ (n L ) 
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= ( Qz Pl + Qz mi Mi (11^) + Q Zc M -2 (IIa)) 
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From Appendix C we have 



Mi (n L ) = 



n Llsl o 
o n LlMi n Llzi 



and 



m 2 (n L ) = 



( n ^i) 2 2 ( n ^iM,) ( n iin) ( n ^J 

(^n ilzi ) 2 o o 

0 0 0 



So, plugging in and evaluating gives 

r k 3 = -n l 1z1 (qz P3 +qz m n Ll21 + q Zci ( n L azi ) J 



for p = 1 , and 



P/^3 h y 2 U Llzi (^q Z p 3 "F qzm 2 ~F q Zci 
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(VII. 132) 



(VII. 133) 



(VII. 134) 



(VII. 135) 



(VII. 136) 



for p > 2. But, equation VII. 101 defines the common term in parentheses as g cm3 , 
which proves the third part of the theorem. Since equation V II. 115 only depends on 
n 0 we have IIq ] 2 and IIq 1miZi as free variables, which can be chosen arbitrarily. 
Since Dk is invertible, we can always choose 2 and K tllZl arbitrarily, including 
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/l M 2 = 0 and K^ xZl = 0, which results in values of IIq i ^ and II q 1miZi determined by 
the equation 






n 
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h mi *i 



K, 



r a'j r a ' 2 r a - 3 



D~J 



(VII. 137) 



which proves the last part of the theorem, o 



4. One Dimensional Degenerate Bifurcations 

The general dynamics on a one dimensional center manifold were given by 
equation VII. 49, which we restate here for convenience, 



— F^fi\ T Q cm (Hl) 
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with p = [pi] G R} and z = [ z\ ] € R 1 ■ The case of F M ^ 0 yielded a saddle-node 
bifurcation, which was investigated in the previous section. When F tl = 0 we have a 
degenerate case, which yields different types of one dimensional bifurcations and other 
degenerate conditions, depending on the values of the quadratic and cubic coefficients. 
Since there are many different cases depending on the value of the coefficients, we 
will not attempt a comprehensive treatment here. Instead, we will attempt a brief 
overview of the different possibilities, followed by specific investigations of certain 
special cases of interest. 

When the quadratic terms in equation VII. 138 are dominant, that is, when 
= 0 and the quadratic coefficients are non-zero, the dynamics on the center man- 
ifold in the local vicinity of the origin are characterized by equations of the form 



z — + Q nzfiz -f- Q z z 2 T O^ 34 ^ (VII. 139) 



where p G R 1 , z £ R 1 and Q^, Q^ z and Q z are scalar constants. Solving for the local 
equilibrium points of equation VII. 139 by finding 2 *, such that z = 0 when z = z*, 
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(VII. 140) 



yields two possible equilibrium points 

—Q^z + \J (Q^zf — 4 



and 



z + = n 



z_ = fl 



2Q Z 
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(VII. 141) 



However, these two local equilibrium points do not always exist. We list the possible 
cases as: 



• For Q z 0 and (Q^ Z ) 2 ~ 4 Q Z Q ^ > 0, two distinct local equilibrium points 
exist (except at fx = 0, where there is only one). This situation characterizes 
a transcritical bifurcation. 

. For (Q, z ) 2 - 4 Q Z Q, 0, only one equilibiium point exists at y, — 0, and no 
equilibrium points exist for fx ^ 0. This situation characterizes the case of an 
isolated equilibrium point. 

• For Q z — 0, our solution method breaks down, and we revert to solving equa- 
tion VII. 139 directly. We find that a single local equilibrium point exists at 
z* = — (for Q^ z 7 ^ 0), except when \x — 0, in which case z* = arbitrary. 
This situation characterizes a pitchfork bifurcation. 

Even more degenerate cases are possible; however, we will not consider them 
here. Instead we will consider the general control strategy for degenerate cases of this 
type, which is to attempt to apply state feedback to force Q z — 0 and to force Q^ z to 
a non-zero value (hopefully a desired non-zero value) so as to eliminate the inherent 
instability associated with the z 2 term in one-dimensional dynamics. 

For any of the degenerate one dimensional cases above with F M = 0, we can 
write equation VII. 138 as 
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Appendix D shows that a system of the form of equation VII. 142 can be transformed 
by an appropriate coordinate transformation into more than one normal form. How- 
ever, all the possible normal forms have the property that the quadratic coefficients 
<Jcmn <lcm 7 i and q cm3 remain unaltered. We choose as our normal form a system of the 
form 

Z\ — <7ctoiMi 9.cm 7 ^\Z\ 4" 9.cm 3 Z\ (VII. 143) 

+ (c cm2 - 2 c cmi - 2 c cm 3 ^ p\z x + c cmi z\ + 0< 4+ > 

Now we can look at what the effects of applying control might be. 

a. Desired Dynamics After Control has been Applied 

Previous sections showed that g CTni , q C m 2 an d ?cm 3 are functions of 11^, 
which we can manipulate. If we could apply control and eliminate the z\ term by 
forcing q cm3 to zero, eliminate the p\ term by forcing q cmi to zero, and ensure that 
the mixed term ii\Z\ existed by forcing q crrl2 to be non-zero (and preferably a desired 
value), would we be any better off? The dynamics of our system would be 

^1 ~ qcm.2 Ml ^1 T T ^07714^1 T 0 ^ ^ (VII. 144) 

which exhibits a pitchfork bifurcation. The side of the origin that the bifurcation 
occurs on is determined by the sign of q C m 2 '> an d the criticality (subcritical or super- 
critical) is determined by the sign of , while c cm2 is the coefficient of a higher 
order term and does not influence the local dynamics in the vicinity of the origin. So, 
our control strategy for the case of a degenerate one dimensional bifurcation will be 
to try and cancel the appropriate quadratic terms with linear state feedback, and to 
produce a negative cubic term with quadratic state feedback, so as to have the closed 
loop system undergo a supercritical pitchfork bifurcation. 

b. Determining the Linear Terms of the Center Manifold (n^) ; and 
the Linear Gains 

Now we want to determine how to manipulate 11^ so as to force q crrll 
and q cm3 to zero if possible, and to ensure that q cm2 is non-zero. Restating equations 
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VII. 58, VII. 59 and VII. 60 for the case where = 0, we have 

q cmi = qz Pl + <F mi n Luil + (n Ll(J] ) (VII. 145) 

?cm 2 — ?zp 2 + 9 zm 2 nLi M1 + n LlJi + 2^ ci n LlMi n Lui (vn.i46) 

9cm 3 = q ZP3 + qzm 2 n LlZl + ? 2ci ( n Li Zl ) 2 (VII. 147) 

which we will use to pick a value for II l. However, before we proceed to a theorem 
giving the solution, two important points need to be made. First, equations VII. 145, 
VII. 146 and VII. 147 are three equations in two unknowns, IIlj and , so in 
general we will not be able to force all three coefficients <7 cmi , q crri2 and q cin3 to desired 
values. Second, equations VII. 145 and VII. 147 may not have a solution for q cmi — 

0 and q cm3 = 0. This is similar to the situation illustrated for the saddle-node 
bifurcation in Figure 8. If q C 7 n 3 cannot be forced to zero by an appropriate choice 
of IIx,! , then the inherent instability of the quadratic term z\ in the system can 
not be eliminated with feedback, and hysteresis is inevitable around the point of 
bifurcation. However, in this case, there may be some value in choosing n l 1zi such 
that the magnitude of q cm3 is appropriately minimized, in an attempt to bound or 
minimize the hysteresis in the system. (Also, note that if q cmi cannot be forced to 
zero by an appropriate choice of , then further coordinate changes are needed 

to analyze the system before cubic stability can be imposed.) With those two points 
in mind, we come to the next theorem. 

Theorem C.6 (ID Degenerate Linear Gains) For a control system in the quadratic 
normal form of equation VII. 48 , with F ^ — 0, and with the vector of linear state feed - 
back gains K y chosen to stabilize the linearly controllable states y , the linear state 
feedback gains which force the coefficients of the quadratic terms and z\ to zero 
and suppress the inherent quadratic order instability in a one dimensional system are 
given by 

K„=-I< n n L , n (VII. 148) 

and 

K,,=-K„ IU,,, (VII. 149) 
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The coefficients II j, and 11^^ are given by 



n L , = 
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(VII. 151) 



where the coefficients q ZPi , q Zmi , qzp 3 , qz m2 , and q Zci are the appropriate elements 
of the coefficient matrices Q zp , , Q Zmi , and Q Zc from the one dimensional quadratic 
normal form equation VII. 48. For those cases where equation VII. 151 does not have 
a real solution, then there are no linear state feedback gains which can eliminate the 
quadratic order instability associated with the z\ term. 



Proof. From Chapter VI, in the Linear Center Manifold Solution 
theorem, for the one dimensional, co-dimension one case, we have 






Since F ’ M = 0, we have 
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where we have used the definition 
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(VII. 153) 



= I. This proves equations VII. 148 



and VII. 149. Equation VII. 150 is recovered by setting q cmi — 0 and solving equation 
VII. 145 for Il£, 1(l] , and equation VII. 151 is recovered by setting q cm 3 = 0 and solving 
equation VII. 147 for IIl 12i . If no real solution exists, then the value of IIz, l2i which 
minimizes the magnitude of q cm3 is found by setting the derivative of equation VII. 147 
with respect to IIl 12i to zero, and solving for 11^,^ , then plugging back in, which gives 

_ (VIU54) 






z ci 
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Now, there are two reasons why equation VII. 151 can fail to have real solutions. If 
q z = 0, there are no real solutions to equation VII. 151, and by equation VII. 154 we 
have q cm3 ^ 0, so the quadratic z\ term and its associated hysteresis cannot be 
suppressed. Likewise, if ( q z m2 ) — 4g 2cj q zp ^ < 0, there are no real solutions to equation 
VII. 151, and by equation VII.154 we have ?cm 3min 7^ 0, so the quadratic z\ term and 
its associated hysteresis cannot be suppressed in this case, either. This completes the 
proof of the theorem. < 

Now we state a lemma which resolves the ambiguity in whether to 
choose the plus or minus sign in the solutions for IIlj and II l 1zi given in the above 
theorem. 



Lemma C.7 (Resolving Ambiguity in 14^) The ambiguity in the choice of values 
for IIl 1mi and II l 1x can be resolved by picking the most suitable value of q cm2 from 
the four possible choices . The value of q crrl2 is given by equation VIL146 as 

Qcm 2 = qz P2 + q Z m 2 + qz mi n 



and the four possible cases are: 

Case 1: 

Hl 12 j = 

Case 2: 



n L ln = 
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n L l2l = 
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where the notation indicates which choice is made, as follows 




(VII. 164) 



(VII. 165) 



(VII. 166) 



(VII. 167) 



Proof. Since there are three equations in two unknowns, one equation 
will not be able to be solved exactly in general. It is desired to exactly fix q cmi = 0 
and q cm 3 — 0, but it is only required to have q cm2 have the correct sign to put the 
bifurcation on the desired side of the origin. So, there are four possible cases which 
achieve q cmi — 0 and q crn . 3 = 0, and we choose the case which produces the' desired 
sign for q cm2 (if it is one or more of the possible choices), which has the magnitude 
closest to our desired value. < 

c. Determining the Quadratic Terms of the Center Manifold (IIq), 
and the Quadratic Gains 

Now that we have chosen 11^, we want to determine how to manipulate 
IIq so as to force c cmi to the desired value c* m 4 . Looking at equation VII. 70 for c cm4 , 
we have 

C , cm\ ~~ ^z 4 + wH},. (VII. 168) 

1Z 1 

with 

90 = Qz m2 + 2q Zc n Llzi (VII. 169) 
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The coefficient c Zi is determined by evaluating equation VII. 65, which we rewrite for 
convenience as 
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+ /f> (/!„ z„ »£>,,&) + # W »<-> + o'-v 



with 
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(VII. 171) 



Knowing I1 L , the coefficient matrix C z (I1l) is most easily evaluated for a specific 
system, following the method of Appendix C. (It is very difficult to evaluate C z (11^) 
for the general case, since the dimensions m and p of the vectors w and y respectively 
are not specified.) Now, if we desire the cubic coefficient of our dynamic system to 
have the value c* m4 < 0, where we have chosen c* cmt to provide non-linear (cubic order) 
stability, then we can plug in and solve equation VII. 168. However, before we proceed 
to a theorem giving the solution, one important point needs to be made. Equation 
VII. 168 only depends on Ilg^j, leaving Hg^ and n Q lyiZl as arbitrary free variables. 
Although Chapter VI showed that the first row of the matrix Hg determined all the 
other rows of the matrix, which determined the quadratic gains, we do not need to 
use all the elements of the first row to force c cmi to our desired value c* mt in this case. 
This brings us to the next theorem. 



Theorem C .8 (Degenerate ID Quadratic Gains) For a control system in the 
quadratic normal form of equation VII. f 8, with F = 0 , with the vector of linear state 
feedback gains K y chosen to stabilize the linearly controllable states y, and with the 
linear state feedback gains K w and quadratic state feedback gains K^ y ( 2), K zy ( 2) and 
K y ( 2) set to zero, the quadratic state feedback gain which forces the coefficient of the 
cubic term z\ to the desired value c* cmt is given by 

k Z 2 = -i< yi n Q + r* 3 (vii. 172) 

1 
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with the coefficient IIq 2 given by 

1 2 i 



and where 



for p = \, and 
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for p > 2. The quadratic coefficient q cm3 and the linear center manifold coefficient 
n Llzi are determined by the choice of linear state feedback gains from the Degenerate 
ID Linear Gains theorem, where q crri3 is normally forced to zero. The quadratic co- 
efficients q Zrn2 and q Zci are the appropriate elements of the coefficient matrices Q Zmi > 
and Q Zc from the one dimensional quadratic normal form equation Vll.ffi, c* m 4 is the 
desired value of the coefficient of the cubic term z\ after stabilizing quadratic state 
feedback has been applied, and the cubic coefficient c Z4 is calculated from the indi- 
vidual system being analyzed using equations VII. 170 and VII. 171. The remaining 
quadratic state feedback gains 2 and K^ lZl have no effect on the equivalent cubic 
order dynamics and may be chosen arbitrarily, including being set to zero. 



Proof. From the Quadratic Center Manifold Solution theorem in 
Chapter VI for the one dimensional, co-dimension one case, we have 
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where we have used the definition D j? = /. This gives 
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which proves equation VII. 172. Plugging c cm< = c* m4 into equation VII. 168 and 
solving for IIq 2 proves the second part. IV 3 is calculated from equations VII. 77, 

lz i 

VII. 83 and VII. 84. Since we have 



D f = 



0 0 0 
0 0 0 
0 0 0 



and the definition D ° = /, equations VII. 83 and VII. 84 become 

r l = -r„ (n t ) 

for p — 1, and 

rj = A'„r„ (np 

for p >2. Plugging in equation VII. 77, we get 

r., (nn = iu,,, + <?*„, m, (n t ) + q„m 2 (n L )) 



From Appendix C we have 
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and 



m 2 (n L ) = 



( n O 2 (ru lM1 ) (n Ll2i ) (n Ll2i ) 
(^n LlI1 ) 2 o o 

0 0 0 
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So, plugging in and evaluating with — 0 gives 
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for p > 2. But, equation VII. 147 defines 
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which proves the next part of the theorem. Since equation VII. 168 only depends on 
n Qi2? , we have IIq i 2 and IIq 1(ii2i as free variables, which can be chosen arbitrarily. 
Since D h - is invertible, we can always choose 2 and Kp lZl arbitrarily, including 
I\p 2 = 0 and /\ MlZ1 = 0, which results in values of Ilg i and IIq 1>ii2i determined by 
the equation 



n<?i M 2 n Ql „ i2i FIq ]2 2 ^ 
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(VII. 193) 



which proves the last part of the theorem. <1 
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5* Controlling Two Dimensional Bifurcations 

In this section, we will look at the stabilization of various bifurcations oc- 
curring in two dimensions, which have one parameter (again, “co-dimension one” 
bifurcations). These bifurcations include the Hopf bifurcation, the double zero bi- 
furcation, and the two-zeros bifurcation. Because they are two dimensional, these 
bifurcations are less amenable than one dimensional bifurcations to being analyzed 
as a family. Nonetheless, some analysis can still be done on them as a group. 

For a system exhibiting a linearly uncontrollable, two dimensional, co-dimension 
one bifurcation, the quadratic normal form of the z dynamics of the control system 
is 
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and the dynamics on the center manifold are given by 



Zl 

*2 



— i + F z 



z 1 

Z2 



+ Qcm (I1l) 



M? 



Mi*i 
Ml 22 

*? 

2l2 2 



+ C cm ( 11 ^, Uq) 



Mi 

Mi*i 

Ml 22 

Mi*? 



Hiz 1 z 2 

Mi ^2 



2?22 

*1*2 



+ 0 (4+) 



where we have used /x = [/xi] € R 1 , z = 



z i 
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(VII. 195) 

€ 7? 2 , xxi € 7? m and y G The rows 



of the matrix F ' M G 7? 2xl depend on the rows of the matrix F z G R 2x2 , that is any 
non-zero row in F z forces the corresponding row in F ^ to be zero. The eigenvalues of 
the matrix F z are both required to have zero real parts, and there are three possible 
ways this can happen. For 
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where u> 0 ^ 0, then 
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and together these two matrices characterize a Hopf bifurcation. For 



F z = 
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and together these two matrices characterize a co-dimension one double- zero bifurca- 
tion. Finally, for 



F 2 = 



0 0 
0 0 



(VII. 200) 



then 




(VII. 201) 



and together these two matrices characterize a co-dimension one two zeroes bifur- 
cation. It is worth noting that Hopf bifurcations are generic for the co-dimension 
one case, that is, one parameter is all that is required to completely characterize 
their dynamics. However, both double-zero bifurcations and two zeroes bifurcations 
require more than one parameter to fully characterize their dynamics, and so these 
co-dimension one cases can be considered degenerate forms. 

The coefficient matrices Q ZPi , Q Zmi and Q Zc in equation VII. 194 are given by 
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(VII. 202) 



Qzm j — 



Qzmn Qzm .12 ^^ m 13 

Qzm 2 \ Qzm 22 ^^' 7n 23 



(VII. 203) 






Qzcn Q z c 12 * * * *l z c 



1 V 



?2c 21 ?2 ( 



c 22 






C 2p J 



(VII.204) 



where the elements of the matrix Q ZPl take on different values depending on the type 
of bifurcation involved, as set out in Appendix D. Since the matrices Q Z p 2 , Qz Ps and 
Q Zrn2 are rather complicated in general, and have only a limited effect on the outcome, 
we will detail them later. 

Now we want to show how to calculate the coefficient matrices Q cm (IIl) and 
C cm (n^, FIq), which appear in equation VII. 195, for the case of two dimensional 
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bifurcations. The matrices Q cm (II/,) and C cm (II/,, I1q) are given by equations VII. 41 
and VII. 42 respectively, which we restate here as 



Qcm (IU) = Q ZP1 + Q Zmi M 1 (n L ) + Q Zc M 2 (n L ) (VII. 205) 

Ccm (n L , n Q ) = c z (n L ) + Q Zmi n, (n Q ) + q Zc n 2 (n L , n Q ) (vii.206) 



where we will use equations VII. 202, VII. 203, and VII. 204 and where we assume that 
the matrix C z (II/,) will be calculated for the specific system being analyzed once II/, 
is known. The two dimensional form of the matrices II/, G R px3 and I1 q G R px 6 can 
be stated here as 

n Lll II/, 

12 n L 

13 



n L = 



(VII. 207) 



n L pl n Lp2 n Lp3 
n<3„ n Ql2 n<5 13 n Ql4 iiq 15 rig, 



n Q = 



(VII. 208) 



n Qpi n q P 2 ^<3p4 n<5 p5 kiQ p6 



and the two dimensional form of the matrices Mi (II/,) G R 3x6 , M 2 (II/,) G R pxe , 
Ni (IIq) G /7 3x1 °, and N 2 (II/,, I1q) G R pXl ° are given in Appendix C by the formulas 



Mi (n L ) = 



iu,, n Ll2 fIljj ooo 

o nL,, o n Lj2 n Ll3 o 

0 0 IIljj 0 II l 12 H/,,3 



(VII. 209) 



(n Lll ) 2 2 n Lu ii Ll2 2 n Ln n L ,3 (n Ll2 ) 2 2 ii/, I2 n/, 13 (n/, 13 ) 2 



m 2 (n L ) 



( n tp,) 2 n/, pl n Lp2 2 iiz, pl n Lp3 (n Lp2 ) 2 n Lp2 n Lp3 (n Lp3 ) 

(VII.210) 





n Qn 


n Qi2 


n Q 13 


n Q 14 


n Q 15 


n Qie 


0 


0 


0 


0 


Ni (n Q ) = 


0 


n Qn 


0 


n<5i2 


n Qi3 


0 


n Qi4 


n Qi5 


^Ql6 


0 




0 


0 


n Q„ 


0 


HQi2 


^Ql3 


0 


n Q!4 


n Qis 


n Qie 



(VII. 211) 
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and 



jv 2 (iii,, n Q ) 



n i! n l2 n l3 n u n ls n u n u n u n l9 n ho 



(VII. 212) 



n p 1 n V2 n P3 n Pi n Pi n P6 n P7 n PS n P9 n P\0 



where the elements of the matrix N 2 (II^,, Ilg) are given by the formulas (for i — 1 to 
P) 



n h = 2n Lil n Qil (VII. 213) 

n «2 = 2(n Lil n Qi2 + n Li 2 n Qil ) 

n i3 = 2(n Lil n Q>3 + n Li 3 n Qil ) 

n «4 = 2(n Lil n Qi4 + n Li 2 n Qi2 ) 

n h = 2 (n i/ , 1 iiQ , 5 + n Lt 2 n Q , 3 + ii l , 2 iIq, 3 ) 

n ie = 2 (n Lll n Q , 6 + n Li 3 n Qi3 ) 

n ir = 2 n Li 2 n Qi4 

n is - 2 (n Li 2 n Qi5 + n Li 3 n Q!4 ) 

n ,- 9 - 2(n Li 2 n Qt6 + n Li 3 nQ, 5 ) 

0 2n Lt 3 n Qt6 



Now, the elements of the matrices Q cm (11^) and C cm (IIl, IIq) are much too compli- 
cated (when calculated out in full) to gain any insight into the general case. Instead, 
we adopt a different strategy. We state the form of the coefficient matrices, i.e. 



Q cm (IIl) 



Qcm ll 


?cmi 2 


9cmi 3 


9cmi 4 


9cmi 5 9cm i 6 




9cm2 2 


9cm 23 


9cm 24 


9cm2 5 9cm2 6 



(VII. 214) 



and 

Ccm (hi, IIq) = 



C cm ij 
C cm 2l 



C «m i 2 


C cm l3 


C cmi 4 


C C mi 5 


Ccmi ( 


C cm 2 2 


Ccm 2 3 


C cm 24 


C cm 2s 


C cm 2) 



: cmi 7 


Ccmi 8 


C cmi, 


'em 2 7 


C cm 2e 


C cm 2) 



Ccm ho 



C cm 2l0 II 

(VII. 215) 
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and we use analysis to determine which of the various coefficients have an effect on 
the dynamics. The Poincare normal forms attainable for each individual type of bifur- 
cation (see Appendix D) result in formulas for the quadratic and cubic coefficients of 
the transformed system in terms of the quadratic and cubic coefficients of the original 
system. These formulas often depend on only a few of the original coefficients. Using 
these formulas, and then calculating only those elements of the matrices Q cm (II/,) 
and C cm (n L ,II Q ) which are needed, is a more efficient method than calculating the 
elements for the general case, as we will see. 



6. Hopf Bifurcations 

Control systems in linear normal form with 

F z = 



0 —LOq 
LOq 0 



(VII. 216) 



(<i>o 7^ 0), which implies 




(VII. 217) 



experience a linearly unstabilizable Hopf bifurcation, as we will show. Hopf bifurca- 
tions are characterized by equations which, in polar coordinates, have the simplified 
form 



r = ctiH\r + a 0 r 3 + H.O.T. 



(VII. 218) 



0 — u>q - f - H .0 .1 . 



(VII. 219) 



and which, when written out in full Poincare normal form, are 



r = a + a(^)r 3 + O (VII. 220) 
0 = u(m) + 6(/r,)r 2 + 0 (3+) (VII. 221) 



with 



= aifii + a 2 nl + 0 (3+) 



(VII. 222) 
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a (hi) — «o + 0 (1+) 
w (/i 1 ) = <-<^0 + kq/q + + 0 (3+) 



(VII. 223) 



(VII. 224) 



2>(/q) = 6 0 -f 0 (1+) 



(VII. 225) 



In order to analyze the system, we will be transforming our system into Cartesian 
coordinates. However, some important observations need to be made about equations 
VII. 218 and VII. 219 before we do so. First, we look for the existence, creation or 
destruction of equilibrium points. For u 0 ^ 0, the system appears to be devoid of 
local equilibrium points, since equation VII. 219 requires 0 to be non-zero always. This 
observation is true, with one important exception: the nature of polar coordinates 
allows this system to have the possibility of a single equilibrium point if r = 0 at 
the origin. Examining equation VII. 218, we see that this condition is satisfied, i.e. 
that r = 0 at the origin, and so the origin is the single local equilibrium point in the 
system. One equilibrium point exists, and none are created or destroyed. Second, we 
check for changes in the stability of the equilibrium point. The stability of the origin 
changes at /q = 0, which is our bifurcation point. For a\ > 0, the origin is stable when 
/q < 0, and unstable when /q > 0. For a i < 0, the origin is stable when /q > 0, and 
unstable when /q < 0. Thus, the sign of cq determines on what side of the origin the 
bifurcation occurs. Third, we look for the existence, creation or destruction of limit 
cycles. Equation VII. 218, taken by itself, indicates that a pitchfork bifurcation occurs 
in the r dynamics at the origin. However equation VII. 219 precludes the existence 
of any local equilibrium points away from the origin. So, the pitchfork bifurcation in 
the r dynamics is actually indicative of the existence of a limit cycle at 



r 




(VII. 226) 



(for values of /q such that r* exists), such that the limit cycle is stable for a 0 < 0, 
and is unstable for do > 0. So, we have four possible cases for the local dynamics at 
the origin: 
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• For ao < 0 and <*i < 0: when /q < 0, the origin is unstable, but is surrounded 
by a stable limit cycle; when /ti > 0 no limit cycle around the origin exists, 
but the origin is stable. 

• For a 0 < 0 and aj > 0: when //j < 0, no limit cycle around the origin exists, 
but the origin is stable; when //i > 0, the origin is unstable, but is surrounded 
by a stable limit cycle. 

• For a 0 > 0 and a\ < 0: when //j < 0, the origin is unstable and no limit cycle 
exists; when /ij > 0, the origin is stable, but is surrounded by an unstable 
limit cycle. 

• For a 0 > 0 and <*! > 0: when /xi < 0, the origin is stable, but is surrounded 
by an unstable limit cycle; when /x i > 0, the origin is unstable and no limit 
cycle around the origin exists. 



Now we can transform our system to Cartesian coordinates. Using 

2 ! = r cos 6 (VII. 227) 

z 2 — rsin0 (VII. 228) 

equations VII. 220 and VII. 221 become 

Z\ = ot (//i) z\ —uj (fii )z 2 + (a (/x, ) zi - b ) z 2 ) (z^ + z^j + 0 (4+) ( VII.229) 

i 2 = u(ni)zi + a(ni)z 2 + (b(ni)zi + a {p\) z 2 ) (z^ + z^j + 0 (4+) (VII.230) 

which expands out using equations VII. 222, VII. 223, VII. 224 and VII. 225 to become 

Mi 

Mi*i 

Ml*2 

Mi z \ 



z 1 
z 2 



= F 



Hopj 



z \ 

z 2 



QhopJ 



A 



f^l z l 

z 2 



z \ z 2 



+ C Hop J 



1^1 z \ z 2 
Ml *2 



z\z 2 

Z\z\ 



+ 0< 4 +) (VII. 231) 
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where 



op j 



0 — CJo 

u>o 0 



(VII. 232) 



QHopf — 



0 ai 0 0 0 



(VII. 233) 



0 u?i ai 0 0 0 

So, Hopf bifurcations are characterized by equations of the form of (VII.231). 

When a stable equilibrium point bifurcates into an unstable equilibrium point 
surrounded by a stable limit cycle, the Hopf bifurcation is said to be supercritical. 
When a stable equilibrium point surrounded by an unstable limit cycle bifurcates into 
a naked unstable equilibrium point, the Hopf bifurcation is said to be subcritical. For 
either type of Hopf bifurcation, trajectories in the vicinity of the origin are attracted 
when the origin is stable, and are repelled when the origin is unstable. For the super- 
critical case, trajectories diverging from the origin when it is unstable are captured by 
the stable limit cycle which surrounds it, so the magnitude of the excursion is limited. 
But for the subcritical case, trajectories diverging from the origin when it is unstable 
continue to diverge without limit (up to third order, anyway), and the magnitude of 
the excursion is unbounded, because there is nothing to “catch” them. Subcritical 
Hopf bifurcations create hysteresis in the system, which is often dangerous or dam- 
aging to real engineering systems. An example occurs in turbine engine compressors, 
where a subcritical Hopf bifurcation characterizes rotating stall and can cause engine 
flameout or compressor blade damage. The focus of subsequent sections will be to 
find ways to apply feedback to a system experiencing a linearly uncontrollable Hopf 
bifurcation to force the bifurcation to become supercritical. Examining the four cases 
detailed above, that means that we want to force the term do to be less than zero. 
Along the way, we will discover that the application of feedback will also allow us to 
manipulate the values of a i and to our advantage. 




ChopJ = 



0 o^2 0 0 0 cio —bo do — bo 

0 u>2 0^2 0 0 0 bo do bo do 
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a. Desired Closed Loop Dynamics After Control has been Applied 
For a Hopf bifurcation, the center manifold dynamics of a two-dimensional 
system are given by equation VII. 195, and have the form 



Zl 

*2 



= F, 



z 1 

Z2 



-\-Qcm (n t ) 



Ml 



Mi~i 

Ml Z 2 



ZlZ 2 



+Ccm (n L , n Q ) 



Mi 

A z i 
Ml* 2 
h\z\ 



P\Z\Z 2 

h\zl 



z\z 2 

Z\z\ 



+0 (4+) (VII. 235) 



where 



and where 



F z = 



0 —w 0 

Wq 0 




(VII. 236) 



(VII. 237) 



is implicit in the equation. The matrices Q cm (11^) and C cm (Il^^g) are taken from 
equations VII. 214 and VII. 215, respectively. The question is, for systems of the form 
of equation V11.235, when Wo 7 ^ 0 , does the system experience a Hopf bifurcation 
at the origin? The answer is yes. Appendix D shows that a system of the form of 
equation VII. 235 can be transformed by an appropriate coordinate transformation 



216 



into a system of the form 



£1 

*2 



= F Z 



z 1 

Z2 



+ Q 



Hopf 



with 



and 



Q 



Hopf 







A* ? 






Mi*i 


M? 




nlz 2 


/ilZl 




a 2 

Mi*i 


Ml^2 


+ C Hopf 


Ml ^1^2 
Ml ^2 


Zl^2 




-l 3 


1 

cs cq 




z\z 2 






2l«2 






22 


0 ^ 


-u* 0 


0 0 


0 u>\ 


0 


0 0 



+ 0 {4+) (VII. 238) 



Chop/ — 



0 a; -u* 2 0 0 0 a; -b^ Oq -6; 



0 w,* 



a, 



0 0 0 6; a; 



7 * ~ * 

6 0 a 0 



(VII. 239) 



(VII. 240) 



which is clearly in the form of VII. 231. Appendix D also shows that the quadratic 
coefficients cij and Uj can be written as functions of the elements of the coefficient 
matrix Q cm (IIl), as 

= 2 (^ cm i2 (VII. 241) 

<4 = \ ( + 9cm 22 ) (VII. 242) 

and that the cubic coefficient «q can be written as a function of the elements of the 
coefficient matrices Q crn (If/,) and C cm (n^Ifg), as 

«0 — o H” ^crrii 9 H“ ^ori2 8 + 3c cm2jo ) + d 0 (VII. 243) 



with 



a o 



_ 8a; ( L ^ cmi s (^ cm i4 ^ cm ie} < lcm2 i (?cm 24 ~t" Qcm 26 ) 2 ( Jcmi i < lcm2 i ‘^‘ < icmi 6 ( lcm2^) 

(VII. 244) 
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So, equations VII. 241, VII. 242 and VII. 243 can be used to pick values of the elements 
of the coefficient matrices Q cm (II/,) and C cm (IIl^q) which produce desired values 
for Oj, u>j and a £. (We will not be concerned with the cubic coefficients a * 2 , 
or as they are essentially higher order terms which do not alfect our ability to 
control the system.) Calculating the appropriate elements q C m,j and c cmhk of the 
coefficient matrices Q cm (II/,) and C cm (II/,,!^) in terms of II £, and IIq will be the 
task of subsequent sections. 

b. Determining the Linear Terms of the Center Manifold (11/,), and 
the Linear Gains 

Now we want to determine how to manipulate 11/, so as to force c*j and 
u>i to take on desired values. Recalling the discussion in previous sections, we will 
not develop formulas for every coefficient in the matrix Q cm (II/,), but rather for only 
those specific coefficients which affect the equivalent quadratic dynamics. Looking at 
equations VII. 241 and VII.242, we need to calculate the coefficients q cmi2 , qcm l3 , <7cm 22 
and q C m 23 i which we find from equations VII. 205 and VII. 214 yielding the formulas 



?cmi, — 



1 0 (Qz Pl + Q. mi Mi (n L ) + q Zc m 2 (n L )) 



0 

1 
0 
0 
0 
0 



(VII. 245) 



9cmi 3 



1 0 



{Qz Pl + Qz mi Mi (n L ) + q Zc m 2 (n L )) 



o 

0 

1 
o 
o 
o 



(VII. 246) 
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</cm 2o — 



o 1 ] ( Qz Pl + Qz mi Mi (n^) + q Zc M2 (nz,)) 



9cm 2 3 



o 1 ] {Q. n + <?*„, M, (n L ) + Q„M, (n t )) 



(VII. 247) 



0 
1 
0 
0 
0 
0 

0 
0 
1 
0 
0 
0 

Now, there are eight combinations which are common to these four equations. Plug- 
ging in from equations VII. 203, VII. 204, VII. 209, and VII. 210 we have 



(VII. 248) 



and 



and 



1 


0 


Qzm x 


Q z mi 1 


Qzm\2 


9^m 13 


0 


1 


Q z m\ 


Qzrri2\ 


^ z ™22 


Q z m 23 



(VII. 249) 
(VII. 250) 



1 0 


II 

o> 




^ Zc \2 


Q z cip 


0 1 


Qz c = 


. ^ 21 


^ Zc 22 


1 1 

a. 

y* 



M\ (n L ) 



0 

1 

0 

0 

0 

0 



nz.,2 

IILh 

0 



(VII. 251) 
(VII. 252) 



(VII. 253) 
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and 



M, (II L ) 



0 

0 

1 

0 

0 

0 



n L 13 

0 

n L n 



(VII. 254) 



m 2 (U l ) 



0 

1 

0 

0 

0 

0 



2n Lll n Ll2 



2n Lpl n Lp2 



m 2 ( n L ) 



o 

0 

1 
o 
o 
o 



2n Lpl n Lp3 



(VII. 255) 



(VII. 256) 



Now, for a Hopf bifurcation, there is one additional simplification which is worth 
noting for the last two combinations containing M 2 (Ul). From the Linear Center 
Manifold Solution theorem in Chapter VI we know that the first row of the matrix 
II i determines all the other rows. Restating the relationship, where II^ indicates 
the ith row of the matrix, and grouping the Z\ and z 2 coefficients for convenience, we 
have 



n Li — 




n Ll3 



(VII. 257) 



and, for i = 2 to p, 




Hl, 2 IU.3 



(VII. 258) 
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where 



n L| = n 



L i 



-i i - 1 



0 0 



F F 

1 /i 1 Z 



(VII. 259) 



= n 



L 1 



0 0 



— 


o 


n L 12 n Ll3 


) 

t-H 

1 

ft," 











since F^ = 0 for a Hopf bifurcation. So, for i = 2 to p we have 



Hl,, = 0 



(VII. 260) 



When equation VII. 260 is plugged into equations VII. 255 and VII. 256, a dramatic 
simplification occurs. We get 



m 2 (n L ) 



0 

1 
0 
0 
0 
0 



2n Lll n Ll2 

o 

o 



M 2 ( n L ) 



o 

0 

1 
0 
0 
0 



2n Ln n Ll3 

o 

o 



(VII. 261) 



(VII.262) 



Now, plugging equations VII. 249 through VII. 254, and equations VII. 261 and VII.262, 
into equations VII. 245 through VII. 248, we get 



Qcm l2 — Qzp 12 + 9» mil n Ll2 + q Zmi2 n Lu + 2q Zci T[i ll Y[i 12 (VII. 263) 

9 cmi 3 = qz Pl3 + q Zmil n Ll3 + q Zmx3 ^L n + 2<iz cu (VII.264) 
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9 cm 22 _ 9zp 22 92 m 2 i ^l 12 d~ ?, m22 n Lll -t- 2 92c2i n Ln n, 12 (vii.265) 

qcm. 2 3 = <Izp 23 + Qzm 21 Hl 13 + qz m23 N-L u + 2 ? 2 C21 II (VII. 266) 
which we can plug into equations VII. 241 and VII. 242 to get 

a \ = 2 (^12 + 9zp 23 + + ^-23) n t-u) (VII. 267) 

d” 2 2?^c n n^n) -h ^9z m21 d - 2<7 zc 2 j fIlu ) ri£,j 3 ^ 

W 1 = 2 (~ qzp 13 ?*P 22 + ( _ ^”>13 + &m 22 ) n Lll ) (VII. 268) 



d" e y ((?3m 21 d" 2?2 c 21 II^jj (^m n d" 2?2 C1J hi £,j j ^ II/,,^ 

Finally, equations VII. 267 and VII. 268 can be arranged in matrix form to solve for 
n L 12 and n^ja, with 11^ as a free variable. We get 

(qzm n d- 2 < 72 Cn n^n) (<? Zm21 + 2 ?2C2i n Ln ) 

^?2m 21 d" 2^ 2c2i II^JJ ^ d* 29 z cu ^Lu) 

2o h - ( 9 *^ d- 7 zp 23 + (?z mi2 + ? 2m23 ) n Lll ) 

. M - (~qz Pl3 + q Z p 22 + (~qzm 13 + qz m22 ) n Ln ) 

We present the solution in the form of a theorem and a corollary. 



IU 13 



(VII.269) 



Theorem C.9 (Hopf Bifurcation Linear Gains) For a control system in the quadratic 
normal form of equation VII. 194, with 



F z = 



0 —<x > 0 

u>o 0 



(VII. 270) 



(u>o 7 ^ 0) which implies 




(VII. 271) 



and with the linear state feedback gains K y chosen so as to stabilize the linearly con- 
trollable states y, the linear state feedback gains I\ fll , K Zl and K Z2 which force the 
coefficient of the y\ r term in equation VII. 220 to the desired value cx\, and which 
force the coefficient of the pi term in equation VII. 221 to the desired value u>\, are 
given by 

K m = -K yi U Lu (VII. 272) 
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K Zl — G A Il Ll2 + Gb^L) 

k Z 2 = G A n L ^-GB n 



j4^L]3 '^J5^Li2 



(VII. 273) 
(VII. 274) 

with the coefficients riL li; II l 12 an d determined by solving equation VIL269 . 

The coefficients Ga an d Gb are dependent on whether the dimension of the linearly 
controllable states, p, is even or odd. For p odd we get 



/Ezi 

2 



G A — 



\ 



E(->rvif. 

i - 0 



+ 1 



(VII. 275) 



p-i 

2 



Gb = (- 1 ) 2 (“ 1 )’ (^o) 2 * 1 Kyi, 



i = 0 



(VII. 276) 



and for p even we get 

l 

G A — 

\ 



p-2 

2 



\ 



(- 1) 2 M” + Y! ( _l ) t + l M Ky 2l+1 

i = 0 



(VI1.277) 



G„= 

^ i=0 



where we have used the definition I\ yo = 0. 



(VII. 278) 



Proof. From the Linear Center Manifold Solution theorem of Chapter 



VI we have 



K I<I 



= n Ll 



/r 



1 p 



o o 



F F 

1 (JL 1 Z 






Vx 



i - 1 



0 0 



F, F z 



j-i' 



(VII. 279) 



where we have used the definition 



0 0 



F, F z 



= /, and where F y = 0 for a Hopf 



bifurcation. Because of the block diagonal nature of this equation with F M = 0, this 
equation separates into two parts which can be solved individually, i.e. 



K yi = —K V ,U 



2/1 U £ll 



(VII. 280) 



and 



K Z1 I< Z2 



n L 



FIl, 



12 



F!-E K y F t' 



(VII. 281) 



i=\ 
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Equation VII. 280 proves equation VII. 272. To solve equation VII. 281 requires exam- 
ining the structure of F z . For a Hopf bifurcation, we have 



0 


— 




0 -1 






= wo 




L0 0 


0 




1 0 



F z = 



Looking at powers of the basic matrix, we have 

-i 2 

0 -1 
1 0 

0 -1 
1 0 

0 -1 
1 0 

0 -1 

1 0 



(VII. 282) 



-i 5 



1 0 

0 1 

0 -1 

1 0 

1 0 

0 1 

0 -1 

1 0 



(VII. 283) 



(VII. 284) 



(VII. 285) 



(VII. 286) 



which is a four-cycle repetition, compressible to a two-cycle matrix repetition if we 
include powers of negative one. That is, 






for j odd, and 



Fi = m j (-i) 2 



0 -1 

1 0 

1 0 

0 1 



(VII. 287) 



(VII. 288) 



for j even, including the case j = 0, where we have used the definition F® = I. Now 
we can look at our complete term, which is 
/ v \ 



cr-ixcr 1 



(VII. 289) 



i=l 



/E=i 



t=0 



\ 


1 0 


/ 


0 1 
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P-1 

2 



+ i-i)> H'+K-irw”-'* 

i = 0 



V2x 



0 -1 

1 0 



for p odd, and 



F!-ZK,.rr l 



i= 1 



p-2 

2 



V 



(-1) 2 (w 0 ) P + X ( -1 ) I+1 ( w 0 f l Ky 2 ,+1 



i=0 



1 0 
0 1 



\i = 0 



0 -1 

1 0 



for p even, where we have used the definition K yo = 0. If we define 

(e=1 



G a = 



E(-i ) i+ ' (“„f 



2 = 0 



G b = 



, ^ \ 
(- 1 ) 2 M p + ^2(-\y(u 0 ) 2 ^K y2i 

t=0 



for p odd, and 



t=l 

2 



\ 



Ga - (-1) 2 M P + X ( -1 )* +1 ( w o) 2j Ky 2t+1 



t '=0 



<?b= 

for p even, then we can write 



t=0 



n'-Evr 1 ) = g 



«=i 



1 0 
0 1 

G a -G b 
G b G a 



+ Gb 



0 -1 

1 0 



which lets us write equation VII. 281 as 

n/,,2 n Ll 



I< Z1 K Z2 



G a -G b 
G b G a 

which proves equations VII.273 and VII. 274, and completes the proof. 



(VII. 290) 

(VII. 291) 
(VII. 292) 

(VII. 293) 
(VII. 294) 

(VII. 295) 
(VII. 296) 
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Corollary C.10 The coefficients 11^, Il£ 12 and n^ 13 which solve equation VII. 269 
and force the desired values aj and wj are given by 

= arbitrary (VII. 297) 



= 

+ 



IU 



13 








An L 






+ 2 qzc it 


, n in) 




An t 




m21 


+ 2q z C2> 


,Hr„) 




Ant 




(^m n 


+ 2< ?Zc i: 


t n tn) 



An t 



{2a\ - (q ZPi2 +q ZP23 + (q Zmi2 + q, m J IIxJ) (VII.298) 

(2wJ - (-q ZPl3 +q*p 22 + (-«*„„ +9*m aa ) n in)) 

(2a\ - (q ZPi2 + q lP23 + (q Zmi2 + q 2m J U Lll )) (VII.299) 

(2wJ - ( -qzp l3 + qz P22 + (-qz mi3 + q Zm33 ) Hi„)) 



when An L / 0, with 



An L = (^ mu + 2<fe cn n^n) + ( qz m2l +2q Zc2 n Lu ) (VII.300) 

For all cases of the Hopf Bifurcation Linear Gains theorem such that q z + <7 2m2 x 
we may choose arbitrarily, including K = 0. For degenerate cases such that 
q 2 Zm -f 9z m2 — 0 (which implies that both q Zmn = 0 and q Zm21 — 0J mus l be 
chosen such that K M1 / 0 to allow linear state feedback to force the coefficient of the 
fi^r term in equation VII. 220 to the desired value a\, and/or to force the coefficient 
of the p,\ term in equation VII. 221 to the desired value u>\. 



Proof. The coefficients II^ and which force the desired values aj 
and are determined by inverting equation VII. 269, which gives equations VII.298 
and VII.299. This is possible when the quantity 

An L = (q Zmu + 2 q Zcn nz, u ) 2 + ( ?2m2i + 2 q Zc2i n Lll ) 2 (VII. 301) 

is non-zero. For all possible values of the free variable If^, the minimum magnitude 
A n imin = q Zmu + ql m2l is obtained when n L]1 = 0. If An imm # 0, then equation 
VII. 269 is invertible regardless of the value of II^,,, so we can choose K Ml arbitrarily, 
including I\ )li — 0, since equation VII. 272 is invertible. ( K yi / 0, since the vector 
of linear state feedback gains K y has been chosen to make the closed loop matrix 
A + BI\J stable. If K yi = 0, then the closed loop matrix A + BKj has a zero 
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column, and thus a zero eigenvalue, violating the assumption of stability.) However, 
if An imin = 0, then equation VII. 269 is not invertible for n^, = 0, which means 
that n Lll must be non-zero to force the desired values Oj and wj. Then, by equation 
VII. 272, that means that we must choose /\ Ml non-zero, which completes the proof. 

<i 

c. Determining the Quadratic Terms of the Center Manifold (n^), 
and the Quadratic Gains 

Now, knowing the required value of 11^, we want to determine how to 
manipulate IIq so as to force the desired value a Repeating equations VII. 243 and 
VII. 244 for convenience, 

Oq ~ g cm.\ 7 T c cm lg T c cm2g T Scem^'j T 5,q (VII. 302) 

with 



a o 



— 8u; (^ cmi 5 (^ cm l 4 ~t’7cmi 6 ) 9cm 25 {qcm 2i "T 9cm 26 ) 27cmi 4 7cm 24 T 2^ cmi6 q C m 2e ) 

(VII. 303) 



we see that we need to calculate the four cubic coefficients c cmi7 , c cmig , c cm2g and 
Ccm 2l0 » and the six quadratic coefficients gcm\ i ^ 9cmi s ) 9cmi 6 1 qcm 2i i qcm 2g i <md qcm 2 6 * 
Since we already know n^, we will start by calculating do . We find the six quadratic 
coefficients from equations VII.205 and VII. 214 yielding the formulas 



0 

0 

0 

1 

0 

0 



?CTOl. — 



i o ] (Qzpi + Qz mi Mi (I!l) + Q Zc M 2 (n L )j 



(VII. 304) 
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9cmi, 



0 ] (&,, + Mi (Hi) + Q Zc M 2 (n t )) 



Qcm lf . ~ 



1 0 



( Qz Pl + Qzm J M\ (Hl) + Qz c M 2 (Hl)) 



</cm 24 — 



0 1 



( Qz Pl + Q Zmi Mi (n L ) + q Zc m 2 (tu)) 



9cm2 5 — 0 i ] (Q«„ + Q, m , Ml (n t ) + q „ m 2 (n t )) 



0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 



(VII. 305) 



(VII. 306) 



(VII. 307) 



(VII. 308) 
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9C7712 6 



0 1 ] (<?.,, + Q,„ Ml (n t ) + Q..M, (n t )) 



0 

0 

0 

0 

0 

1 



(VII. 309) 



To calculate these values, we use four combinations previously developed in equations 
VII. 249, VII. 250, VII. 251 and VII. 252, and develop six new combinations. Plugging 
in from equations VII. 203, VII. 204, VII. 209, and VII. 210 we have 



m 1 (n L ) 



o 

0 
0 

1 
0 
0 



0 

I”^t*i2 

0 



Ml (Iljr) 



0 

0 

0 

0 

1 

0 



0 

1^13 



m, (n L ) 



o 

o 

o 

0 
0 

1 



0 

0 

n z^i3 



(VII. 310) 



(VII. 311) 



(VII. 312) 
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and 



M 2 (IU) 



0 

0 

0 

1 

0 

0 



(Hl 12 ) 2 

K ,) 2 



M 2 (n L ) 



0 

0 

0 

0 

1 

0 



n Ll3 



2n Lp2 n Lp3 



(VII. 313) 



(VII. 314) 



M 2 (U 



0 

0 

0 

0 

0 

1 




(VII. 315) 



Now, we plug equations VII. 249 through VII. 252, and equations VII. 310 and VII. 315, 
into equations VII. 304 through VII. 309. Repeating equation VII. 9 for 14^ for clarity, 



we get 



which gives 



i4l, = 



0 0 
F F 

*11 1 Z 



14/^2 14^,3 



= u. 



»— i 



I4l, 



IIl. 



0 -1 

1 0 



(VII. 316) 



(VII. 317) 
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(VII. 318) 



since F u = 0. Then we can calculate 



Qcmi A ^ Z P\4 ( l z m 12 ^^12 “ 1 * ^^ ( l z c ll (Hl^) 

i=l 

p 

^cmi 5 = Q z P\h ~h 92rn 13 T ^ 9 z c lt ^L t 2^L t ^ 

i = 1 
V 

Qcmi 6 $ z P\e ^ Zfn 13 ^^13 ^ Z C\ t ( ^Izy,3 ) 

2 = 1 

p 

?cm 24 = q ZP2i + q Zm22 n Ll2 + ^g 2c2i (IU, 2 ) 

2 — 1 

p 

9c»712 5 = q^P 2 i 9 2 m 2 2 ^2/13 "1" */zm 23 ^L\2 d” ^ ^Zej,- ^L,2 ^2/13 



i=i 



qcm 2e — qz P26 + 9 2 m 23 ^1,13 + (n Lt3 ) 

i=l 

where we have calculated equation VI 1.3 18 by combining equations 
VII. 310 to get 

r 0 
0 
0 
1 
0 
0 



1 0 



Q* m M, (n L ) 



q^m 12 ^2/12 



and by combining equations VII. 251 and VII. 313 to get 

0 
0 
0 
1 
0 
0 



1 0 



Qz c m 2 (n L ) 



= 1 :?».„(n i , ! ) 2 



1=1 



(VII. 319) 

(VII. 320) 

(VII. 321) 

(VII. 322) 

(VII. 323) 
VI 1. 249 and 

(VII. 324) 



(VII. 325) 
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The rest of the terms in the equations follow with similar calculations. Finally, 
to calculate a 0 , we can plug into equations VII. 318 through VII. 323 into equation 
VII. 303, which we repeat here for clarity 



0-0— T 9ctoi 6 ) 9cm2 s (?cm2 4 d"<7cm,2 6 ) “9cm l6 ?cm2 6 ) 



(VII. 326) 



Now that we have found So, we need to calculate the four cubic coeffi- 
cients c CTOl7 , c cm]g , c CTO2g and c cm2io . These are calculated from equations VII. 206 and 
VII. 215. Grouping terms appropriately yields the formulas 



3c cmij 4- c CTO j — 



1 0 



(c. (n t ) + JV, (n„) + q„jv 2 (n L , n«)) 



0 
0 
0 
0 
0 
0 
3 
0 

1 
0 

(VII.327) 
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and 



'" Cm 2c 



+ 3 c, 



cm 2 , 



o 1 (c* (n L ) + Q Zmi Ni (n g ) + q Zc n 2 (n L , n Q )) 



o 

o 

o 

0 
0 
0 
0 

1 
0 
3 

(VI 



.328) 



Now, there are four new combinations common to these two equations. Plugging in 
from equations VII. 203, VII.204, VII. 211, and VII. 212 we have 



n, (n Q ) 



0 

0 

0 

0 

0 

0 

3 

0 

1 

0 



0 

3 IIq ]4 + n Ql6 

n Q 15 



(VII. 329) 
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N , 



(Hq) 



0 

0 

0 

0 

0 

0 

0 

1 

0 

3 



0 



n <? 15 

n Ql4 + 3 i1q 16 



and 



7v 2 (n L .n g ) 



0 

0 

0 

0 

0 



0 

3 

0 

1 

0 



6n Ll2 n Ql4 + 2 n Ll3 n Ql5 + 2 n£, 12 n gj6 
6n Lp2 n Qp4 + 2 n Lp3 n Qp5 + 2ii£, p2 n gp6 



(VII. 330) 



(VII. 331) 
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n 2 (n^, rig) 



(VII. 332) 



0 
0 
0 
0 
0 
0 
0 
1 
0 
3 

The coefficients of C z (If^) are determined by evaluating the two dimensional case for 
equation VII. 43, which is 



2 n Ll3 ng 14 + 2 n Ll2 n 0l5 + 6n 

^13^Ql6 

2n Lp3 rtg p4 + 2n Lp2 rig p5 + 6n Lp3 rig p6 



c z { n L ) 



1 

CO f-H 
=1. 

1 




Mi 


Ml z l 




m\ z 1 


m\ z 2 




m\ z 2 


Ml 4 




mi4 


M\Z\Z 2 

0 


= (Q,*JV 3 (n«) + <J^Ar 5 (n t .ji 0 )) 


Ml z l z 2 

9 


Mi z 2 


Ml Z 2 


4 




4 


z\z 2 




z\z 2 


z\z\ 




Z\z\ 


z 3 

L Zt i J 




z 3 

L Z 2 



(VII. 333) 



+ /i 3) (n\,zi,Z 2 +gl 2) (/*i, z u z 2 , w ( c %, v (1) 



which we write as 



c z (n L ) = 



C Z 1 C Zl Cr, C?, Cr-, Cr, Cy-i Cr. 

Z l 4 *1 5 Zl 6 Z l 7 Z 1 8 Zl 9 Z 1 10 



^2 a 



(VII. 334) 



-222 ^ ^22 4 ^22 5 °22 6 °22 7 ^2 S ^2g ^~2 10 j 

Knowing If^, the coefficient matrix C z (Ul) is most easily evaluated for a specific 
system, following the method of Appendix C. (It is very difficult to evaluate C z (ff^,) 
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for the general case, since the dimensions m and p of the vectors w and y respectively 
are not specified.) Combining these with equations VII. 249 through VII. 252, and 
plugging into equation VII. 243 for a q and rearranging, we get 



8 (oq — So) — 3 c 2i? + c Zlg + c 22g + 3 c 22i 

0 



+ Hq, 



0 
0 

, + q Zn 



m 12 ' ^**»23 

9zm 13 + q. 

q^m^ 2 "i* *^9 z»to23 



^ m 22 



+ 2±n Q , 

j=i 



0 

0 

0 



^qzc u ^L t 2 + qz. 2x nL , 3 

Qzc u nL, 3 + q ZC2l n l,2 

. 9zcj.nL, 2 + 3q ZC 2, Hl.3 



(VII. 335) 



Now, equation VII. 10 gives the rows of the quadratic terms of the center manifold in 
terms of the first row, IIqj, developed in Chapter VI, and repeated here for clarity 

n«. = n„, Dp - 2 r., (iu) Dp-' (vii.336) 

3 = 0 



where we have used the definitions D® — I and r 20 (IIl) = 0. To solve for the value 
of Fig, which forces the desired value aj, we can plug equation VII.336 into equation 
VII. 335 and rearrange to get 



n 



Q i 





0 




0 


\ 




0 




0 






0 


+2 E»r' 

X- 1 


0 






^Qzmi2 ^ z ™23 


39zcj, n L .2 + 9z C2t n Li3 






^ Zrn \3 ^ z ™22 




9zcj, Hl.3 + <7z C2i n Lt2 






. ^mj2 Zrn 23 * 




. 9 z C]1 n Ll2 + 3 q Zcgt n Ll3 . 


) 



(VII. 337) 
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= 8 - «o) - ( 3 c 2 , T + c 21g + c Z2g + 3c 22i0 J 



+ sEEMIWD; 

i — 1 j = o 



i—j — 1 



o 

0 

0 



3 ^ C1| n L, 2 + g 2C2 , n Li3 

<7zc lt n L,3 + 9 2c2l Hl, 2 

.. ^ z c lt 4~ 3 ^ 2 ^2 t ^-^t3 

Equation VII. 337 can now be used to find a solution for the value of IIqj which forces 
the desired value aj. However, first there is one more simplification worth making. 
The matrix is block diagonal for a Hopf bifurcation, and given in Appendix A in 
block form as 

r 0 0 0 

D t = 0 F z 0 (VII. 338) 

0 0 D zz 

This can be plugged into equation VII.337 to give 







0 






0 




\ 






0 






0 






n Ql 




0 


P 

+ 2 E 




0 










3 9*rn 12 + 9^m 23 


i = 1 




3? 2ci , ih i2 + g 2c2i n L , 3 










9^ m 13 4" 9 2to22 




D*~ l 


9* c lt n i.3 +9^ 2 , n r.. 2 










, 9z m , 2 + 3 9*m 23 „ 






9*0,,!! £'.2 + 3 9 2 e 2 , hi-ts 


. 


7 



(VII. 339) 



— 8 (do — a 0 ) — (3 c Zl7 + c Zl9 + c Z28 + 3 c Z 2io ) 

0 



+ ! E£ r -.w 

i — 1 j—0 



DTJ~ 1 



o 

0 

3g2 C1 ,n Lt2 + 9zc2t n Ll3 

^ lt n Li3 4-g 2cjt n i >2 

+%c 2 , n L l3 



which makes clear that only the last three components Hq 14 , IIq 15 and Hq 16 of Wq 1 
have any influence on the solution. Now, since equation VII.339 has the form of a 
row vector times a column vector equalling a scalar value, that is 



n 0 ,V = cr 



(VII. 340) 
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with 



V = 



and 



0 






0 




0 






0 




0 


P 




0 












2 ^ m 23 


i = 1 




^Zcj.R^ d* 9 zc 2 , Ri.3 




Qz-mi 3 d” Qzm 22 




D^-l 

zz 


9zcj, R^i 3 *b < 7zc 2 ,R^'>2 




Qzmi 2 d~ 23 






9zc,,nL, 2 + 3 92C2 n Lt3 ^ 





a = 8 « - a 0 ) - (3c 2l? + c 2lg + c 22g + 3 c 22io ) 

0 



+ 2 EEr 2j (n L ) 

i=l j—O 



0 

0 



DTJ- 1 



(VII. 341) 



(VII. 342) 



3<7 2cii iiL l2 + g 2C2 ,n L , 3 

9zcj,^^i3 ”1” ?2c2, 

9 z cil n Li2 + 3 ?2C2i n Li3 

we can pick any Hq 1 whose projection onto the vector V has the value a. The “most 
efficient” choice for II q 1? and the one we will use, is when IIqj points in the same 
direction as V and has length scaled to produce cr, that is 



= ( p?v) ^ 



(VII. 343) 



This will be our solution method for the case of a Hopf bifurcation. 

Before we proceed to a solution, it is worth our time to consider the 
matrices 1^(11/,) and which are used in the calculation of the scalar cr and the 
quadratic gain vector K( 2 )- Restating the equations for both matrices from Chapter 
VI, we have 



r 2 (n L ) = Q yc M 2 (n L ) - n L 



0 

/ 



(Qz Pl + Qz mi Ml (Rl) + Q Zc M 2 (n L )) (VII. 344) 
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and 



Tl = -t r », ( n i) D V + Y- K - £ (!li) (VII. 345) 

j=0 2 = 1 j—0 

where the rows of r* (II/,) are used to calculate the matrix Tj, and where the matrix 
is given in Appendix A, the matrices Mi (II/,) and M 2 (II/,) are given in Appendix 
C, the matrices Q Vc , Q ZJ>1 , Q Zmi and Q Zc come from equation VII. 5 and VII. 194, and 
where we have used the definitions = / and r zo (11/,) = 0. By exploiting the 
structure of the matrix we will show that the matrix simplifies for a Hopf 
bifurcation. We state our results in a lemma. 



Lemma C.ll (Hopf T/c Matrix) For a Hopf bifurcation , with the matrix T z (II/,) 
defined in equation VII. 344 given by 



r 2 (n L ) = 



r,„ (iu) r„,(iu) 



r*,, (tu) ... r,„(n t ) 

then the matrix defined in equation VII. 345 and given by 

r£- = t Ki r Ki r K3 r Ki r A ' 5 r A - e 

separates to yield three block equations which can be solved individually 

r K , = -r v (iu) + £ k w r,„ (it) 

j—0 



(VII. 346) 



(VII. 347) 



(VII. 348) 



[r Kl r K , ] = -E[r w (n t ) r„,(iu) 

j= 0 

+ XX, E [ r *, 2 (tu) r,„(iu) 

2 — 1 j—0 



F>~ 3 



pi-j-l 
1 z 



(VII. 349) 



rjr. r Ks r*. ] = - E [ r,„ (n t ) r,„ (nj r,„ (iu) 

j=o 

+ XX r ‘,i (Hi) r,„(iu) r,„(n t ) 

2=1 j = 0 



D p ~ 3 (VII. 350) 

D\ 



y-j - 1 

' zz 



where the matrix D zz is defined in Appendix A, and where we have used the definition 

r 2o (ii/,) = o. 
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Proof. Looking at the block structure of D ^ from Appendix A we have 



0 0 0 
0 F z 0 
0 0 D zz 



(VII. 351) 



(VII. 352) 



D ( = 



Plugging into equation VII. 345 gives 



r£- = -E r », (ni.) 

3=0 



+ E K,. E r,, (n t ) 

j= 1 j=0 



where we have used the definitions 0 J = / for j = 0 and 0 J = 0 for j ^ 0. Then, parti- 
tioning the matrix Tj' and the rows T 2j (LIl) as given in the lemma, and multiplying 
out gives the expected result. <i 

This brings us to the Hopf bifurcation quadratic gains theorem. 

Theorem C.12 (Hopf Quadratic Gains) For a control system in the quadratic 
normal form of equation VII. 194, with 



0 


0 




pp-j 

1 z 


0 




0 


1 

ks 

Q 






0 


0 


0 


Fi ~*~ 1 


0 


0 


0 


D\-J 



F z = 



0 —u 0 

u>0 0 



(co 0 which implies 






0 

0 



(VII. 353) 



(VII.354) 



with the linear state feedback gains K y chosen so as to stabilize the linearly controllable 
states y, and with the linear state feedback gains I\ w and quadratic state feedback gains 
y ( 2 ), K zy ( 2 ) and K y ( 2 ) set to zero, the quadratic state feedback gains which force the 
coefficient of the r 3 term in equation VII. 220 to the desired value Oq, are given by 

= {~2^ c ~ ^ yi ) + ( 2 ^) n ° 15 + ( 2 ^°) n<316 + ^ K 4 (VH.355) 
k Zi z 2 = - ( Gd ) n Ql4 + (- g c - K yi ) riQjj + (Go) n Ql6 + (vn.356) 
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n Ql6 + r A ' 6 (vii. 357) 



K z\ = ( 9 ^) n <?n “ ( 2 ^) n<315 + ( ~t ) Gc - K yi 

with the coefficients IIq 14; EIq 14 and IIg 14 determined by solving equation VI 1.339. 
The formulas for the coefficients Gc and Go depend on whether the dimension of the 
controllable states p is even or odd. For p odd we have 

\ 



Go — — 



p-j- 



£(-i) ,+1 (2u 

i=0 



EZ± 

2 



\ 



Go = I (-1)“ (2u*)' - •£, (-1)’ + ' A', 



V2i 



i - 0 



(VII. 358) 



(VII. 359) 



and for p even we have 

Gc = (2u,„)' -t(-l)‘(2u.o) 2i - 2 



2=1 



£ 

2 



Gd - - ( X! ( _1 )* 1 (2o9 0 ) 



\2t— 1 



A' 



3/2. 



(VII. 360) 



(VII. 361) 



1 2 — 1 



where in both cases we have used the notation I\ yo — 0, I\ yi = 0, and K Vj = K y 
for j ^ 0,1. The coefficients IV 5 andT k 6 are given by equation VII. 350 in the 
Hop/Tx Matrix lemma. The remaining quadratic state feedback gains K y 2 , K yi Zl 
and K yi z 2 have no effect on the equivalent cubic order dynamics and may be chosen 
arbitrarily, including being set to zero. 

Proof. From the Quadratic Center Manifold Solution theorem of 
Chapter VI we have 

= iIqjD/c + r£ 



-^V 2 > ^J 2 ( 2 ) ^J 2 ) 



(VII. 362) 



where 



Dk = (VII. 363) 

t=i 

and where we have used the definition D° = I. From Appendix A, for a Hopf 
bifurcation, the matrix D £ is given in block form by 



D f = 



0 0 0 
0 F z 0 
0 0 D z . 



(VII. 364) 
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so Dk can be expressed in block form as 



Dk — 



-I< yi 0 0 

o F p ~ H = i I<y, Fr 1 0 

0 0 D p zz - n=i Ky^D*- 1 



(VII. 365) 



where the matrix D zz is given in Appendix A, and where we have used the definitions 
F z = I and D° zz — I. Following the example of the preceding lemma, we separate 
into three corresponding pieces, and we end up with three block equations to solve 
for the Hopf quadratic gains, which are 



A M j 2 j A^ i22 



= -i< yi n Qu + r Kl (vii. 366) 

1 Ff-XX^r 1 ) (VII. 367) 



n<5 12 n Ql3 



+ 



r ft - 2 r 



K 3 



K, 



1 Z\Z2 



K. 



+ 



n <?H n Qi5 n <3 

r K's Tft'e 



D p zz - £ K y ,D^ (VH.368) 

^ ;=i / 



Now, by inspection of equation VII. 339, the only components of IIqj which can affect 
Oq, our desired cubic coefficient, are I1 q 14 , I1q 15 and II( 5 16 . Therefore, we have to solve 
equation VII. 368 for our quadratic gains, since it alone contains Hq 14 , Hq 15 and/or 
n< 3 16 . From Appendix A, for a Hopf bifurcation, we have 
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— 2u; 0 
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D zz = 
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— 2cj 0 
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2cjq 
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0 



Looking at powers of the basic matrix, we have 
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-1 
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-l 
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0 
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t-I CN 
1 



(VII. 369) 



(VII. 370) 



242 
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-i 


0-10 




0-10 


I o — - 
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i o - 1 


2 u 2 




2 u 2 


0 1 0 




0 1 0 
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4 




0-10 




-I 0 1 


tO|^ 
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— — 


0 -1 0 


\ 

o 

1— ‘ 

o 




1 

to I— 1 

0 

1 

to I*— 



0 


-1 


0 
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(VII. 372) 



(VII. 373) 



which is a four-cycle repetition, compressible to a two-cycle matrix repetition if we 



include powers of negative one. That is, 



r>i, = (2u,,y (-i)^ 



for j odd, and 



i=l 



d’ 2Z = (2u 0 y (-i) > 
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for j > 2 even, and where we have again used the definition 

1 0 0 
D°„= 0 10 

0 0 1 

Now we can look at our complete term, which is 
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(VII. 374) 



(VII. 375) 



(VII. 376) 



(VII. 377) 
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(VII. 378) 
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for p even, where we have used the definitions K yo = K yi = 0 and K y = K y for 



j 7^ 0, 1. Now, if we define 
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(VII. 379) 
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g d = I (-i)^ (2u > 0 y - E (-i) i+1 (^o) 2i_l A-„, 



for p odd, and 
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(VII. 380) 



(VII. 381) 
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Lt= 1 



G D = -(E(-T 1 (^of- , A'„, 

for p even, then we can write 
V i=l 



(VII. 382) 



(VII. 383) 
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which lets us write equation VII. 368 as 



^z? A '1 z 2 A zi 



(VII. 384) 
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Ta- 4 r A - s r Ae 



which proves the first part of the theorem. Because the terms IIq u , IIq 12 and IIg 13 
have no influence in equation VII. 339 on forcing the coefficient a £ to the desired value, 
they can be chosen arbitrarily. By equation VII. 366, this means that the quadratic 
gain /\ ; ,2 can be chosen arbitrarily, including being set to zero, since K yi / 0 by 
the arguments given in the proof of the Hopf Linear Gains theorem. By equation 
VII. 367, this means that the quadratic gains A' Ml2] and Z2 can be chosen arbitrarily, 
including being set to zero, since the matrix ( F f — Xw=i Ky, Ff~ l ) is invertible, which 
proves the remainder of the theorem. < 



Corollary C.13 (Hopf Quadratic Gains Linear Zero) For the special case of 
A' Ml = K Zl = K Z2 = 0, the Hopf Quadratic Gains theorem may be solved using 
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the coefficients Idg,.,, LIq 14 and I1q 14 given by 






n Ql4 = G e (3? 2mi2 d- ? 2m23 ) 




(VII. 385) 


Hqu = g e (<?z mi3 + q Zm22 ) 




(VII. 386) 


^Qie = Ge (<7zm 12 + 3?z m23 ) 




(VII. 387) 


and the coefficients Ta' 4 , Ta' 5 and T k 6 given by 
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(VII. 388) 
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(VII. 389) 


05 

II 

O 




(VII. 390) 


where the coefficient Ge is given by 






r< 8 ( a o - °o) - (3cz l7 d- c 2l9 + c 22g + 3c 22io ) 

Ge — , \ 2 / \ 2 / 


\ 2 


(VII. 391) 



^3*7zm 12 d~ *7zm 2 3 J "P (^ 2 "M3 d" ^ Zr1l 22 ) \9 Zm 12 P 8< ?Zm 23 



where the quadratic coefficients q Zmi2 , <7z mi3 , 9z m22 > an d <7z m23 are appropriate ele- 
ments of the coefficient matrix Q Zm from the two dimensional quadratic normal form 
equation VII. 19 f, and where do from equation VII. 326 and the coefficients c Zl? , c 2 , 9 , 
c 22g and c Z2iq from equations VI 1. 333 and VI 1. 334 are evaluated for IIz, = 0. 



Proof. From the Linear Center Manifold Solution theorem in Chapter 
VI we have that K m = I( Zl = I( Z2 = 0 implies 11^ = 0 and vice-versa. Plugging 
\[ L = 0 into equation VII. 339 yields a new equation to solve for Idg,, which is 



n 



Q i 



0 

0 

0 



^9zm 12 



P < ?Zrn 23 



— 8(ao — ®o) — (3c 2l7 + c z l9 + c 22g + 3 c 22iq ) (VII. 392) 



9 Zm 13 P 9 Zrn 22 

9 ^ 771^2 d” 3^Z m23 

By inspection, we have that the corollary solutions for the coefficients IIq h , I1 q 15 
and FIq 16 and Ge satisfy this equation, proving the first part of the corollary. To 
see that the components of are zero, note that the matrix T 2 (FIl) is zero when 
n L = 0, since M 2 (14^, = 0) = 0 in the first term, and since the second term is linearly 
dependent on ITl- Then, since T z (IIl) = 0, we get r£- = 0 by equation VII. 345, 
proving the corollary. <3 
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7. Double Zero Bifurcations 

Control systems in linear normal form with 

F.-\° A °" 

0 0 



(VII. 393) 



(A 0 ^ 0) which implies 



F,= 



0 



(VII. 394) 



[P 

experience a linearly unstabilizable co-dimension one double zero bifurcation. Double 
zero bifurcations are discussed in Wiggins [Ref. 20] and are characterized by equations 
of the form 



*i - x 2 + 0 (3+) (VII. 395) 

X 2 = Hi + H2X2 + x\± X 1 X 2 + 0 (3+) (VII. 396) 



which require both parameters, Hi and H 2 , for complete characterization. Thus, a 
co-dimension one double zero bifurcation can be considered a degenerate form of 
the complete co-dimension two case. Control of linearly unstabilizable double zero 
bifurcations is a topic which has not been addressed at this point, but remains a 
subject for future research. 



8. Two Zeroes Bifurcations 

Control systems in linear normal form with 

0 0 



F z = 



which implies 



F,= 



0 0 
a 

p 



(VII. 397) 



(VII. 398) 



experience a linearly unstabilizable co-dimension one two zeroes bifurcation. How- 
ever, two zeroes bifurcations require more than one parameter for complete charac- 
terization, so the co-dimension one case can be considered a degenerate form of the 
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complete case. For one approach to the solution of the two zeroes bifurcation, the 
reader is referred to Kang [Ref. 10]. 
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VIII. 



EXAMPLES OF BIFURCATION 
CONTROL 

In this chapter we will look at two examples of how the bifurcation control 
process really works. We will start with an example which is as simple as possible, to 
make it easy to follow. Then we will finish with the Moore-Greitzer model of rotating 
compressor stall in turbine engines, a problem which is the subject of active current 
research. 

Throughout the preceding chapters we have developed a theoretical framework 
for controlling bifurcations. The theory was broadly general, and there were few 
opportunities to show how it worked. Now we want to put all the pieces together. 
Our first example is deliberately and artificially simple. Its virtue is that it is easy to 
follow, so that the details of the steps involved do not obscure the steps themselves. 

A- EXAMPLE 1: CONTROLLING A SADDLE-NODE 
BIFURCATION IN A SIMPLE SYSTEM 

Consider the following dynamic system: 

0 (VIII.l) 

fi + 4ir 2 + 5 zy + y 2 (VIII.2) 

u (VIII. 3) 

Although it looks rather complicated at first, it is actually quite simple. The system 
has only one parameter, /i; one linearly uncontrollable state, z\ one linearly control- 
lable state, y ; and a single control input, u. Also, as we will see, the system is already 
in quadratic normal form, and the coefficients have been specially chosen to make the 
math work out easily. 
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1. Analyze the System: Does an Undesirable Bifur- 
cation Occur? 

When is it necessary to go to the trouble of applying the techniques outlined 
in this dissertation to a given control system? If the system exhibits an undesirable 
bifurcation, then the techniques in this dissertation may be quite useful in finding a 
stabilizing controller. If not, then applying these techniques is probably a waste of 
effort. The key is to determine if an undesirable bifurcation occurs. This determi- 
nation may be made in several ways. Anomalous experimental results may provide 
motivation for further analysis, simulations may indicate that a bifurcation occurs, or 
theoretical analysis may show the presence of a bifurcation in the system. Looking at 
the system in equations VIII. 1 through VIII. 3, we see that the y dynamics contain no 
non-linear terms and so are not a candidate for a bifurcation, and that the parameter 
y is a constant, which leaves only the uncontrollable state, z. Does a bifurcation 
occur in the z dynamics? Looking at the z dynamics which would prevail if y were 
stabilized and held at zero, we have 

k = y + Az 2 (VIII. 4) 

which clearly exhibits a saddle-node bifurcation as the parameter y changes from 
negative to positive. (When y is negative, the system has two equilibrium points, 
at z * = ±~y/—y, where the notation z* indicates an equilibrium point. When y is 
positive, the system does not have any equilibrium points, and z increases without 
limit. This qualitative change in the nature of a system’s dynamics as a parameter 
is varied is what characterizes a bifurcation.) So, there is a distinct possibility that 
an undesirable bifurcation occurs in our system, and we would like to try and use the 
techniques outlined in Chapters II through VII to stabilize it. 

2. Translate the Origin of Coordinates to the Desired 
Equilibrium Point at the Point of Bifurcation 

We start by applying the techniques of Chapter II to find the point of bifur- 
cation for the equilibrium point we are interested in, and then to translate the origin 



250 



of coordinates there. We need to do three things: find the equilibrium set at which 
the system can be trimmed using the control input u; find the value of the parameter 
/} at which the bifurcation occurs at the specific equilibrium point of interest (this 
is known as the point of bifurcation); and, translate the origin of coordinates to this 
point, renaming all of our variables appropriately. 

a. Find the Trimmed Equilibrium Set 

An equilibrium point is a point where the states of a system will not 
change if you put them there. The equilibrium set is all of the equilibrium points 
taken together. That means that we want to find all the points p, z = z* and y = y* 
such that the derivatives of our states there are zero, i.e. fi = 0, i = 0, and y = 0. 
A trim control input is a constant control input which exactly maintains a system 
at an equilibrium point. For the equilibrium set, we may have a set of trim control 
inputs. That means that we want to find all the control inputs u = u* such that when 
the system is at an equilibrium point, it stays there. So, for our system, we find the 
equilibrium set and set of trim control inputs by setting all the derivatives equal to 
zero and solving for fi , z = z* , y = y* and u — u* . Looking at the first equation, 
we have /i = 0 always, which does not provide any new information. Looking at the 
third equation, we see that it gives us our trim control input, which turns out to be 
the set of trimmed control inputs. For y = 0, we must take u = iz* = 0. It is the 
second equation which gives the equilibrium set. We are trying to find all the points 
where 

p. + 4F 2 + 5z* y* + y* 2 = 0 (VIII.5) 



for the three independent variables /z, z*, and y*. Since equation VIII.5 is one equation 
in three unknowns, this is an underdetermined problem, and we will have two free 
variables, which we will pick as /z and y* . Equation VIII.5 can be solved for z* in 
terms of /z and y* to yield 



_ - 5 r ± vw 2 - w 

Z " 8 



(VIII. 6) 
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Now, this is the general solution for the equilibrium set, which is rather complicated, 
even for this simple example. However, in most problems, we are not trying to find all 
the possible equilibrium points of a given system. Rather, we are only trying to find a 
single equilibrium point which is of engineering interest to us. Suddenly, the problem 
becomes very easy. Because we are trying to stabilize the system, and because y* 
is a free variable, we can use external engineering considerations to pick a desired 
value of y * . The external engineering consideration for this example is that we desire 
simplicity, so we pick y* = 0. Now equation VIII. 5 becomes 

y + 4z* 2 = 0 (VIII. 7) 



which we solve easily as 




So, our desired equilibrium point in terms of y and u is given by 




r = o 



(VIII. 8) 



(VIII. 9) 
(VIII.10) 



u* = 0 (VIII.ll) 

b. Find the Point of Bifurcation 

The bifurcation point is the value of the parameter at an equilibrium 
point where the dynamics of the system change qualitatively. For our simple system, 
this means the value of y at which the system changes from having two equilibrium 
points to having none. We will denote the value of the parameter at the bifurcation 
point by y*. Solving equation VIII. 9, the point of bifurcation occurs at y * = 0, since 
all negative values of y produce two equilibrium points, and all positive values of y 
produce none. (If we needed to choose a value of y* ^ 0, we could solve equation 
VIII. 6, and find that the point of bifurcation occurs at y* = 
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c. Translate the Origin of Coordinates 

Now we need to translate the origin of coordinates to the equilibrium 
point of interest at the point of bifurcation. We use the coordinate translation 



H = ~ P 

X\ — z — z* 
x 2 = y -y* 
u — u — u* 

At the point of bifurcation, equation VIII.9 is given by 

and since fi* = 0, our coordinate translation is just 

H = Ji — 0 

xi=z- 0 
x 2 = y -0 
u = u — 0 

which yields our translated system as 

/ 1 = 0 

i\ = f.i + 4xj + 5x\X2 + x\ 
x 2 = u 



(VIII. 12) 

(VIII. 13) 
(VIII. 14) 
(VIII. 15) 

(VIII. 16) 



(VIII. 17) 

(VIII. 18) 
(VIII. 19) 
(VIII. 20) 



(VIII. 21) 
(VIII. 22) 
(VIII. 23) 



where the origin is the equilibrium 



point of interest at the point of bifurcation. 
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3. Put the System into Linear Normal Form 

Next, we apply the techniques of Chapter III to put the system into linear 
normal form. Since the equilibrium point and point of bifurcation are now at the 
origin, we could put the system into linear normal form using the following steps: 

• Taylor series expansion around the origin. 

• Linear similarity transformation and linear state feedback. 



However, because we have chosen our system as a special case, we note by 
inspection that our system is already in the form of a Taylor series expansion, and 
that the linear terms are already in Jordan- Brunovsky canonical form. From the 
Jordan-Brunovsky Canonical Form theorem in Chapter III, we have 





x 




(VIII. 24) 



where we have anticipated the fact that we have no states w. By the same theorem, 
the linear similarity transformation T is given by 



T = 



/ 0 

t x t m t x 



and the linear state feedback is given by 



(VIII. 25) 



u = u — a 7 n — a T y (VIII. 26) 

By inspection of the problem we have 

T x = I (VIII. 27) 

7; = 0 (VIII. 28) 

a T = 0 (VIII. 29) 

a T = 0 (VIII. 30) 
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so our system in linear normal form is 
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which gives 



(VIII. 31) 



F, = 1 

F z = 0 
A = 0 
B = 1 



(VIII. 32) 
(VIII. 33) 
(VIII. 34) 
(VIII. 35) 



and where F w does not exist in this system. The higher order terms are given by 



f (2) 



0 

4 z\ +55i£i + y\ 

0 



(VIII. 36) 



and 



g (1) {y\,z\,y\) = / (3) (^i,^i, yi.) = g (2) (Mi»*i>yi) = 



0 

o 

o 



(VIII. 37) 



4. Put the System into Quadratic Normal Form 

Examining equation VIII. 31, the techniques of Chapter IV do not apply, since, 
although the system is not linearly unstable, the state z\ is also not linearly stabiliz- 
able. So, we move on and apply the techniques of Chapter V to put the system into 
quadratic normal form. We apply a quadratic coordinate transformation of the form 
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(VIII. 38) 
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where the coefficients h l j which put the system into quadratic normal form are to be 
determined. The quadratic terms of our system in linear normal form are given by 



/ (2) (n\,z\,y\) = 
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4 z\ + 5 z x y x + y\ 
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(VIII. 39) 



(VIII.40) 
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Mi 
z 1 
y i 



Mu M 12 Mis Ml 

M21 922 923 Z 1 

931 932 933 Vi 

0 0 0 
0 0 0 
0 0 0 

Using the five quadratic normal form theorems in Chapter V and the Poincare normal 
form for a saddle-node bifurcation from Appendix D, we can write our quadratic terms 
in normal form as 

0 

(]23 z i + hsZlVl + 9269 1 

0 



/ (2) (Mi>*i»yi) = 



(VIII. 41 ) 



0 0 0 0 0 0 

0 0 <723 0 <725 926 

0 0 0 0 0 0 



Mi 
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MiMi 
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and 



m ( 1) (Mi>«i»yi) = 
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000 

000 

000 



(VIII. 42 ) 



Mi 

z i 

V 1 



where the terms <723, <725 and (726 are to be determined. Now, as we noted earlier, 
our simple system was carefully chosen to be in quadratic normal form from the 
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beginning. We could go through the steps outlined in the Unstacking Theorem in 
Chapter V and set up for a solution to /i (2 ) and < 723 , <725 and q 2 e- However, 

for this simple system we find that by inspection we can use the quadratic coordinate 
transformation 



h (2) (hi ,2 1? yi) = 0 



and the quadratic control law 



u = v 



to solve for the quadratic normal form coefficients 

<?23 = 4 
<?25 = 5 

<726 — 1 



(VIII. 43) 
(VIII. 44) 

(VIII. 45) 
(VIII. 46) 
(VIII.47) 



The general quadratic normal form for a system with y = [/Ui] € f? 1 , z = [ 21 ] £ R 1 , 
and y = [j/j] £ R 1 is 



fii = 0 

z\ = Ffifi 1 + Qz P j 



A 



y\Z\ 



z 2 

Z 1 



+ Q 



Zm 1 



fiiVi 

Z\V\ 



+ Q*c 3/l] 



(VIII. 48) 
(VIII. 49) 



+ /i 3) (fii,zi, y\) + 9? ] (puzi,yi)v + 0 (4+) 



y 1 — ^ 2/1 + Bv + Q 



Vc 



+ 0 (3+) 



(VIII. 50) 



where we note that A = 0, B = 1 and Q Cy = 0 for y G R 1 ■ Examining our system, 
we see that = 1 and F 2 = 0, which is indicative of a saddle-node bifurcation 
(which we already knew). Q ZPx is the matrix of coefficients for the Poincare Normal 
Form quadratic terms, which has the following form for a saddle-node bifurcation: 



Qzr\ — 



0 0 q ZP3 



. Now, examining our system term by term, we see that as 



expected our system is already in normal form, with the following coefficient matrices: 

F p = [1] (VIII. 51) 
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F. = [ 0 ] 



Qzp x — 


0 


0 


q* P3 
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0 


0 


4 


Q 2m] 




Q z m2 
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0 


5 




Qzc = 


<lz ci 


— 


[1] 











A = [0] 

B = [ 1 ] 

Q„ = [0] 



Looking at the cubic order terms, and defining 



X = 



/*i 

Zl 

2/i 



we have 



F = 



0 0 0 
1 0 0 
0 0 0 



G = 



0 

0 

1 



/ l3) (x) = / (3) (x) - M f/ (2) (x) + Fh< 2 > (x) - |^ ,2) (X) Fx) 

^ (x) = S (2) (x) - |^' 2 ’ (x) (j (,) (x) - (x) 

d 

7 (3) (x) + o (4+) = /p) (x) + (/ (2) (x + /> (2) ( X )) - / (2) (x)) 

5 (2) (x) = 9 {2) (x) + 9 {1) (h {2) (x)) 
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(VIII. 52) 
(VIII. 53) 

(VIII. 54) 
(VIII. 55) 
(VIII. 56) 
(VIII. 57) 
(VIII. 58) 

(VIII. 59) 

(VIII. 60) 
(VIII. 61) 

(VIII. 62) 
(VIII. 63) 

(VIII. 64) 
(VIII. 65) 



However, since our quadratic coordinate transformation is h ^ (x) = 0, we have 



/ 13) (x) = / (3) (x) = 



^ 2) (x) = g (2) (x) = 



o 

0 

0 

0 

0 

0 



(VIII. 66) 



(VIII. 67) 



Finally, we need to pick out the z\ components of (x) and g V) (x), which are 

(VIII. 68) 
(VIII. 69) 



/i 3) (m,zi,yi) = 


0 1 0 


^ (x) = 


0 


g (2) (^ 1 , 21 , 2 /i ) = 


0 1 0 


^ (x) = 


0 



5. Stabilize the Linearly Controllable States 

Now that our system is in quadratic normal form, we want to use the techniques 
in Chapter VI to cause our linearly controllable state y\ to collapse onto the center 
manifold. We choose a state feedback gain of I\ yi = —10, which gives exponential 
stability for y\ onto the center manifold with a decay time constant of 0.1. 



6. Stabilize the Linearly Unstabilizable States 

Now that we’ve stabilized the linearly controllable state y\ onto the center 
manifold, we need to use the techniques of Chapter VII to stabilize or soften the 
bifurcation which occurs in z\. Because the center manifold is one dimensional, we 
will be using linear state feedback of /Xi and z\ to attempt to exactly cancel the 
destabilizing quadratic term zj, and we will be using quadratic state feedback of /Xj, 
/xiZx and z\ to produce a desired negative value for the coefficient of the equivalent 
Zj term. Since we have a saddle-node bifurcation we are trying to stabilize, we use 
the Saddle-Node Linear Gains theorem from Chapter VII to calculate the gain K Zl 
as 

I< Z1 = -I< yi n LlZi (VIII. 70) 
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where the coefficient IIl, is given by 




(VIII. 71) 



with q Z p 3 = 4, q Zm2 = 5 and q Zci = 1. Plugging in, we get II Ll2i = -1 or -4 depending 
on whether the plus or minus sign is chosen. For simplicity, we choose II^ = — 1, 
which gives K Zi = —10. From the theorem, the gain K Ml can be chosen arbitrarily, 
and we choose 7F Ml = 0. So, our linear gains are 



= 0 (VIII. 72) 

K Zl = -10 (VIII. 73) 

K yi = -10 (VIII. 74) 



To determine the quadratic gains, we use the Saddle-Node Quadratic Gains theorem 
from Chapter VII to calculate the gain 70 as 



= -Ky.YlQ^ + Ta -3 
where the coefficient IIq 2 is given by 

lz. 



C — C 

TT °cm4 Z 4 



1 7 ~ m 2 T “Tc, IIl. 



1*1 



and where the coefficient is given by 



(VIII. 75) 



(VIII. 76) 



Fk 3 = -^L lzi qcm 3 (VIII. 77) 

Now, q cm3 is the coefficient given by the formula 

<7cm 3 = <lzp 3 4* qzm 2 ^L l2l + qz Cl (n LlZl ) (VIII. 78) 

and, as expected, our choice of linear gains forced it to zero. So, r# 3 = 0. This leaves 
the only two remaining unknowns as c* m4 , which we are free to pick, and c* 4 , which 
we have to calculate from our system in quadratic normal form. Now c* m is the 
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coefficient of the z\ term in our closed loop system after both linear and quadratic 
state feedback has been applied, and for cubic order non-linear stability we need 
C cm 4 < 0, so we pick c* m4 = —3. The coefficient c~ 4 is from the z\ term in the closed 
loop system after linear state feedback has been applied, but before quadratic state 
feedback has been applied. Since (/xi, z 1? y\) = 0 and g ^ (/x x , Z\, t/i) = 0, we have 
c ZA = 0. Plugging in, we get U Q 2 = -1, since q z = 5 and q z = 1, which gives 

12 i 

K z 2 = —10. By assumption in the theorem, the quadratic state feedback gains 7l Ml yi , 
K Ziy j and /^ y 2 are all zero. The theorem also allows us to choose 7^2 and K^ lZl 
arbitrarily, and we choose them to be zero. So, the quadratic state feedback gains 
are given by 





= 0 


(VIII. 79) 




= 0 


(VIII. 80) 


K Z 2 

Z \ 


= -10 


(VIII. 81) 


^ mi y\ 


= 0 


(VIII. 82) 


7v 212/1 


= 0 


(VIII. 83) 


K yl 


= 0 


(VIII. 84) 



7. Undo the Transformations 

Now that we have the state feedback gains which stabilize the system in the 
transformed coordinate system, we need to reverse all the transformations to obtain 
the required control law in the original non-transformed system. This procedure was 
developed at the end of Chapter V, and resulted in the formula 

u = (Vj - [ a T 0 a T ])r- 1 x (VIII. 85) 

- [GlT-'x) { K x T ~ 1 x) + ( A V» " ~ K x H ) T ( T_1 ) X (2) 



where we have used 




x 2 



(VIII. 86) 
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(VIII. 87) 




F Mi F Zl hyi 



0 -10 -10 




K 



MlZl 



L Ml 2/1 



l 2l Vl 



K. 



y\ 



0 0 -10 0 0 0 



where we have from the linear coordinate transformation 



(VIII. 88) 
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0 



a 



T 



r -l 



1 0 0 
0 1 0 
0 0 1 



and from the quadratic coordinate transformation 



(VIII. 89) 
(VIII. 90) 

(VIII. 91) 
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FJ = 
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(VIII. 93) 
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H = 
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0 


0 


0 


(VIII. 94) 



Finally, we have to calculate the matrix T (T x ), which is defined by the relation 




(VIII. 95) 



where 



X = 



z 1 



(VIII. 96) 



*/i 

and where \ was previously defined in equation VIII. 86. We will get different values 
of T (7 1-1 ) depending on what order we choose to stack up the quadratic states, but 
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since T 1 = I we can stack up x^ 2 ) the same as x^ and get 



T (r _1 ) 



1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 



(VIII.97) 



Putting all the pieces together yields a control law around the origin of 



u — — 10xi — 10^2 — 10x 2 



(VIII. 98) 



Since our original system was at the origin, our fully developed control law is given 
as 

u — —10 z — lOy — 10ir 2 (VIII.99) 

8. System Simulation 

The last part of this example is simulating our results, to see if the gains we 
have calculated above really stabilize the saddle-node bifurcation. To restate, our 
system is 

ji = 0 (VIII.100) 

i = y -f Az 2 + 5zy + y 2 (VIII. 101) 

y = u (VIII. 102) 



where we have dropped the “breve” notation for clarity (z —> 2 , etc.), and where we 
will be applying the control law 



u = A' Ml y + K Zl z + K yx y (VIII. 103) 

T A ^2 ^ + A ^ Zl y,z T I\ z 2 Z 
+ ^nwi^y T h Ziyi zy T hy^y 
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with the following value of gains: 





= 0 


(VIII. 104) 




= -10 


(VIII. 105) 


Kyi 


= -10 


(VIII. 106) 


K,2 


= 0 


(VIII. 107) 




= 0 


(VIII. 108) 


I\ z 2 

Z l 


= -10 


(VIII. 109) 


Kpi y\ 


= 0 


(VIII.110) 


^ zi yi 


= 0 


(VIII.lll) 


K v\ 


= 0 


(VIII. 112) 



We will run our simulation two ways: with state feedback, and without state 
feedback. In both cases, the initial condition for y will be zero, and the initial con- 
dition for z will be 0.1. The MATLAB program used to generate the simulation is 
presented in Appendix E. Results of the simulation are presented below in Figures 9 
through 15. In Figures 9 through 11, the linearly controllable state y is stabilized with 
feedback ( K yi = —10), but the bifurcation is not stabilized ( K Zl = 0, and K z 2 = 0), 
which we define as the “Feedback OFF” case. In Figures 12 through 15, feedback 
control is used to stabilize both the linearly controllable state y ( K Vl — —10), and 
the bifurcation ( I \ Z1 — —10, and I\ z 2 — —10), which we define as the “Feedback ON” 
case. 

In Figure 9, the value of the parameter is y = —0.1, and the simulation moves 
from an initial condition of z = 0.1 to a steady state value of approximately 2 = —0.16 
at approximately t — 5. Theory predicts that two equilibrium points should exist in 
the uncontrolled dynamics, one at 2 * = —0.158, which is stable, and one at 2 * = 0.158, 
which is unstable. Since our initial condition is between the two equilibrium points, 
the theory predicts that the system should stabilize at z = —0.158, which is borne 
out by the simulation. 
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forward time plot of z 




Figure 9. Simulation: z Dynamics for // = —0.1 (Feedback OFF) 

In Figure 10, the value of the parameter is \x = 0, and the simulation diverges 
from an initial condition of z = 0.1 apparently without limit, reaching a value of 
approximately z = 0.5 by t = 2. Theory predicts that this is the point of bifurcation, 

forward time plot of z 




Figure 10. Simulation: z Dynamics for // = 0 (Feedback OFF) 
and that only one equilibrium point should exist in the uncontrolled dynamics at 
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z* = 0, which is “half-stable”, that is, attractive for z < 0 and repulsive for z > 0. 
Since our initial condition is greater than zero, the theory predicts that z should 
diverge without limit, which is borne out by the simulation. 

In Figure 11, the value of the parameter is /i = 0.1, and the simulation diverges 
from an initial condition of z = 0.1 apparently without limit, reaching a value of 
approximately z — 2.7 by t — 1.5. Theory predicts that no equilibrium points 

forward time plot of z 




Figure 11. Simulation: 2 Dynamics for y = 0.1 (Feedback OFF) 



should exist in the uncontrolled dynamics, and that 2 should diverge to positive 
values without limit, which is borne out by the simulation. 

In Figures 12 through 15, feedback control is used to stabilize both the linearly 
controllable state y (K Vl = —10), and the bifurcation (K Zl — —10, and K z 2 = —10). 
Theory predicts that in this case the closed loop, linearly uncontrollable dynamics 
are given by the equation 

z = y — 3z 3 (VIII. 11 3) 

with a single equilibrium point at 

(VIII. 114) 
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which is stable for all values of fi, and linearly stable for all values of ji ^ 0, with an 
eigenvalue of 

A = -3(|) 5 (VIII. 1 15) 

In Figure 12, the value of the parameter is /i = —0.1, and the simulation 
moves from an initial condition of 2 = 0.1 to a steady state value of approximately 
z = —0.32 at approximately t — 8. Theory predicts that for y = —0.1, the system 

forward time plot of z 




Figure 12. Simulation: z Dynamics for y = —0.1 (Feedback ON) 

should be attracted to a linearly stable equilibrium point at z* = —0.322, with an 
eigenvalue of A — 0.311, which is borne out by the simulation. 

In Figure 13, the value of the parameter is / 1 = 0. From an initial condition of 
z = 0.1, and after an initial transient while y collapses to the center manifold (which 
lasts until approximately t = 0.5), z decreases slowly (algebraically), achieving a value 
of approximately z = 0.07 at t = 20, and apparently continuing to decay. Theory 
predicts that this is the point of bifurcation, and that the system should be attracted 
to a non-linearly stable equilibrium point at z* = 0, with a zero eigenvalue, which is 
borne out by the simulation. 
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forward time plot of z 




Figure 13. Simulation: z Dynamics for \x — 0 (Feedback ON) 

In Figure 14, the value of the parameter is \x — 0.1, and the simulation moves 
from an initial condition of z — 0.1, to a steady state value of approximately z = 0.33 
at approximately t = 5. Theory predicts that for \x — 0.1, the system should be 

forward time plot of z 




Figure 14. Simulation: 2 Dynamics for /i = 0.1 (Feedback ON) 
attracted to a linearly stable equilibrium point at 2 * = 0.322, with an eigenvalue of 
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A = —0.311, which is borne out by the simulation. 

Finally, Figure 15 shows the collapse of the linearly controllable state y to the 
center manifold when stabilizing feedback is applied. The value of the parameter is 

forward time plot of y 




Figure 15. Simulation: y Dynamics for fi = 0 (Feedback ON) 

[L = 0, and from an initial condition of y = 0, the simulation shows that y changes 
very rapidly (exponential decay), such that at t = 0.5, y has effectively collapsed to 
the center manifold at approximately y = —0.11. It then slowly moves back toward 
the origin in algebraic decay. 

In conclusion, this simulation clearly shows the effect of applying the gains 
developed by the general method developed in Chapters II through VII to stabilize 
a saddle-node bifurcation. Figures 9 through 15 show an open loop unstable lin- 
early uncontrollable system stabilized by non-linear control laws as developed in this 
dissertation. 
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B. EXAMPLE 2: THE MOORE GREITZER ENGINE 
COMPRESSOR MODEL 

The Moore- Greitzer mathematical compressor model allows the rotating stall 
dynamics of a turbine engine compressor to be studied. The full Moore-Greitzer 
model consists of a non-linear partial differential equation and a non-linear ordinary 
differential equation. The partial differential equation can be approximated by using 
a Galerkin procedure, resulting in a set of non-linear ordinary differential equations 
for the pressure rise, 'I', annulus averaged mass-flow, and spatial Fourier coeffi- 
cients of the mass flow, A n and B n . In this example, we will consider the four state 
approximation, where only the first spatial harmonic coefficients of the Fourier ex- 
pansion A\ and B\ are included. The four state Moore-Greitzer model of a turbine 
engine compressor is given by the following dynamic system 



ji — 0 



(VIII. 116) 



^4i 
B i 



ot 1 



(*c ($) \b x + + A,Bl) 



<*i 



tA, + (*c (*) - /•) B, + (a]Bi + B*) 



* = r 



*c(i ) - * + 






(x; + b ]) 



¥ = 



4 B 2 l 



[$ - $x (7i ^)] 



(VIII. 117) 

(VIII. 118) 
(VIII. 119) 
(VIII. 120) 



where // is a gas viscosity parameter which models viscous dissipation, and cq, 6 , l c 
and B are system constants. The system is quite complicated, and it gets worse, 
because both the compressor map, and throttle map, $ 7 ( 7 , ty), are non- 

linear functions as well. Note that our control input will come from the throttle 
parameter, 7 , by modulating the compressor bleed valve. We will begin our analysis 
of this system using the general case above, but later simplify the coefficients by 
plugging in more tractable numerical values. 
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1. Analyze the System: Does an Undesirable Bifur- 
cation Occur? 

The four state Moore- Greitzer model is the subject of significant current re- 
search, which has determined that numerous varieties of bifurcations occur at different 
compressor operating conditions. The bifurcation which we will be concerned with 
is the onset of rotating stall as the viscosity parameter, /i, takes on different values. 
This bifurcation is a Hopf bifurcation which occurs in the two states A\ and B\, and is 
characterized by the appearance or disappearance of a limit cycle in these two states. 
As we will see, the Hopf bifurcation can be either supercritical, where a stable limit 
cycle appears, or subcritical, where an unstable limit cycle disappears, forcing a pre- 
viously stable equilibrium point into instability, and destabilizing the whole system. 
Our task in this example will be to calculate state feedback gains for our system which 
“flip” the catastrophic subcritical Hopf bifurcation into a more benign supercritical 
Hopf bifurcation. 

2. Translate the Origin of Coordinates to the Desired 
Equilibrium Point at the Point of Bifurcation 

As before, we need to do three things: first, find the desired equilibrium point 
in terms of the parameter //, and the control input u , where we will define u as we 
progress; second, find the value of the parameter /j, at which the bifurcation occurs 
at that equilibrium point (the point of bifurcation); and third, translate the origin of 
coordinates to this point, renaming all of our variables appropriately. 
a. Find the Equilibrium Points 

Since an equilibrium point is a point where the states of a system will 
not change if you put them there, we need to find a point where all the derivatives 
of our states are zero, i.e. fi = 0, A\ = 0, Bi = 0, 4> = 0, and ^ = 0. The first one 
is easy as always: In our system, /i = 0. Since we are trying to stabilize our system 
against rotating stall, we would like to find an equilibrium point where A\ = 0 and 
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B\ — 0 as well. Our equilibrium set is given by the equations 



(*o (*•>-/<) + 



*c (*•) ^ 


; 3 + a-,b?) 


= 0 


(VIII. 121) 


*c (*•) ^ 


; 2 b; + b; 3 ) 


= 0 


(VIII. 122) 


, «£(**) 
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(a; 1 + b; 2 ) 


= 0 


(VIII. 123) 


4>* - 


- 4>r (7*, 'k* ) 


= 0 


(VIII. 124) 



and we notice that if both = 0 and B j = 0, then the first two equations are 
automatically satisfied, and the third equation is greatly simplified. Now in Chapter 
II we learned that often one of the components of the equilibrium state vector would 
be a free variable, and that one of the components of the equilibrium equation would 
allow us to find the trim value of the control input, u*. (Note that, aside from knowing 
that the control input u will somehow come from the throttle setting, 7, we still do 
not know what form it will have.) So, plugging in A\ = 0 and B\ = 0, and rearranging 
a little bit, the portion of the equilibrium set we are interested in is given by 



A* = 0 (VIII. 125) 

B * - 0 (VIII. 126) 

4T = 'I'c (<*>*) (VIII. 127) 



<&* - 4> r (7*, 'I'c ($*)) = 0 



(VIII. 128) 



where we have plugged in for ty* in the fourth equation to make it obvious that is 
the component of the equilibrium state vector which we have chosen as a free variable. 
Now it is time to bite the bullet and look at the equations for the compressor map, 
'I'c ($), and throttle map, 'kj (7, 'I'). The compressor map is given by 



»M$) = y Co + 'k Cl <k + 'kc 2 $ 2 + ^c 3 $ 3 + 0< 4+ ) (VIII. 129) 



with 



$c($) = 'I'c, + 2'kc 2 ^> + 3^3 $ 2 + 0 (3+) (VIII. 130) 
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*!/"($) = 2^ C2 + 6fl'c 3 <f> + 0 (2+) (VIII. 131) 

<!(<f>) = 6^03 + 0 (1+) (VIII. 132) 

where the coefficients are typically obtained by a third order curve fit to empirical 
measurements, and the throttle map is given by 

$ t ( 7 ,vIa) = 7V /^ (VIII. 133) 



where 7, the throttle parameter, is proportional to the effective area that the air 
pressurized by the compressor has to flow through. So, we see that if we can open a 
bleed valve on the high pressure side of the compressor, we can change the effective 
area of the flow, and affect 7. 

Now we are ready to take the final step. By plugging our compres- 
sor map and throttle map formulas into our equilibrium set equations, we find our 
equilibrium throttle setting, 7*, and our equilibrium pressure rise, fl'*, as functions of 
our equilibrium mass flow rate, 4 >’, which is a free variable. (In actuality of course, 
the throttle and other engine controls are what are varied as needed to achieve the 
desired mass flow, which we are treating here as a free variable.) So, with 4 >* as our 
free parameter, our equilibrium set of interest is 



.4; = 0 



(VIII. 134) 



B ; = 0 (VIII. 135) 

vl/* = vl/ c (4>* ) = fl'co + <*>' + 'kc ^* 2 + ^ 03 <h * 3 -f 0 (4+) (VIII. 136) 



and our trim control input is 

4 >* 



4 >* 



7 = 



(VIII. 137) 



y/VciQ*) \Akco + + 4^3 $* 3 + 0< 4+ ) 

How do we choose $*? We use engineering judgement. We want our 
compressor to produce a pressure rise, so let’s pick the point of maximum pressure 
rise. For example, for the specific compressor map we will be considering later 

vl/ c (4>) = -1 + 3<h - 4 > 3 + 0 (4+) (VIII. 138) 
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the maximum equilibrium pressure rise is ^* nax = 1, which occurs at an equilibrium 
flow rate of $>* = 1, as shown in Figure 16. So, having chosen our equilibrium point, 



Compressor Map 




Figure 16. Compressor Map: \F c (4>) = — 1 + 3<F — <F 3 



we can move on to the next step. 

b. Find the Point of Bifurcation 

A bifurcation point is the value of a parameter at an equilibrium point 
where the dynamics of the system change qualitatively. The qualitative change could 
be any of a number of possible conditions, including a change in the number of 
equilibrium points, a change in the stability of an equilibrium point, the creation or 
destruction of limit cycles, etc. A quick check reveals that our equilibrium set of 
interest, equations VIII. 134, VIII. 135 and VIII. 136, do not depend on the parameter 
/i, and so changes in the value of the parameter cannot force a change in the number 
of equilibrium points. To check for changes in the stability of an equilibrium point, 
we need to linearize our system around the equilibrium point of interest and check 
for values of the parameter which cause the real part of any eigenvalue or eigenvalues 
to become zero. Linearizing by taking the Jacobian of equations VIII. 117, VIII. 11 8, 
VIII. 119 and VIII. 120 evaluated at the equilibrium point A\ = 0, B\ — 0, *F* = 
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'I'c ($*) and 4> = $>’, we get 

' a, (*c (**)-/<) -t 1 o o' 

^ a, (*;, (*•) - ,,) o o 

O O Sip =1 

‘C *C 

O 0 3,k nkr^OM*-))’*] 

(VIII.139) 

where J is the Jacobian of our system evaluated at the equilibrium point. Since 
the matrix J is block diagonal, we can evaluate the eigenvalues of the entire matrix 
by evaluating the eigenvalues of the individual blocks, and only the upper left block 
depends on the parameter g. The characteristic equation of the upper left block is 

(A-ai (*c(**) — M)) 2 +(y) =0 (VIII. 140) 

which shows that the eigenvalues A are purely imaginary (and therefore have zero real 
parts) when /j, — ($*). So, we pick 

p* = \V' C ($•) (VIII. 141) 



as the point of bifurcation. 

c. Translate the Origin of Coordinates 

Now we need to translate the origin of coordinates of our system to the 
equilibrium point at the point of bifurcation. We start by restating the equations of 
our control system, (VIII. 116) through (VIII. 120), in fully written out form as 



Ai = 0 



(VIII. 142) 



A x = a, ('I'c, +2'kc 2 ^ + 3^c 3 4) 2 + 0 (3+) -p)yl 1 (VIII.143) 
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Bx = -j-Ax +&x ('kc. +2^c 2 <I> + 3'I' C 73 < I )2 + 0 (3+) - g) Bx (VIII.144) 
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4> = + + + + (VIII. 145) 



+ 



(24 >c 2 + Wc 3 <S> + 0^) 



4/, 



{a\ + Bf) 



4 > = 




(VIII. 146) 



where we have plugged in equations VIII. 129 through VIII. 133 for the compressor 
map and the throttle map. Defining our new translated variables in terms of the old 
variables gives 
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(VIII. 147) 
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x 2 = Bi- b; = B l 


(VIII. 149) 




X 3 = 4> - 4>* 


(VIII. 150) 




x 4 = 4> - 4/* = 4/ _ 4/ c (4>*) 


(VIII. 151) 




4>* 

u = 7 7=7 

\TM**) 


(VIII. 152) 


which we can plug into equations VIII. 142 through VIII. 146 after rearranging to get 




Ji- 

ll 
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(VIII. 153) 
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= - — x 2 + an 4^ (4>*) X1X3 


(VIII. 154) 




+ (4>*) (xj + x x x\ + 4x^x1) + 0 (4+) 




x 2 


= - a 1 // 1 x 2 + (<J> )x 2 ^3 


(VIII. 155) 




+ Y4^(<r) (xlx 2 + x 3 2 + 4x 2 xl) + o (4+) 
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(VIII. 156) 
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12 j ( 3272:3 + 3x 2 x 3 + 2x|) + 0 (4+) 
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x 4 = 



AB 2 l, 



1 $ 

x 3 + 



4£ 2 L 



I- 1 /I + 



X4 



<M$*) 

where we have used the definitions 



(VIII. 157) 



tfc (<*>*) = ^ Co + 'I' Ci 4>* + 'Pc 2 ^>* 2 + 'I , C 3^* 3 + 0 (4+) (VIII. 158) 

*c($*) = y Ci + 2tf C2 $* + 3tfc 3 ** 2 + 0 (3+) (VIII. 159) 

*" (<!>*) = 2^c 2 + 6 ^^^* +0 (2+) (VIII. 160) 

<!»"' ($*) = 6^3 + 0 (1+ > (VIII. 161) 

Equations VIII. 1 53 through VIII. 157 are our equations of motion around the equilib- 
rium point of interest at the point of bifurcation. 

3. Put the System into Linear Normal Form 

Next, we apply the techniques of Chapter III to put the system given by 

equations VIII. 153 through VIII. 157 into linear normal form. We do this by expanding 

our system in a multivariable Taylor series around the origin, including all terms 

through third order and performing a linear similarity transformation with applied 

linear state feedback, to put the linear terms of the system into Jordan-Brunovsky 

canonical form. We start with the Taylor series expansion. 

a. Taylor Series Expansion Around the Origin 
Looking at the system given by equations VIII.153 through VIII. 157, 
we see that all of the equations are already in Taylor series expansion form except for 
equation VIII. 157. Equation VIII. 157 has a Taylor series expansion of the form 
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We can further break out our Taylor series expansion by putting our set of system 
equations into vector matrix form in the linear terms, as follows 
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(VIII. 163) 



u 



where the notation f^ 2+ ^ (x,/ii) and (x,/xi) denotes functions of of order 2 and 
higher and 1 and higher, respectively. These functions are given by 



/ (2+) (*,/i i) 



and 
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(VIII. 164) 
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This completes our Taylor series expansion. 
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b. Linear Similarity Transformation and Linear State Feedback 
Now lets look at the linear terms of our system. Counting the parameter 
Hi, we have five states, so we have to produce a similarity transformation for a 
5x5 matrix. Since in general finding a similarity transformation requires finding 
the eigenvalues and eigenvectors of a matrix, we rapidly run into trouble trying to 
complete this process symbolically. Instead, we will proceed numerically, picking 
values for the system constants di, 6, / c , and 5, and picking a specific compressor 
map function, \k< 7 (<f>*). (Note that in this particular case, since our 5x5 matrix is 
block diagonal, we could have proceeded symbolically, since we only had to transform 
two 2x2 matrices. However, since we are trying to illustrate a general procedure, we 
proceed numerically since that is the general case.) For our system, we pick 



which gives 
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^ = ^ max ^ 1 

($*) = 1 
= 0 

*£(*•) = -e 



(VIII. 166) 
(VIII. 167) 
(VIII. 168) 

(VIII. 169) 
(VIII. 170) 



(VIII. 171) 
(VIII. 172) 
(VIII. 173) 
(VIII. 174) 
(VIII. 175) 
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Now we can plug these values into our system equations and get 

0 0 0 0 0 

0 0-10 0 



- 




A 1 




X 1 




X* 


= 


is 




1 

•H 

1 





0 1 
0 0 



0 0 0 
0 0-2 



0 0 0 2 -1 









0 




Xi 




0 




X 2 


+ 


0 




X 3 




0 




X4 




-2 



u + / (2+) (x, fi t ) + g {1+) (x, gi) 



u 



(VIII. 176) 



with 



/ (2+) (z,/*i) = 



— //jXi — 6xj x 3 — | (Xj + x\x\ + 4x1X3) 
-g\X 2 - 6x 2 x 3 - | (Xj X2 + x\ + 4x2X3) 
—3 (xf + Xj + 2x|) — ( 3 xjX 3 + 3x3X3 + 2X3) 



1 ~2 



1 



and 



9 (1+) (x,m) = 



4X4 8 X 4 



0 

0 

0 

0 

+ \x\ ~ \x\ 



+ 0 (4+) (VIII. 177) 



+ 0 (4+) 



(VIII. 178) 



So, using the Jordan-Brunovsky Canonical Form theorem from Chapter III, we can 
apply a similarity transformation 



Fi 

x 



= T 



9i 
Si 
z 2 
y 1 

2/2 



(VIII. 179) 



and a linear state feedback 



T T 

u = u — a — a 



V 1 
2/2 



(VIII. 180) 
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where the matrices T and T 1 are given by 



T = 



1 0 0 0 0 

0 10 0 0 

0 0 10 0 

0 0 0 4 0 

0000-2 



and 



T ~ 1 = 



10 0 0 

0 10 0 

0 0 10 

0 0 0 \ 

4 



0 

0 

0 

0 



0 0 0 0 

(Note that, in general, finding the transformation matrix T may be a 
cess.) So, making the transformation, we have 



and 



Ml 




Mi 




Mi 






h 




z 1 


X 2 


= T 


■^2 


= 


Z2 






y i 




4yi 


X 4 




*5* 

io 

L 




-2y 2 



" 




" 




- 


Mi 




Mi 




Mi 


5i 




Xi 




Xi 


22 


= T" 1 


x 2 


= 


x 2 


Mi 




^3 




H 

CO 


M2 




x 4 




~\ x 4 



(VIII. 181) 



(VIII. 182) 



involved pro- 



(VIII. 183) 



(VIII. 184) 
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which we plug into equation VIII. 176 to get 



A i 








h 


= 


y i 




2/2 





0 0 0 0 0 

0 0-10 0 
0 10 0 0 
0 0 0 0 1 

0 0 0 -4 -1 





y\ 




0 




Z\ 




0 




h 


+ 


0 




2/i 




0 




2/2 




1 



u + 0 (2+) 



This gives 



« T = [0] 

-4 -1 

which lets us calculate the linear state feedback as 



r 

a = 



u = u + 4£i + y 2 



From Chapter III we have 



/ (2) (/ii,i,y) = 



FHnuW) = 









/*i 






= T" 1 


/ (2) 


T 


z 










( 


y 

yi 


\ 




_ T _i 


<7 (1) 


T 


z 










\ 


y 


) 


- 








th 


\ 




= T~ l 


/ (3) 


T 


z 










( 


i | 

1 i_ 


J 

\ 




- T _i 


</ (2) 


T 


z 










V 


y 


) 





(a T Hi + a T y ) 



(of T //, + a r y) 



(VIII. 185) 



(VIII. 186) 
(VIII. 187) 

(VIII. 188) 
(VIII. 189) 



(VIII. 190) 
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and 



II 

1 


9 {1) 


T 


Mi 

z 


\ 










y 


) 




7 

h 

II 

3 

cT 


9 {2) 


f 

T 


Mi 

z 


\ 










y 


) 





So, plugging in VIII. 183, VIII. 184, VIII. 177 and VIII. 178 we get 



/ (2) (AH ,*1,22,2/1,2/2) 



0 

~Mih ~ 24zi Hi 



-Hih ~ 24z 2 yi 
— |^i — 4^2 — 24^i 

-4yiy 2 - fyl 



and 



/ (3 > (/*. ,2i,i 2 ,yi,^2) 



0 

-|53-|iii2- 485^2 

-1^2-1^-4852^ 
-32^1 - 3i|yi - 32i/j 

-2yiy| - ^ 



<7 (I) (Mi,2i,5 2 ,yi,y 2 ) = 



0 

0 

0 

0 

-fa 



(VIII. 191) 



(VIII. 192) 



(VIII. 193) 



(VIII. 194) 



(VIII. 195) 
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0 



~g (2) (mi, 21,22,2/1,3/2) 



0 

0 

0 



which produces our system in linear normal form, 



(VIII. 196 ) 



Ml 




0 0 0 0 0 




Ml 




0 


Z\ 




0 0-100 




2 l 




0 


22 


r= 


0 10 0 0 




22 


+ 


0 


2/1 




0 0 0 0 1 




2/1 




0 


1 

<N 




0 0 0 0 0 




fa 




1 



+ / (2) (mi , j/i , fa) + g (A) 0 *i , , z 2 , yi,fa)u 



(VIII. 197 ) 



+ / (3) (Mi ,zi,S 2 ,fa,fa) + g (2) (gi,S u z 2 ,y 1 ,y 2 )u + 0 (4+) 



where the terms / (2) (mi, 21,22,2/1,2/2), / (3) (g x , z u z 2 ,y u y 2 ), g < 1} (g u z^z 2 ,y u y 2 ) and 
(pi, zi, z 2 , fa, fa) are defined above. 



4. Put the System into Quadratic Normal Form 



Examining equation VIII. 197 , the techniques of Chapter IV do not apply, 
since, although the system is not linearly unstable, the states Z\ and z 2 are not linearly 
stabilizable. So, we move on and apply the techniques of Chapter V to put the system 
into quadratic normal form. We apply a quadratic coordinate transformation of the 
form 



M 




M 


21 




21 


22 


= 


22 


y 1 




2/1 


. ^ 2 - 




. 2/2 . 



+ /> (2) (m i ,21,22,2/1,2/2) 



(VIII. 198 ) 



285 



where H 6 /? 5x15 is a matrix of coefficients of the block form 



H - 



H au 


Ham 


n ac 


Hyu 


Hym 


Hyc 



with the blocks given by 



H au = 






hu 


h \ 2 


Ai 3 




h\ b 


hi 6 


h 2i 




/»2 3 


h 2 4 


h 2 S 


^2 6 


^3i 


h 3 2 


h-3 3 


^3 4 


^3 5 


^3 6 


l l7 


^i 8 


^9 




^lll 


^ll2 


l 2 7 


^2 g 


/l2 9 


^210 


^2u 


^2,2 


*3 7 


^3g 


^3 9 


^310 


/i3„ 


^3 12 



H ac = 



1 13 


*1h 


^115 


'213 


^2 14 


^■2i5 


3i3 


^3 14 


^■3i5 



Hyu = 



H ym — 



^4i 


h/±2 


K* 


h 4i 


^4 5 


^4e 


^5i 


h 2 


h$ 3 


h 5 4 


^5 S 


^5 6 


/>4 7 


his 


h^ s 


^4io 


^4n 


^4i2 



(VIII. 199) 



(VIII. 200) 



(VIII. 201) 



(VIII. 202) 



(VIII. 203) 



^57 ^5g ^5jo ^"5 j 2 



(VIII. 204) 



(VIII. 205) 



Hyc = 



^4i3 ^4i4 ^4i5 

h 5* 1 ^ h 



l 5 13 "5 14 ^5is 

We wish to determine the coefficients h Zj which will transform our system into quadratic 
normal form. The quadratic terms of our system in linear normal form are given by 



/ (2) 2 / 1 , 2 / 2 ) = 



0 

-/ti-zi - 24^13/! 
-/Xl^2 - 24221/1 



— H-H-24J,? 

3 2 



41 4 

— 43 / 13/2 - f ?/2 



= Q 



Mi 



Mi 2 

2< 2 ) 

Miyi 

2j/i 

Miy2 

^ 2/2 



y 



( 2 ) 



where Q €: R 5x15 is a matrix of coefficients given by 



Q = 



00 0 0000 

0-10 0000 

00-10000 
00 0 -f 0 -f 0 

00 0 0000 



0 

-24 

0 

0 

0 



0 0 0 0 
0 0 0 0 
-24 0 0 0 
0 0 0 0 
0 0 0 0 



which can be broken down into block form as 



Q = 



Qau Qcrm Qcc 
Qyu Q ym Q yc 



0 

0 

0 



0 

0 

0 



-24 0 



(VIII. 206) 



0 

0 

0 

0 



0 -4 -| 



(VIII. 207) 



(VIII. 208) 
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with 



Also 



Qau — 



0 0 0 0 0 0 
0-1 0 000 
0 0 -1000 



Qo 



0 0 0 0 0 0 

0 -24 0 0 0 0 

0 0 -24 0 0 0 




0 0 0 
0 0 0 
0 0 0 



0 0 0 0 -f 

4 4 

0 0 0 0 0 0 




0 0 0 0 0 0 
0 0 0 0 0 0 




-24 0 0 

0 -4 -| 



<7 (1) (/*i 



0 

0 

0 

0 

- 2/2 



= G 



z\ 

z 2 



2/1 

2/2 



(VIII. 209) 
(VIII. 210) 

(VIII. 211) 

(VIII. 212) 
(VIII. 213) 
(VIII. 214) 

(VIII. 215) 
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where G € R 5x5 is a matrix of coefficients given by 



G = 



0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0000-1 



which can be broken down in block form as 



G = 



G n u G n 



Gy U G yC 



with 



Gau — 



G ac = 



Gyu — 



0 0 0 
0 0 0 
0 0 0 

0 0 
0 0 
0 0 

0 0 0 
0 0 0 



Gyc — 



(VIII. 216) 



(VIII. 217) 



(VIII. 218) 



(VIII. 219) 



(VIII. 220) 



(VIII. 221) 



0 0 

0 -1 

Using the five quadratic normal form theorems in Chapter V and the Poincare normal 
form for a Hopf bifurcation from Appendix D, we can write our quadratic terms in 
normal form as 



; (2) (ai ,zi,z2,yi,y2) 



(VIII. 222) 
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0 



= 0 



CXl/J-lZl — U1H1Z2 + <?27/il2/l + 928-^1 yi + 929 z 2Ui + <72132/l + <l2\h))\ 
UlfllZl + OL\H\Z2 + <737/1 1 3/1 + ? 382 lJ/l + <739222/1 + Q 313 Vi + 93152/-2 

0 

fl 2) (/*!, 2l,22,2/l 5 2/2) 



A»? 



7<l2 

2 (2) 

j^iZ/i 

21/1 

v-\y2 



22/2 

(2) 



y 



where Q € /? 5x15 is a matrix of coefficients given by 





0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 




0 


021 


-U! 


0 


0 


0 


927 


to 

00 


929 


0 


0 


0 


9213 


0 


9215 


Q = 


0 


CJl 


a 1 


0 


0 


0 


937 


00 


939 


0 


0 


0 


9313 


0 


9315 




0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 




_ Qi/i 


Qu2 


9*3 


Qi/4 


<7 *5 


9*6 


9*7 


9*8 


9*9 


9*io 


9*11 


9*12 


9*13 


Qu 14 


9*15 . 



(VIII. 223) 

with orj, uii and < 7 ,y coefficients to be determined, and which can be broken down into 



block form as 




Q <ju 

Qyu 



Q am 

Qym 



Qac 

Qyc 



(VIII. 224) 



where 



Q <ju 



00 0000 

0 a! -u x 0 0 0 

0 u>\ c*i 0 0 0 



(VIII. 225) 
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0 0 0 0 0 0 



Also 



Q 



am 



</27 </28 929 0 0 0 

937 938 939 0 0 0 



Qac 



0 0 0 
9213 0 9215 

9313 0 9315 



Q 



yu 



0 0 0 0 0 0 
Qv 1 Qv 2 9^3 9^4 Qv6 



Q 



ym 



oooo o o 

9t/7 9i/8 9t/9 9^io <Mi 9^12 



0 



2/c — 



0 0 0 

<7*/13 Qi/14 9^15 



(VIII. 226) 

(VIII. 227) 

(VIII.228) 
(VIII. 229) 
(VIII. 230) 



9 (1) (^1,21,22,7/1,92) 



0 

0 

0 

0 

9 { J ] (^1,21,22,7/1,7/2) 



9 



2l 



= G 



22 



7/i 

7/2 



(VIII. 231) 
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where G £ R 5x5 is a matrix of coefficients given by 



G = 



0 

0 

0 

0 



0 

0 

0 



0 

0 

0 



0 0 



0 

0 

0 

0 



0 

0 

0 

0 



9v 1 3 9v4 9 v 5 

which can be broken down in block form as 

G = 

with 

G au = 



Gan ~ 



an 


Gac 


yu 


G yc 


0 


0 0 


0 


0 0 


0 


0 0 


0 


0 


0 


0 


0 


0 



G yn 



Gy C ~ 



(VIII. 232) 



(VIII. 233) 



(VIII. 234) 



(VIII. 235) 



(VIII. 236) 



(VIII. 237) 



0 0 0 
9u\ 9v 2 9v3 

0 0 

9v4 9v 5 

We now have block decompositions for the matrices H , Q, G, Q and G. From 
the Separation Principle theorem and “Constraints on H from g(x)” lemma in Chapter 
V, we can determine the matrices //, Q and G given the matrices Q and G, by solving 
the block matrix equations 



Hy C Dc AHy C Qyc Q yc 

Rym Dm -1 Rym — Q ym Q ym 



(VIII. 238) 
(VIII. 239) 
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Hy U D C ~ AHy U 

Q yu Qyu 

H ac D c — F c H ac — Q ac — Q ac 

Ha m D m F a H am = Qcrm Qc n 
F au D < 7 FgHau — Qau Qcru 
subject to the constraints of the block matrix equations 

HycD By — Gy C Gyc 
HyrnDg^ Gy U Gy U 

F u C D — G ac G ac 

Ham D g — G ou G ou 



(VIII. 240) 
(VIII. 241) 
(VIII. 242) 
(VIII. 243) 

(VIII. 244) 

(VIII. 245) 
(VIII. 246) 
(VIII. 247) 



For this problem, the matrices A, F a , D c , D m , D a , Ds y and Db„ are given by 



A = 



F e — 



D c = 



0 1 

0 0 

0 0 0 

0 0-1 
0 1 0 

0 2 0 

0 0 1 

0 0 0 



(VIII. 248) 



(VIII. 249) 



(VIII. 250) 



D m = 



0 0 0 1 0 0 

00-101 0 
0 1 0 0 0 1 

0 0 0 0 0 0 

0 0 0 0 0 -1 

0 0 0 0 1 0 



(VIII. 251) 
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0 0 0 0 0 0 

0 0 -1 0 0 0 

0 1 0 0 0 0 

0 0 0 0 -2 0 

0 0 0 1 0 -1 

0 0 0 0 2 0 



D 



By 



0 0 
1 0 
0 2 



(VIII. 252) 



(VIII. 253) 



Db.= 



0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 



(VIII. 254) 



where we have used the definitions given in Appendix A and plugged in u>o = 1. Now, 



using the Unstacking Theorem in Chapter V and the method of Appendix B, we can 
rewrite equations VIII. 238 and VIII. 244 in block form as 



' Dl 


-1 




1 

1 




<o< 

i 




0 


0 


1 

Si o 




. . 




i 

CN 

<Q> 
1 




Q T 

L ^yc2 J 



Dl, 


0 












0 


0 


1 

3) 

S.0Q 

Q 




. . 




. ^2 . 




. . 



which has the solution 



H 



yc 



0 0 0 

24 0 0 



(VIII. 255) 



(VIII. 256) 



(VIII. 257) 




0 0 0 

0 -52 -| 



(VIII. 258) 
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0 0 

0 -1 



(VIII. 259) 



where the problem was underdetermined, and where we chose the coefficient h 4l3 as 
a free variable, which we set to zero, and where the bottom row of Q yc and G yc will 
be removed by state feedback after the coordinate transformation is complete. In like 
fashion, we can rewrite equations VIII. 239 and VIII. 245 in block form as 



Dl -/ 

0 Dl 



h t 

11 yin I 

jtT 

11 yrn 2 



Q T 

yni\ 

Q T 

z ym 2 



Q T 



DL 



0 

°B. 





Hln 




' G\ 






ymi 





yn 1 







h t 

11 yni 2 




. &V* 2 . 





ym 2 



r>r 

2 



(VIII. 260) 



(VIII. 261) 



which has the trivial solution 



2/771 



Qym — 



0 0 0 0 0 0 
0 0 0 0 0 0 

0 0 0 0 0 0 
0 0 0 0 0 0 



G yu 



0 0 0 
0 0 0 



(VIII. 262) 



(VIII. 263) 



(VIII. 264) 



since both Q ym — 0 and G yu = 0. Continuing, we rewrite equation VI 11.240 in block 
form as 

n T -r 1 \ u T 1 \ nT 1 I" n 

(VIII. 265) 



(VIII. 266) 



Dl 


-I 




h t 

n yui 




i 




0 


0 


1 

Q 




. . 




<N 

•O* 




. Q T yu 2 . 



which has the solution 



Hy U 



Qyu — 



0 0 0 0 0 0 

0 0 0 f 0 f 

4 4 



0 0 0 0 0 0 
0 0 0 0 0 0 



(VIII. 267) 
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where we note that Q yu — 0 because of a coincidental cancellation of non-zero terms, 
rather than for any fundamental reason. Continuing, we rewrite equations VIII. 241 
and VIII. 246 in block form as 



DJ 

0 

0 



D 



By 

0 

0 



0 0 
DJ I 
-I DJ 

0 0 

Dl u ^ 





Hi, 




1 

J 




i 

i 




H, l. 


~ 


Ql 2 


— 


ql 2 








. . 




. . 


r 




r 




r 



(VIII. 268) 



0 



D k 









i 

2^ 




0 




HJ C2 


= 


G T OC2 


— 


0 




Hj e 3 




_ &lc 3 _ 




0 



(VIII. 269) 



which has the trivial solution 



H ac = 



Qcrc 



G ac = 



0 0 0 
0 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 0 

0 0 
0 0 
0 0 



(VIII. 270) 



(VIII. 271) 



(VIII. 272) 



since both Q ac = 0 and G ac = 0. Continuing, we rewrite equations VIII. 242 and 
VIII. 247 in block form as 



D T m 0 0 

0 Dl I 
0 -I Dl 





ttT 

** <777li 




1 

o. 

r 




i 




H T 

(77712 


= 


Q T 

V <77712 


— 


ol 2 




H Im 

<77713 




Q ami, 




Q <77713 


1 r 




r 




r 



(VIII. 273) 



d b. 

0 

0 



0 

Dl. 

0 



0 

0 

Dl. 





h t 

n <rm\ 




1 

O 

| S 




0 




H T 

<77712 




gL 2 


— 


0 




H T 

<77713 




i 

O 

CO 




0 



(VIII. 274) 
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which has the solution 



Derm — 



Qam — 



0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 -24 0 0 0 0 

0 0 -24 0 0 0 



(VIII. 275) 



(VIII. 276) 



0 0 0 

Gau= 0 0 0 (VIII. 277) 

0 0 0 

where G au — 0 by the “Constraints on H from g(x)” lemma in Chapter V, and where 
Ham = 0 by the fact that Q cm was already in the proper normal form required for 
Qam- Finally, we rewrite equation VIII. 243 in block form as 



Dl 0 



0 Dl 



0 

I 

-I Dl 









0 T 

cru\ 




0 T 






= 


to 


— 


ql 2 








. . 




. . 



(VIII. 278) 



which has the solution 



D <ju 



0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 



(VIII. 279) 



0 0 0 0 0 0 

Qau = 0 -1 0 0 0 0 (VIII. 280) 

0 0 -1000 

where H au = 0 by the fact that Q au was already in the proper normal form for Q au - 
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Now let’s recap the entire quadratic coordinate transformation, 
six pieces together, we have 



Putting all 



h m (,«, , -1,^2, 2/1, yi ) 





H cm 


H ac 


Hyu 


H ym 


Hyc 



fllZ 
2 ( 2 ) 
/^iyi 
zy i 
y\V2 
zy 2 

y (2) 



(VIII. 281) 



0 

0 

= 0 

0 I 

. \z\ + I A + 24y 2 

The feedback law required to complete the transformation to quadratic normal form 
is found using the Non-Linear Feedback theorem in Chapter V. The feedback is given 
by the formula 



U-V- g { J ] (y l ,Zi,z 2 ,y u y 2 )v - /< 2) z lt z 2 ,y u y 2 ) (VIII.282) 

where (yi, z\, z 2 ,y\, y 2 ) is the bottom row of (//i, z x , z 2 , j/i, y 2 ), which can be 
calculated from Q, and g J, 1 ) (/<i, z x , z 2 , yi,y 2 ) is the bottom row of gW (/i X , Zi, z 2 , j/i, y 2 ), 
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which can be calculated from G. So, we calculate 



/ (2) (/*i, z\ ,z 2 ,yi, yi) = 



Qctu Qcrm Qac 
Qyu Qym Qyc 



0 

~H\Z] - 2Az l y- l 
-yiz 2 - 2Az 2 y\ 
0 

—527/12/2 - §J/2 



and 



g (1) (y u z 1 ,z 2 ,y u y 2 ) = 



Gvu Gtxc 



Gf yu G yc 



which gives 



0 

0 

0 

0 

-S/2 



fl 2) {fj-it z \t z 2 i y\i 2 / 2 ) = — 522 / 12/2 - 






/Xl2r 

z (2) 

yiyi 

zyi 

ym 

zyi 

(2) 



y 



Z 1 

-22 

s/1 

V2 



(VIII. 283) 



(VIII. 284) 



(VIII. 285) 
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gi'Hvuzu^yuyi) = -y* 



(VIII. 286) 



which gives our feedback law as 



u — v + y2 v + 52i/x?/2 + 2^2 (VIII. 287) 

Now with the quadratic coordinate change and non-linear state feedback law 
calculated, we can calculate the transformed cubic order terms. The cubic order 
terms are given by the equations 



/i 3) (^1,21,22,3/1,2/2) = 



ai 2) (/*i, 21 , 22 , 2 / 1 , 2 / 2 ) = 





0 


0 


0 


0 


0 




0 


1 


0 


0 


0 


= 


0 


0 


1 


0 


0 




0 


0 


0 


0 


0 




0 


0 


0 


0 


0 




0 


0 


0 


0 


0 




0 


1 


0 


0 


0 




0 


0 


1 


0 


0 




0 


0 


0 


0 


0 




0 


0 


0 


0 


0 



(f l3) (X) ~ 9 {1) (X) fl 2) (X)) (VIII. 288) 



(^ 2) (X)-^ (1) (X)^ 1) (X)) (VIII.289) 



where 



S w (x) /J 2) (x) = 



0 

0 

0 

0 

-y 2 



(-52^2-^) (VIII. 290) 



0 

0 

0 

0 

52yiy| + \y\ 
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and where 



P' (x) = Z (3) (x) - JV <2 > (x) t m (x) 

The term (x) is given by 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 \z\ §22 48 y x 0 

so 

0 



d_ 

dx 



h { 2 ) (x) = 



^/i (2) (x)/ (2) (x) 



0 

0 

0 

-\n\z\ - §Mi z\ - 36^yi - 36 2 2 y x 



The term / ^ (x) is defined by the relation 



/' 3| (x) + 0« + > = /< 3 ’ (x) + (/<’> (x + A' 2 ' (x)) - Z ,2) M) 



where 



and where 



X + h {2) (x) 



Mi 

z i 

Z 2 
Ml 

y-2 + H + H + 241 /? 



/ (2) (Mi , 2 i» 2 2 ,yi,y 2 ) 



0 

— Mi z i ~ 24^1 yi 
-Mi^ - 24 z 2 Mi 

— f 2 i — f^i ~ 24y? 
4yi y 2 - \y\ 



(VIII. 291) 



(VIII. 292) 



(VIII. 293) 



(VIII. 294) 



(VIII. 295) 



(VIII. 296) 
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So 



; (2) (x + ^ (2) (x)) 



(VIII. 297) 



0 

~Mi zi - 24z 1 y 1 

-yiz 2 - 242 2 J/i 

-;*i 2 -;*2-24y? 



— 4j/i ( 1/2 + f^i + f ~2 + 24y 2 ) — f ( 2/2 + + \z\ + 24j/j ^ 



and 



/ (3) (Mi> 21,22,3/1^2) = 



-H-f2l2 2 2 - 482 iyi 2 
-|2 2 22-!2 2 3 - 482 2 y 2 
-32iJ/i - 32 2 ?/i - 32yf 
-2j/ij/ 2 - J/f 



(VIII. 298) 



So, we have 

/ (3) (X) + o (4+) 



(VIII. 299) 



+ 



0 

-fz? - | 2 i 2 f “ 48zij/f 
-fz 2 z 2 -fz 3 -48z 2 y 2 
-3z 2 t/i - 3z|t/i - 32y? 

— 2 i/i 2 /| - yf 

0 
0 
0 
0 

— 4yi (y 2 + f 2 i + 1-2 + 24yi) - I (y 2 + \z\ + f 2 2 + 24y?) 2 + 4y!y 2 + \y\ 

0 

“I 2 f “ f 2 i 2 I - 48zi y\ 

“| 2 i 2 2 - |z 2 -48z 2 y? 

3z 2 yi 3z|yi 32 y 3 

_ -2yiy 2 - y\ - 4yi (y 2 + \z\ + \z\ + 24 y\) - I (y 2 + fz? + f zf + 24t/?) 2 + 4y^ 2 + \y\ 
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which gives 



/j 3) (A»i,zi,Z2,yi,y2) = 



-\z\-\z x z\-^z x y\ 

-\z\z 2 -\zl-^z 2 y\ 



Now look at 



gi 2) {^z u z 2 ,y u y 2 ) = 
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0 


0 


0 


0 


0 
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0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 



where 



g (l) (x) 9 { J ] (x) = 



and 



^ (x) ~ 9 (l) ix) 9 ( J ] (x) = 



(& 2) (x)-£ (1) (x)s'l 1 ) (x)) 



0 

0 

0 

0 

-!fe 
0 
0 
0 
0 



vl 



(-2/2) 



0 

0 

0 

0 

-K - \ z \ - 24 y\ - §y| 
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303 



So 



g (2) (fH,Zi,Z2,yi,y 2 ) = 



0 

0 



(VIII. 304) 



The quadratic normal form of our version of the four state Moore- Greitzer 
compressor model is 

(lx = 0 (VIII. 305) 



where 



^1 




0 


-1 




z \ 


^2 




1 


0 




z 2 



(VIII. 306) 



+ Qz P , 



h\ 



fl l Z 1 
Hi z 2 
1 

z l z 2 



+ Qz mi 



HiVi 

ziVi 

z 2Vl 



+ Qz 



y 2 
y\ 



+ /i 3 * (Hi , z ii z 2i 2 /i, 2/2) + g[ 2 ^ (hi i z ii z 2i 2 /i, 2/2) v + 0 



y 1 

2/2 



0 1 
0 0 



2/1 

2/2 



— 



+ 



0 

1 



v + Q 



l lc 



2/l 

y\ 



0-1 0 000 
0 0 -1000 



+ 0 (3+) (VIII. 307) 



(VIII. 308) 






0 -24 0 

0 0 -24 



Qz c = 



0 0 
0 0 



(VIII. 309) 



(VIII. 310) 



Qy c 



0 0 
0 0 



(VIII. 311) 
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/i 3) (Mi, 2 i, 22,2/1,2/2) = 



(VIII. 312) 



-\z\z 2 -\z\-^z 2 y\ 



di 2) (/^l, -2!, ^2, 2/1, 2/2) 



0 

0 



(VIII. 313) 



5. Stabilize the Linearly Controllable States 

Now that our system is in quadratic normal form, we want to use the techniques 
in Chapter VI to cause our linearly controllable states y to collapse onto the center 
manifold. We choose state feedback gains K y such that the system is well damped, but 
still very responsive, and we desire a damping ratio of 0.707. So, if we pick K yi = —2 
and I<y 2 = —2, the closed loop eigenvalues of the system given by A + BK J are 
A = — 1 ± i, which gives a damped frequency of u>d = 1 and a damping ratio of 
( = 0.707, as desired. 



6. Stabilize the Linearly Unstabilizable States 

Now that we’ve stabilized the linearly controllable states y onto the center 
manifold, we need to use the techniques of Chapter VII to affect the bifurcation in a 
favorable manner. From the linear terms, the system exhibits a Hopf bifurcation, and 
we desire to affect the values of the coefficients a oi <*; and in the polar coordinate 
equations 

r = cc\n x r + a*r 3 + H.O.T. (VIII.314) 

6 — u?o d - uq d - H.O.T. (VIII. 315) 



Look at the terms oq and u>j. Lets assume that we want the origin to be stable 
when H\ < 0, and that we don’t want the frequency of the limit cycle to change with 
changes in that is, we want 



a 



= 1 



(VIII. 316) 



uq = 



(VIII. 317) 
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0 



So, we need to calculate the value of IIl which forces the quadratic part of the 
dynamics of our system on the center manifold to take on these values. The equation 
we need to solve in general is 

t TT x ^ ( n _l 9n TT x \ TT T 

(VIII. 318) 



+ 2<7 Zc21 IIlh) 




HLi2 


■fi 2^0,! Bin) 




n L 13 



2aj - (q ZPi2 + q Z p 23 + (^m 12 + </zm 23 ) n l u ) 

M ~ {-QzPi 3 + ?*P 22 + ( -< ?2m 13 + <lzm 22 ) HLh) 
which for our specific system becomes 

2a; + (2 + 48II Lll ) 

2u^j 0 

So, we find that we cannot control u/J 1 at all, and that our only influence on Oj is 
through IIlh- We have 



o 

1 


1 

o 




[ 

CN 

4 

E 




1 

o 


1 

o 




n Ll3 





(VIII. 319) 



n L n = 



24 



I1li 2 = arbitrary 
n Ll3 = arbitrary 



(VIII. 320) 

(VIII. 321) 
(VIII. 322) 



and 



ut = 0 (VIII. 323) 

so we pick II^n = — ^ and IIl 12 = n^ 13 = 0. Now, to calculate the linear gains, 
we use the Hopf Bifurcation Linear Gains theorem in Chapter VII, which give the 
formulas 

I< Pl = -K yi n Lll (VIII. 324) 

I< Zl = G A n Ll2 + G b n Ll3 (VIII. 325) 

K Z2 = G^n Ll3 - G B n Ll2 (VIII. 326) 

which yield linear gain values of 

/v, = (VIII. 327) 

o 
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A' Z j = 0 


(VIII. 328) 


k Z2 = 0 


(VIII. 329) 



(Note that we did not have to calculate the values of Ga and Gb for this problem, 
although we could have done so. The formulas from the Hopf Bifurcation Linear 
Gains theorem are, for p — 2 and u> 0 = 1 , 



Ga = — 1 — K yx 
= 1 



(VIII. 330) 



Gb = -K y2 



= 2 



(VIII. 331) 



which we could have used if needed.) 

Now we need to calculate the quadratic components of the center manifold, 
and the quadratic state feedback gains. First, we need to choose a desired value of a£, 
and we know from equation VIII. 3 14 that we require <Xq < 0 for cubic stability, that 
is, to have the Hopf bifurcation be supercritical. Also, we know that the stabilized 
radius depends on both and a q through the relation 



r = 



•« i^i 



(VIII. 332) 



and since we have already chosen oq = 1, we choose a q = —9 to keep the radius small. 
So, we can now calculate n^. But first, let’s calculate all of since we will need it 
later in the calculations. We have 



and 



n Ll = 



x 

12 



0 0 



Hl, = n l x 



0 o 

F F 

1 fi 1 Z 



(VIII. 333) 



(VIII. 334) 
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so for z' = 2 we get 



n — IT 



Li 



0 0 



F F 

1 fj, 1 z 



-t-2 0 0 



0 0 0 



0 0 0 

0 0-1 
0 1 0 



which gives the final answer as 



n, = 



-t-2 0 0 



0 0 0 

We will also need the value a 0 , which is defined by the relation 



a 0 



— (?cm l5 ( Qcrriii T <?cmi 6 ) 9cm 25 (?cm 24 H~ Qcm 2e ) ^ l( lcmi A Qcm 2 



The coefficients q C m tj are given by the formulas 

p 

9cm i 4 9zp 14 + 9^m 12 ^^i2 T 9^ Cll (HlJ 

2 — 1 

P 

9 cm i 5 = 9 ^p 15 + 92 mi2 n Ll3 + 92 m 13 Hli 2 + 2 ^ q Zcu n Lt 2 n Lt3 

2 — 1 
p 

9cm i 6 = 9 ^p 16 + 9*» 13 n Ll3 + ]L9*c lt (no 

2 = 1 

p 

9 cm 24 9 *p 24 T qzm 22 ^^12 T 9 ^C 2 t (^L,^) 

2 = 1 

p 

7 cm 25 = < 7 zp 25 + 9 z m 22 nL 13 + + 2 ^g 2 :c 2 t nL, 2 nz / ,3 

t'=l 

p 

9cm2 6 = 92p 26 + 9*m 23 Hi-13 + (nL, 3 ) 



! = 1 



Now, 



a 0 = 0 



(VIII. 335) 



(VIII. 336) 

"h 2<7croj g ^cm 2 g ^ 

(VIII. 337) 

(VIII. 338) 

(VIII. 339) 
(VIII. 340) 
(VIII. 341) 
(VIII. 342) 
(VIII. 343) 

(VIII. 344) 
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because every q crrii is zero, since the only non-zero coefficient of II ^ is n/, n , and since 
q ZPl2 and q Z p 2 3 are the only non- zero coefficients of Q ZPl • Thus, d 0 = 0. 

We also need to calculate the matrix C z (Id/,) as a prelude to calculating I1 q. 
From Chapter VII, the coefficient matrix C z (IIl) for a two-dimensional co-dimension 
one bifurcation is defined by the relation 



c z ( n L ) 



A 




A 


A z i 




A z \ 


A\ Z 1 




A z 2 


\i x z\ 




Mi*i 


H\Z\Z 2 

9 


= {Q, P ,N 3 (n Q ) + Q, mi Ns{n L ,n Q )) 


V\Z X Zi 

9 


M 1*2 


Mi -2 


A 




2 3 

Z \ 


z\z 2 




z\z 2 


z\z\ 




*1*2 


z z 

2 J 




z 3 

|_ *2 J 



(VIII. 345) 



+ /i 3) (mi ,z 1 ,z 2 ,w ( c 1 J, yW) + ^ 2) ^ (1) 



For our system, we do not have any states w, so the term and the matrices Q Z p 2 , 
Qzm 2 '> ^3 (^q) and N$ (Id/,, fig ) do not exist. (Note that even if we did have states 
w, the term w d] would always be zero, since f = 0.) The term is given by the 
relation 



yd) — 

o cm 



" J 1 ) 














= n L 


M 








y(l) 

^Vcm 







(VIII. 346) 



For our system we have 



J/d 1 




0 

-12 

1 

1 


0 




Mi 


y?> 

& Zcm 




0 0 


0 




^i 










22 



(VIII. 347) 
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-T2^1 

0 



where we have plugged in equation VIII. 336 for fl^. Now we can calculate 



/f 3) = 






4^1 

_3 r 2^_3 r 3 



4^1 



4^2 



4 8z 2 y\ 



(1)2 



(VIII. 348) 



1 //2 2i 2 3 — Zt 7 ?“ 

3 ^1^1 A Z ! 4^1 z 2 

l . # 2 ~ 3 ^2 ^ 3 3 

3^1 Z 2 4^1 ^2 4^2 

where we have used equation VIII. 312 from the quadratic normal form of our system. 
Now we can calculate 



9? ] (pi, z\,Z2,w ( £l, y£J) = 



0 

0 



(VIII. 349) 



where we have used equation VIII.313 from the quadratic normal form of our system. 
We also need to calculate the term v W which includes the effect of the linear state 
feedback terms, which is 



u< 1} = I<1 IX + Kj z + KZw<& + K T y y£> (VIII. 350) 

- + K Z \Z l + I<z 2 Z 2 + + Kyivi'cm 

= i — pA»i) hzi z i 4" h Z2 z 2 

= 0 



where we have plugged in the linear state feedback gains 



,, 1 

Ml g 


(VIII. 351) 


A' 21 = 0 


(VIII. 352) 


K Z2 = 0 


(VIII. 353) 


Ayi = — 2 


(VIII. 354) 


/v y2 = -2 


(VIII. 355) 
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from before. Plugging equations VIII. 348, VIII. 349 and VIII. 350 into equation VIII. 345 
lets us calculate C z (fl/,), which is 



c 2 (n L ) = 



0 0 0 0 0 0 -§ 0 

3 4 4 

0 0 — § 0 0 0 0 — f 0 — f 



(VIII. 356) 



Finally, we can calculate the value of IIq which achieves the desired value of a* Q . From 
Chapter VII the formula is 

(VIII. 357) 



where 



n «. = (wv) yT 



and 



V = 



<j — 8 (®o «o) (3c 2l7 + c zi9 + c Z2g + 3 c 22io ) 

0 



+ 2££r 2j (n L ) 

i= 1 j=0 



o 

o 
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^ zz 



Mzc u Hl.2 + Qz^^L.3 

Qz cu n Ll3 + q ZC2% n Li2 

92 c„ n L t2 + 3 q Zc7t n Li3 



0 






0 




0 






0 
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*^Qzrn 12 ^ 


V 

+ 2E 

i= 1 




0 

3<?2c, t n^.2 4- Q 2c2t IlL,3 




9^m 13 *Jzm 2 2 




D '~ 1 


92c It nL, 3 + 




Q Zrn-^2 ^ 






qzc^Li 2 + 3 92C2> n L ,3 





where D zz is obtained from Appendix A, and where 



r 2 (n L ) = q Vc m 2 (n L ) - n L 



0 

I 



(VIII. 358) 



(VIII. 359) 



(Qz Pl + Qz mi A7i (IIl) + Qz c M 2 (n L )) (VIII. 360) 
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Now, for our problem, since Q Zc = 0 and since only II/,,, is non-zero in II/,, we do not 
need to calculate either D zz or P 2 (Hl). However, for illustration purposes we have 



D 



zz 



0-2 0 
1 0 -1 

0 2 0 



(VIII. 361) 



for a Hopf bifurcation from Appendix A, where we have plugged in u 0 = 1. To 
calculate T* (II/,) we need to get the matrices Mi (11/,) and M 2 (II/,) from Appendix 
C, which, for p = 2, are given by 



Mi (n L ) 



n L„ 


Hl 12 


II/, 13 




0 




0 


0 




0 


II/,,! 


0 




n L 12 


II/,1 3 


0 


(VIII. 362) 
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n L u 
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n Lj2 


n Li3 
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12 


0 


0 


0 







and 

m 2 (n L ) 



(Hl u ) 2 2 n/, u ii/,j 2 2 n Ln n Ll 3 (ri/, I2 ) 2 2 ii/, 12 n/, 13 (n/, 13 ) 2 

(ii/, 21 ) 2 2 n L21 n L22 2 n L21 n L23 (ii/, 22 ) 2 2 ii/, 22 n/, 23 (n/, 23 ) 2 



i 

144 

0 



0 0 0 0 0 
0 0 0 0 0 



(VIII. 363) 



where we have plugged in equation VI 11.336 for II/, for our system. Now, we get the 
values for Q ZPl , Qz rni , Qz c and Q Vc from equations VIII. 308 through VIII. 311, which 
we can plug into equation VIII. 360 to get 



r 2 (n L ) 



oooooo 

0 0 0 0 0 0 



(VIII. 364) 



Now, plugging equation VIII. 344 and the appropriate coefficients from the matrix 
C Z {W L ) in equation VIII. 356, along with the desired value aj = —9 into equation 
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d C2 



Dc 3 



' 0 2 0 ■ 

0 0 1 

.0 0 0 , 

' 020000 ' 

0 0 110 0 

0 0 0 0 2 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

0 0 0 0 0 0 



(A. 38) 



(A. 39) 



for p = 1 through 3, where the subscript numeral indicates the dimension p in each 
case. For arbitrary p, the matrix D c is given iteratively by the block formula 



D 



Cp +1 



D Cp Db v 0 
0 A B 
0 0 0 



(A. 40) 



where D Cp+1 E R <P+ 2 P+ )x<P+ 2 (p+ ) is the matrix for y E R? +1 which we are trying 
to calculate, D Cp E R )xP(p 2 is the matrix for y E R p which we are assumed to 

know, and the coefficient matrices Ds y € R*** * xp , A € R? Xp and B € R? xl were 
defined earlier. 



Proof. We prove the cases for p = 1 through 3 by direct calculation, and 
prove the general case by examining the structure of y^ . For y € R} we have A = 0. 
Since D Cl is defined by the relation 



Dc,y ! 2) = = 0 

oy i 

we have the trivial result that D Cl = 0, thus proving case 1. 

0 1 



(A.41) 



For y E. R 2 we have A = 



0 0 



Since D C2 is defined by the relation 



D, 



c 2 



yl 



2 / 12/2 

y\ 



y\ 



y 12/2 

2/i 



d 



■z +A 



2/i 

y 2 



y i 
y 2 



2t/i o 

y2 2/1 

0 2y 2 



2/2 

0 



(A.42) 
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and 



Gd = (2u^o) 

2—1 



2z-l 



K, 



3 / 2 1 



(VIII. 372) 



= -2K. 



V2 



= 4 



where we have plugged in K V2 — —2 from earlier, and used the definitions K yi — 0 
and k y2 = K y2 . The coefficients r / v - 4 , IV 8 and T k 6 are found from the Hopf Gamma 
K Matrix lemma in Chapter VII using the formula 

r Ki r Ki t K6 } = -E[r Zj 4 (n L ) r, j6 (n L ) r ZjS (n L ) ] di~J (vm. 373 ) 



i~ 0 

v 2-1 



+ E£[n J4 (n L ) r^(n L ) i\ 5 (ii l )]f 

2=1 j =0 



i-j - 1 

zz 



where D zz is found from equation VIII. 361. Since T z (fl^) = 0 by equation VIII. 364, 
we have Tk = 0 by the lemma. So, plugging in equations VIII. 367, VIII. 371 and 
VIII. 372 and IV 4 = T = T k 6 = 0 into equations VIII. 368, VIII. 369 and VIII. 370 
gives 



L yi 



CO I oo 
CO 1 ^ 

II 

CM ^ 

X" 


(VIII. 374) 


I< ZlZ2 = 0 


(VIII. 375) 


* 2 48 


(VIII. 376) 


= -2. 





7 . Undo the Transformations 



Now that we have linear and quadratic state feedback gains which ensure 
a supercritical Hopf bifurcation with a small radius limit cycle in the transformed 
coordinate system, we need to reverse all the transformations to obtain the required 
control law in the original non-transformed system. This procedure was developed at 
the end of Chapter V and resulted in the formula 



u 



= * K x - 



a 



T~'x 



(VIII.377) 



(GlT-'x) (K%T-'x) + (A'J 2 ) - Fj - K t x H) T (t- 1 ) x (2) 
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where 



and 



X = 



Mi 

x\ 

x 2 

x 3 

X 4 



and 



with 




A"/i 1 A Zl Kz 2 hyi l<y 2 

~l 0 0 -2 -2 




K T , m I<Z> m 




K n\ A /‘i K nai A 2 2 A 2i22 A 2 2 

0 0 0 — 0 — 
u u u 48 48 




( 2 ) 



I< 



VlVl 



A 2l yj A z 2y] A Ml y 2 A Zl y 2 A Z2 y 2 



0 0 0 0 0 0 




A y2 A yjy 2 Ky2 

0 0 0 



From the linear coordinate transformation we have 
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(VIII. 380) 
(VIII. 381) 

(VIII. 382) 

(VIII. 383) 

(VIII. 384) 
(VIII.385) 



315 



T-i 



1 0 0 0 0 

0 10 0 0 

0 0 10 0 
0 0 0 i 0 

4 

0 0 0 0 



From the quadratic coordinate transformation we have 



and 



where 



and 



where 
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(VIII. 386) 
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(VIII. 391) 

(VIII. 392) 



(VIII. 393) 



(VIII. 394) 
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H 



OC 



0 0 0 
0 0 0 
0 0 0 



H 



yu 



0 0 0 0 0 0 

0 0 0 § 0 I 

4 4 



H mi — 



0 0 0 0 0 0 
0 0 0 0 0 0 



(VIII. 395) 



(VIII. 396) 
(VIII. 397) 



H 



cru 



0 0 0 

24 0 0 



(VIII. 398) 



Finally, we have to calculate the coefficient matrix T (T x ), which is defined by the 



relation 




(VIII. 399) 



where x — T X x with 



and 



-21 



Vi 

2/2 




X = 



X2 

*3 

£4 



(VIII. 400) 
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Different coefficient matrices T (T *) are possible depending on which component 
order is chosen for the quadratic state vector x^ 2 \ If we choose 



x (2) = 



Ml 



Mi^i 

Mi ^3 
M1X4 

x\ 

X\Xi 

x\ 

£1X3 

£2X3 



XIX4 

X2X4 

X3X4 



(VIII. 402) 
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then we have 



Mi 




Mi 




1 

1— • 10 

1 




A*i 


Ml^l 




Ml 3^1 




Ml 3 "! 




Mi^i 


Hih 




Ml ^2 




Ml^2 




Mi^2 






*i 




*1 




Mi ^3 


^122 




XiX 2 




X1X2 




Ml ^4 


2 




®2 




x\ 






Miyi 




Mi (5^3) 




5 Ml ^3 




£i£ 2 


Z\V\ 


— 


*1 (5Z3) 


= 


53:1X3 


= T (t _1 ) 


3:2 


hy i 




3-2 (5*3) 




^23:3 




3:1X3 


Ml 2/2 




Mi (-5^4) 




^2 Ml *^4 




X2X3 


Zlj/2 




3?1 (~ 2 a ' 4 ) 




— 5X1X4 




x\ 


Z2V2 




^2 (-^4) 




— 53:23:4 




XIX4 










16^3 






y l 




(1 13 ) 






X2X4 


y \V 2 




(;**) (- 5 x 4 ) 




- 13 : 33:4 




£3X4 


y\ 




(-N 2 J 




ix 2 

4 x 4 




X< 4 



(VIII. 403) 
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so 



T (T" 1 ) = 



0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 1 0 0 0 0 0 

0 0 1 0 0 0 0 

0 0 0 1 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 } 0 0 

0 0 0 0 0 \ 0 

0 

0000 0 000000 
0000 0 000000 
0 0 0 0 0 
0000 0 000000 



10 0 0 
0 10 0 
0 0 10 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 i 
0 0 0 0 
0 0 0 0 



0000 00000 



0 0 0 0 0 ^ 
lo 



0 0 0 0 
where we have used 



0 0 0 0 0 0 0 



0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

_ 1 

2 

0 

0 

0 

0 



0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

_ 1 

2 

0 

0 

0 



■ 








- 


hi 




^1 




hi 


z 1 




Xi 




Xi 


Z 2 


= T~ l 


x 2 


= 


X 2 


y i 




^3 






- . 




X 4 




i T 

. 2 X4 _ 



Now we have to put all the parts together. We have 



*5»> - K - k t x h 



0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
-I 0 

0 i 



0 0 0 f 0 ^ 0 0 0 0 0 0 48 52 i 



and 



(a'5» - fj - i<*h) t (r- 1 ) x 



( 2 ) 
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(VIII. 406) 
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105 2 105 2 

= x ? H ~ 2 

48 1 48 



13 

2 



X'2 4 ” ^ X 3 X 4 4 " x 4 



Also 



G t u T~ 1 x = 



0000-1 



1 0 0 0 0 

0 10 0 0 

0 0 10 0 

0 0 0 i 0 

0 0 0 0 





Mi 




X\ 




x 2 




x 3 




x 4 



— Xa 

2 



and 



K $ T~ x x = 



-§ 0 0 -2 -2 



1 


0 


0 


0 


0 




0 


1 


0 


0 


0 




0 


0 


1 


0 


0 




0 


0 


0 


1 

4 


0 




0 


0 


0 


0 


1 

2 . 


. 



1 1 

T/^l “1“ ^4 

0 Z 



SO 



(GlT X x) (kZT X x) = -^1*4 - ^ X 3 x 4 + x - 



We also have 



so 



a 



0 a ? 



K - 



a T 0 a 1 



0 0 0 -4 -1 



0 0 2 -1 



and 



K - 



T 0 a T ) T 'x = -^Mi + ^*3+ \x 4 
Putting all the pieces together gives 



1 1 1 

u = ~7Mi + 77^3 + 77^4 

0 l l 



1 



105 



4~ — /i 1X4 4“ 
12 m 48 



105 



25 



Mi 

Xj 

x-i 

x 3 

x 4 



1 



xj 4- ~^~ X 2 + 3x 3 — 2:30:4 — -x 



(VIII. 408) 

(VIII. 409) 

(VIII. 410) 
(VIII. 411) 
(VIII. 412) 
(VIII. 413) 

(VIII. 414) 
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where 



A*1 = 


(VIII. 415) 


Xi = A] 


(VIII. 416) 


x 2 = B x 


(VIII. 417) 


x 3 — <!> — <!>" 


(VIII. 418) 


x 4 - 


(VIII. 419) 




(VIII. 420) 




with 




<F = 1 


(VIII. 421) 


#c($*) = 1 


(VIII. 422) 


= 0 


(VIII. 423) 


Normally, equation VIII. 414 suffices for a control law. 


However, if the control law 


is needed in the original variables, the coordinate translations' can be plugged into 


equation VIII. 414 giving 




27 1 3 

7 = _ T _ 4'‘ + 4 +? 


(VIII. 424) 


+ 12^ + 48 (' 4? + B ' 2 ) + 3 *’ ~ 


25 1 2 

4 8 



as an alternate control law. 
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APPENDIX A. STRUCTURAL MATRICES 
USED IN QUADRATIC COORDINATE 
TRANSFORMATIONS 



There are several matrices which occur in the course of performing quadratic 
coordinate transformations which do not depend strongly on the details of the problem 
being considered. Instead, they occur as a consequence of the structure of the solution 
method being used, and consequently will be referred to as “structural” matrices here 
and in the text. These matrices include the constant coefficient matrices Db y , Db„, 
D c , D m , D a , D^, D p Dp Z , D v , D zz , and if appropriate D w , and D Um . 

Where do these matrices come from? They are a consequence of the fact that 
the linear terms in our system have a fundamental structure, which we imposed on 
our system when we performed our linear coordinate transformation and linear state 
feedback. This structure is seen in the block diagonal nature of the linear part of our 
system, i.e. 



a 





1 

o 

i 




a 


+ 


0 


u + 0 (2+) 


(A.l) 


. y . 




0 A 




. y . 




B 







where y (E R p is the vector of linearly uncontrollable states, a £ R s is the vector of 
linearly controllable states, and the matrices A and B have the following structure: 

01 0 ••• 0 



A = 



0 

0 

0 

1 



0 

1 

0 



(A.2) 



(A.3) 
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Additionally the vector a and the matrix F a have the following block internal struc- 
tures: 



a 



F a 



V- 

z 

w 

0 0 0 
F, F z 0 
0 0 F w 



(A. 4) 



(A.5) 



where £ R r is the vector of parameters, z (E R q is the vector of linearly uncontrol- 
lable states having eigenvalues with zero real parts, w € R m is the vector of linearly 
uncontrollable states having eigenvalues with non-zero real parts, and F 2 , and F w 
are coefficient matrices corresponding to the appropriate vectors. 

Now, if we look at our quadratic coordinate transformation, we have 



x = x + * ( 2 ) (x) 



(A.6) 



where we have defined 




X = 



2 

w 



y . 

and where we can define h ^ (x) in vector/matrix form as 



(A.7) 



A ( 2 ) (X) = H 



X 



( 2 ) 



(A.8) 



with H a matrix of coefficients, and x^ the vector of all possible quadratic com- 
binations of the components of x* Then, when we apply our quadratic coordinate 
transformation to our system, we end up trying to solve an homological equation of 
the form 



/ (2) (X) + 



Fa 0 


/.< 2 »(X) dh l Hx) 


Fa 0 


0 A 


dx 


0 A 



(A.9) 



324 



with a constraint equation of the form 



,m f| a>' ,2, (x) 
W ' 9x 



0 

B 



= 0 



(A. 10) 



In this appendix we are interested in the terms in each equation which contain the 
derivative, which can be written as 



dh^ ( X ) 

dx 



F<, 0 
0 A 



X = H 



dx (2) 

dx 



Fa 0 

0 A 



and 











dhW (x) 


0 


= n 9 f 


0 


dx 


B 


dx 


B 



X 



(A. 11) 



(A. 12) 



Now, since our state vector x has internal structure 



X = 



<7 

y 



(A. 13) 



where the vector a is the linearly uncontrollable states grouped together, and the 
vector y is the linearly controllable states grouped together, we can impose a structure 
on the quadratic state vector x^ as well, i.e. 



x (2) = 



<t( 2 > 

°y {2) 

y(2) 



(A.14) 



where a ^ indicates the grouping of all quadratic state components having only terms 
from the linearly uncontrollable states, <r; where ay ^ indicates the grouping of all 
quadratic state components having mixed terms from both the linearly uncontrollable 
and linearly controllable states; and where y ^ indicates the grouping of all quadratic 
state components having only terms from the linearly controllable states, y. Grouping 
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terms in this fashion and taking the derivative gives us 



d 



dx (2) 

dx 



ay {2) 

y(2) 



d 



y 



a<7< 2 ) 


da<- 2 ~> 




da( 2 ~> 


0 


da 


dy 




da 


day( 2 ^ 


day( 2 ^ 




day( 2 ^ 


day( 2 ) 


da 


dy 




da 


dy 


9y( 2 ) 


dt/ 2 ) 




0 


dyW 


da 


dy 




dy 



(A. 15) 



where the two opposite diagonal terms are identically zero since there are no compo- 
nents of y in cd 2 ), and no components of a in y^ 2 \ 

Now we can multiply out the terms containing the derivative and get 

d<7< 2 ) 



and 



dx (2) 

dx 



0 



0 

A 



X = 



sv- 0 

day day( 2 ) 
dy 
dy ( 2 ) 
dy 



da 

0 



O 

i 


1 


’ 

a 


0 A 




. y . 



daW 



F„cr 



da 



9g y (2) p n 4 . d<?y (2) 
da r c° ' 






D. 

0 

0 



0 

D m 

0 



0 

0 

D r 





’ V 2 > ' 




-?/ (2) 




1 

oT 

i 



dx (2) 

dx 



0 

B 



da 



o 



a<rt/( 2 ) gen/ 2 ) 

da dy 

djlF}. 

dy 



0 

0 

Db„ 

0 



0 

B 



0 

^ B 

-B 

dy 



0 

0 

Db v 



(A. 16) 



(A.17) 
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where we have defined the coefficient matrices D c , D m , D c , Ds a and Db v by the 
relations 



£U (2) = ^P-F a a 

da 


(A. 18) 


( 2 ) _ d °y (2] P , foy {2) , 

ay - dc F °° + dy Ay 


(A.19) 


D c yV = d fAy 

dy 


(A. 20) 


Ds.a= d 

dy 


(A.21) 


dy® n 

Db ‘ V = dy B 


(A. 22) 



Notice that these matrices don’t have a heavy dependence on the specifics of a given 
problem — they are only dependent on the dimension and linear terms of our system, 
which is already in simplified form. 

Now we will begin our calculations. We start with Db v and work our way 
upwards. 



1. CALCULATION OF D By 

Theorem 1.1 (Structure of Db v ) For any linearly controllable state vector y = 
V i 



£ R v , with input coefficient matrix B £ R pxl of the form 



Vp 



0 I 



B = 



0 

1 



(A. 23) 
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and with linearly controllable quadratic state vector y £ R P>P i arranged as follows 



y (2) = 



y i 2 

2 / 12/2 

2/1 

ym 

2 / 22/3 

2/1 



2/p J 



then the matrix Db v G # p(p 2 + >Xp , defined by the relation 



dy^ 

D °*y = -k B 



is given in block form by 



Db v = 



0 

h 



where the matrix I 2 G R pXp is defined as 



U = 



I 0 
0 2 



where the lower right hand element is a scalar 2. 



(A.24) 



(A. 25) 
(A. 26) 

(A, 27) 



Proof. When the term ^p-B is calculated, only the last p terms are non-zero, 



since they are the only terms containing y p . We get 



d2/ (2) 

dy 



B 



dy^ 

dy\ 



dy {2) 



d Vl 



p . 



0 

1 



dy^ 

dy P 



(A. 28) 



0 

2/i 



0 

h 



y 



2/p-i 

2 2/p 
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which proves the theorem. <i 



2. CALCULATION OF D Ba 

Theorem 2.1 (Structure of Db „ ) For any linearly controllable 



’ 2/i " 






; 


E R p and linearly uncontrollable state vector a = 




. 2/p . 




_ CT2 _ 



coefficient matrix B €1 /? pXl of the form 



state vector y = 
€ R s , with input 



' 0 ‘ 

0 

1 



(A. 29) 



and with mixed quadratic state vector cn/ 2 ) 6 R ps arranged in block form as 

cry l 



cry (2) - 



ay p _ 



(A. 30) 



then the matrix Db<j £ R psxs , defined by the relation 



_ da yW 

D B<T o = — — B 



is given in block form by 



Db„ = 

where I 6 R sxs is the identity matrix. 



dy 

0 

I 



(A.31) 



(A. 32) 



Proof. 

since they are 



When the term * B is calculated, only the last s terms are non-zero, 
the only terms containing y v . We get 



0 



day^ 

dy 



B = 



9(7 y( 2 ) 

dyi 



9(7y( 2 > 



dyp 



0 

1 



day^ 

dy p 



(A. 33) 
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0 



0 

o 1 



0 

I 



which proves the theorem. <i 



3. CALCULATION OF D c 

Theorem 3.1 (Structure of D c ) For any linear state vector y 

coefficient matrix A E R pXp of the form 

0 1 0-0 



A = 



••• 0 

1 

0 



p(p+l) 



and with controllable states quadratic state vector y ^ £ i? 2 



y {2) = 



y\ 
ym 
y 2 
ym 

2/22/3 

y 1 



y'v 



then the matrix D C) defined by the relation 



D c yV = °f-Ay 
oy 



is given by 



Dc, = [ 0 ] 



Si 

— : € R p , with 

. Vv . 

(A.34) 

arranged as follows 

(A. 35) 

(A. 36) 
(A. 37) 
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D C2 



D 



C3 



' 0 2 0 ' 

0 0 1 

. 0 0 0 . 

" 0 2 0 0 0 0 ' 

0 0 110 0 

0 0 0 0 2 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

0 0 0 0 0 0 



(A. 38) 



(A. 39) 



for p = 1 through 3, where the subscript numeral indicates the dimension p in each 
case. For arbitrary p, the matrix D c is given iteratively by the block formula 



D 



C P+1 



Dc P D By 0 
0 A B 
0 0 0 



(A.40) 



where D c +1 G R^~ ^ pH ^x (p+ ^ p+ } z5 i] le ma trix for y G R pJtl which we are trying 



, P(P-M) y P,(P+jl 



to calculate , D c G R 2 x 2 is the matrix for y G R p which we are assumed to 



know , and the coefficient matrices Ds y G ) Xp , A G R pxp and B G R pxl were 

defined earlier . 



Proof ’ We prove the cases for p = 1 through 3 by direct calculation, and 

prove the general case by examining the structure of y^ 2 \ For y G R l we have A = 0. 
Since D Cl is defined by the relation 



D Cl y j 2) = -rpAyi = 0 
oy i 

we have the trivial result that D CJ = 0, thus proving case 1. 

0 1 



(A.41) 



For y d R 2 we have A — 



0 0 



. Since D C2 is defined by the relation 



D 



c 2 



y r 

2/1 J /2 

y\ 



d 



y 2 i 



VWi 

y 2 



a 






2/1 

2/2 



2/1 

2/2 



2 2/i 0 

2/2 2/i 

0 2 ?/2 



2/2 

0 



(A. 42) 
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2 i / i 2/2 




0 2 0 




yi 


2/2 


= 


0 0 1 




2/12/2 


0 




0 0 0 




2/2 



we have D C2 = 



0 2 0 
0 0 1 
0 0 0 



, thus proving case 2. 



D 



<=3 



y\ 



2/12/2 

y\ 

S/12/3 

3/2S/3 

y \ 



For y € R 3 we have A = 



Vi 

2/i 2/2 



0 1 0 
0 0 1 
0 0 0 



Since £/ C3 is defined by the relation 



d 



2/2 



2/12/3 

2/22/3 

2/3 



5 



*=-A 



2/i 

2/2 



2/i 

2/2 

2/3 



2t/i 0 

2/2 yi 

0 2 1/2 



2/3 

0 



0 



0 

0 

0 

2/i 



2/3 2/2 



2/2 

2/3 

0 



2/3 _ 




- 


0 




0 


2l/3 






2i/i2/2 




0 


2 


0 


0 


0 


0 ' 




' yi ' 


2/2 + 2/12/3 




0 


0 


1 


1 


0 


0 




2/12/2 


2l/22/3 




0 


0 


0 


0 


2 


0 




2/2 


y 2^3 




0 


0 


0 


0 


1 


0 




2/12/3 


2/3 




0 


0 


0 


0 


0 


1 




2/ 22/3 


0 




0 


0 


0 


0 


0 


0 _ 




. 2/1 . 



(A.43) 
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we have D C3 = 



thus proving case 3. 



0 2 0 0 0 0 

0 0 110 0 

0 0 0 0 2 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

0 0 0 0 0 0 

For the general case, we examine the structure of y^ 2 \ When we increase the 
dimension of the linearly controllable state vector y from p to p + 1, the linear state 
vector becomes 

Void 



Vnew — 



2/p+l 



(A. 44) 



Likewise, the quadratic state vector becomes 



y (2) = 

if new 



( 2 ) 

Void 

VoldVp+l 

y 2 P +i 



(A.45) 



Here we will drop the subscripts m and new with the assumption that all references 
to the state vectors y and y ^ refer to the dimension p, rather than p + 1. We have 
D c y^ = ^ j-Ay , which yields 



D, 



Cp+l 



/( 2 ) 



yy P + 1 

y 2 P + 1 





y(2) 


d 


y 2 /p+i 




y }+ 1 


d 


y 




. ^ p+1 



A B 




y 


0 0 




_ y P + 1 



(A. 46) 



^ 0 

dy 

iy P + i y 
o 2 



Ay + By p+ 1 
0 
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Ayy P + 1 + Byl +l 
0 

Z) Cp r/ (2) + D By yy P + 1 

^j/y P +i + ^j/p+i 
0 



where we have used the fact that when p increases to p + 1 in the first equation, the 
new A matrix changes to 

r A B 



A P + 1 — 



0 0 



(A.47) 



and where we have used equations A. 20 and A. 22 for the definitions of the matrices 



D Cp and D b y - Finally, pulling out the new quadratic state vector yields 





' y( 2) ' 




’ D Cp 


DBy 


0 




’ 2/ (2) " 


^Cp+l 


yy P + 1 


— 


0 


A 


B 




y y P +i 








0 


0 


0 




i 

ts to 
+ 

I 



which proves the general case for the theorem. < 



(A. 48) 



4. CALCULATION OF D M 

Theorem 4.1 (Structure of D m ) For any linear state vector x = 

’ 2/i " 



with a € 



R s and y = 
the form 



yp 



£ R p , and with controllable state coefficient matrix A £ R pxp of 



0 1 0 •••0 1 



••• 1 

0 ••• 0 



(A. 49) 
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and with uncontrollable state coefficient matrix F c € R sxs and with mixed quadratic 
state vector ay ^ € R ps arranged as follows 

" <?\y\ 

V 23/1 
<^2/1 
°"i2/p 

^y P 

. °sVv 

then the matrix D m € R psxps , defined by the relation 



ay {2) - 



oy\ 
°y 2 

<7y P J 



(A. 50) 



z) av w = da y {2] - - . da y {2) 

u y — 



da 



m F„a p 



dy 



Ay 



(A.51) 



is given in block form by 



D m = 



F c I 0-0 

o : 

: ••• ••• 0 

: / 

0 0 F„ J 



(A. 52) 



Proof. We prove the general case by exploiting the structure of ay^ . We 
calculate 

<*y l 



day{2) F a 

~dr F ’ a - 



°Vp 



da 



— F a a = 



yJ 




l 

1 


• 


F„a = 


; 


y P l 




i 

1 



(A. 53) 



and 



8 



dayW 

dy 



Ay - 



°yi 



°y P 



dy 



—Ay = 



a 0 

o 



0 

0 a 





2/2 




<* 2/2 




2/p 


— 


°Vp 




0 




0 



(A. 54) 
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which we put together to get 







F<,<ry\ 




<?y 2 


= a 7 121 f>+ 

0(7 


dcryW 

3y Ay = 


F a vy P -\ 


+ 


<72/ P 






F a cry p 




0 

L J 



F a I 0 • • • 0 




^y 1 


0 ; 




cry 2 


: •• ••• 0 




cry 3 


i •• •• I 




• 


O 

O 

i 




cry p 



which proves the general case. <1 



(A. 55) 



5. CALCULATION OF D a 

We now look at the calculation of D a . The matrix D a is used in the calculation 
of Poincare normal forms for general uncontrolled dynamic systems. For this disserta- 
tion its primary use is as a way to account for the effect of any linearly uncontrollable 
but stable states w and to allow us to get to the matrix which as we will see, 
is of use calculating the Poincare normal forms for the bifurcations of interest, and 
in the control of the center manifold of dynamic systems. The calculation of D a is 
complicated by the fact that the linear vector of uncontrollable states, <r, is made up 
of three sub-vectors of interest: //, the vector of parameters; 2 , the vector of linearly 
uncontrollable states having zero real-part eigenvalues; and w , the vector of linearly 
uncontrollable states having non-zero real-part eigenvalues. We will group the center 



manifold states as ( = 



, which will allow us to consider D a to be made up of 



z 

three separate sub-matrices: D £, D Um and D w . Then in a subsequent sections we will 
consider the structure of these sub-matrices. 
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Theorem 5.1 (General Structure of D a ) For any vector of linearly uncontrol- 

“ t ' 



lable states a given in block form by a = 



w 



state coefficient matrix F a having the block form 



, and with linearly uncontrollable 



F 0 = 



F i 0 
0 F w 



Da = 



the structural matrix D a , defined by the relation 

OCT 

has the block form 

~ Dt 0 0 

0 D Um 0 

0 0 D w 

where the sub-matrices D^, D Ujn and D w are defined by the relations 

Dd m = 

D tw m - t bH F e + f w 

(2 \ dw W 

D w w (2) = — — F w w 

dw 



(A. 56) 



(A. 57) 



(A. 58) 



(A. 59) 

(A. 60) 
(A.61) 



Proof. Since a = 



w 



, the quadratic state vector has the form 



So 



<r< 2 ) = 



C 2) 

w ^ 2 ) 



£U (2) = ^ F a a 



da 

at. 



0 



dt 

0 



dw 

d-u/ 2 ) 

dw 



1 

o 

1 




£ 


1 

o 




w 



(A. 62) 



(A. 63) 
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= 


djuFl IP C 1 djuFl 
d£ ' dw 1 


F w w 








dw(2) F w 

dw FwW 








D, 


r 

O 

o 




l 




— 


0 


D UTn 0 








0 


0 D w 




wW 



which is the expected result. < 



a. Calculation of D w 

The calculation of the structural matrix D w is reasonably straightforward for 
any specific system having a given matrix F w . However, it is complicated in the 
general case by the fact that, unlike the matrix A, F w does not have enough of a 
specific form in general to lend itself to iterative calculation. Instead, we will look 
at all the different possible cases for w € R 1 and w € B ? . Since the matrix F w is 
assumed to be in block diagonal (Jordan) canonical form with eigenvalues having 
negative real parts, there are four possible cases: 



• F w = [Ai], with Aj ^ 0. That is, w G R 1 and the matrix F w has a single real 
eigenvalue, which is non-zero. 



• F w = 



Ai 0 

0 A 2 

F w has two distinct real eigenvalues, which are both non-zero. 



, with Aj 7^ 0 and A 2 ^ 0. That is, w € R 2 and the matrix 



• F u , - 



Ai — u> u 

Ai 

F w has two complex conjugate eigenvalues, with non-zero real parts. 



, with Aj 0 and u> w ^ 0. That is, w € R 2 and the matrix 



• F w = 



A, 1 
0 A! 

real non-zero eigenvalue in a Jordan block. 



, with Ai 7^ 0. That is, w € R 2 and the matrix F w has one 



Now we can look at theorems for these cases which give D w . 
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Theorem 5.2 ( D w ID) For w = [uq] E R 1 , and F w = [Ai], with A! ^ 0, the matrix 
D w , defined by equation A. 61, is given by the formula 



D w = [2A,] 



(A. 64) 



Proof. We prove this case by direct calculation. Taking the definition of D w , 
equation A. 61, and applying it to the one dimensional case, we get 



D w w 1 = 



dw i 



F w w i 



dw i 
= 2w\X\w\ 

= [2Aj] w\ 

which is the expected result. < 

Theorem 5.3 ( D w 2D Distinct Real) Forw — 

with Ai 
formula 



(A. 65) 



D,„ — 



2A X 

0 

0 



0 

+ 

0 



Wi 


€ R 2 , and F w — 


Aj 0 


w 2 


0 A 2 


by equation A.61, is given by the 


0 






0 




(A. 66) 



2A, 



Proof. We prove this case by direct calculation. Taking the definition of D u 
equation A. 61, and applying it to the applicable two dimensional case, we get 





0 






0 






wf 




dw\ 


‘ 


D w 


W iW 2 


— 


dxv\ w? 
dw\ 


dw\ u>7 
d\U2 


F w 




w\ 




0 


Q^l Q> 

1 


- 



w i 
w 2 



(A- 67) 



2w\ 0 

w 2 w ] 

0 2w 2 

2Aiu>j 

(Ai + A 2 ) w^w 2 

2\ 2 w% 



1 

O 




U>1 


CN 

O 

[ 




w 2 
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which is the expected result. <1 



2Ai 0 0 

0 (Ai + A 2 ) 0 

0 0 2A 2 





' wl 




w x w 2 




w\ 



Theorem 5.4 ( D w 2D Complex Conjugates) For w ~ 



w 1 
w 2 



£ R 2 , and F w — 



X x — ^ 

LO w Ai 

given by the formula 



, with Ai ^ 0 and u w ^ 0, the matrix D w , defined by equation A. 61, is 



D m = 



2 A| — 2uj w 0 

COyj 2Xl 0)yj 

0 2c o w 2 A 1 



(A. 68) 



Proof. We prove this case by direct calculation. Taking the definition of D w , 
equation A. 61, and applying it to the applicable two dimensional case, we get 





' wl ' 




dw\ 

dw\ 


0 


D w 


W\ w 2 


= 


d\U\ W 2 
dw\ 


dlVy W 7 

du >2 




9 




0 






w 2 




dW2 



w x 

w 2 



2 w x 0 



A] — c u u 
lo w Ai 



w 2 w 1 

0 2 w 2 

2A x w\ — 2lo w w x w 2 
u ) w w\ + 2X x w\w 2 — 
2^ w x w 2 + 2 A j wl 



2Ai - 2 uj w 0 
OJyj 2 A 2 
0 2 lo w 2 X\ 



Wi 

W 2 





2 




w i 




Wl w 2 




2 




w 2 



(A.69) 



which is the expected result. 0 
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Theorem 5.5 ( D w 2 D Jordan Block) Forw = 



W 2 



6 R 2 , and F w = 



Ai 1 

0 A x 



with Ai 7 ^ 0 , the matrix D w , defined by equation A.61, is given by the formula 



D w = 



2Aj 2 0 

0 2Aj 1 
0 0 2Ax 



(A. TO) 



Proof. We prove this case by direct calculation. Taking the definition of D w , 
equation A.61, and applying it to the applicable two dimensional case, we get 



D u 



2 




dw f 


0 






w 2 




dw\ 






WiW 2 


= 


dw\ W2 
dwi 


dw\ W2 

dw2 




2 




0 


dwi 




w 2 




dw2 


- 






2w\ 


0 








= 


w 2 


Wl 










0 


2w 2 




- 



w i 
w 2 



(A.71) 



Aj 1 
0 Aj 



wi 

w 2 



2AitU| + 2tniiU2 

J 2 



2\\W\W 2 + w\ 



2Ai w\ 



2Aj 2 
0 2Aj 
0 



0 
1 

0 2Aj 





w i 




W\W 2 




2 




wi. 



which is the expected result. « 

b. Calculation of D u 

The calculation of the structural matrix D Um is reasonably straightforward for 
the general case. We show it in a theorem. 

Theorem 5.6 (General Structure of D Um ) For any vector of linearly uncontrol- 
lable states cr £ R s , such that a = 



' i ‘ 

w 




1 

i 




Wi 


II 

• os 

3 




£ R l and w = 




J 




A* . 
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R m , and with linearly uncontrollable state coefficient matrix F a € R sxs of the block 
form 

' Ft 0 

0 F w 



F a — 



(A.72) 



where F j 6 R txt and F w € R mXm , the structural matrix D Um € R tmXtm ) defined by 
the relation 






S( 



(A.73) 



is given by the block formula 





' F 4 0 
0 ••• 


. . . 


0 








D Um = 




0 


+ 


r f i • * 


. F I ^ 

1 Wlm 1 




0 ••• 


0 




F I • - 

L 1 w m\ 1 


, . F I 




Ft . 









(A.74) 



where the scalar values F W%J are the entries in the matrix F w , and I E R txt is the 
identity matrix. 



Proof. We prove the general case by exploiting the structure of We 



have 



£u/ 2) = 






which allows us to calculate 



d 



d(w 



( 2 ) 






■F^ = 






dt 



II 


W\I 




i 




* 








& £,£^771 



and 



d 



dfw 

dw 



( 2 ) 



■F w w = 



i 

tWm 

dw 



■F w w 



(A-.75) 



(A.76) 



(A. 77) 
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( 0 ••• 0 
0 ••• : 

: ••• ••• 0 
0 ••• 0 f 

£ {F WlJ w\ *f- • • • "4" F Wl m ) 

£ [F Wjnl w\ + • • • + F Wjnm w m ) 



F Wu w x + • • • + F Wlrn w m 



F WmX w\ + . . . + F Wmtn w m 



We put these together to get 

n -- (2) d£wW d£wW 

D Um £w( = — — — H — F w w 






0 ••• 

: ' ' . 0 

\l 0 ••• 0 Ft 

which is the expected result. <i 



d£ 

F^w i 

F£w m 
Ft 0 



+ 



£ ( F Wi j to i -(- . . . 4~ 1' Wx m w jn ) 

£ {Fw m ■+■••• + F Wmrn w m ) 
0 



+ 



F I ■■ F / 

1 w\\ l 1 mm 1 



F I ••• F I 

1 Wml 1 1 t»mm 1 



(A- 78) 



<!>i 

iWm 



c. Calculation of D ^ 

Now we come to the calculation of the structural matrix D £, which is used 
in calculation of the Poincare normal form for the various types of bifurcations, and 
in the control of the center manifold for the stabilization of linearly unstabilizable 
bifurcations. In this section we will calculate the general structure of the matrix D 
and in subsequent sections we will calculate the specific values for the various types 
of bifurcations. We start with a theorem on the general structure. 
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Theorem 5.7 (General Structure of D^) For any vector of center states £ £ R l , 

€ R q , and with center 









’ F i ’ 




Zl 


such that £ = 


z 


, with fi — 




E R r and z = 


• 








jl T 







state coefficient matrix F \ 6 R txt of the block form 

0 0 



Ft = 



F, F z 



the structural matrix D^, defined by the relation 



. f 



Ft( 



has the block form 



D f = 



0 0 0 

D p D pz 0 



0 Dr, D z 



where the sub-matrices D P) D pz , D v and D zz are defined by the relations 



U z r 



Proof. Since ( = 



h 

z 



, the quadratic state vector has the form 



e (2) = 



t 1 



( 2 ) 

( 2 ) 



flZ 



So 



= 



^(2) 



d( 






(A.79) 



(A. 80) 



(A.81) 



CN 

^ CO 
CO 

III 


(A. 82) 


cT 

"n N 
^ CO 

CO 

III 


(A. 83) 


, dz& 


(A. 84) 


' ■ a, F > 


, dzW „ 


(A. 85) 


~ dz z 



(A. 86) 



(A.87) 
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0 



dn 

dfjLz ^ djizW 



dfi 

0 



dz 

dz™ 

dz 

0 



0 0 




h 


F F 

1 (1 1 z 




z 






dz 

d zW 
dz 

0 0 



N?-F,z 



^ Kz 



dz 1 *“ 



D p Dp Z 



0 

0 





t 

1 




yz™ 




1 

oT 

i 



0 D n D z 



which is the expected result. < 

i. Calculation of D^ z 

The calculation of the structural matrix jD m2 is reasonably straightfor- 
ward for the general case, so we show it in a theorem. 

Theorem 5.8 (The General Structure of D^ z ) For any vector of center states 

€ R q , and with 

. z i . 

center state coefficient matrix F^ € R txt of the block form 

Ft = 

the structural matrix D^ z E R rqXrq , defined by the relation 



£ € R l , such that £ = 


h 

z 


} with fi — 




E R r and z = 


• Z\ 








. . 




. Z <1 . 



0 0 
F F 

1 M 1 z 



(A.88) 



EE ^-—FiZ 



has the block form 



D„ z = 



dz 



Fz u I ••• F Zlq I 



KJ ••• F Zqq I 



(A. 89) 



(A. 90) 



where F Zij are the scalar elements of the matrix F z> and I E R rXr is the identity 
matrix. 
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Proof. We prove the general case by exploiting the structure of nz^ 2 \ 



We have 






which allows us to calculate 



d 






F z z = 



pz i 



P Z q 



P z 1 



pz q 



±F z z 



dpz^ 

~dT~^ z ~ ~ dz 

n 0 ■ • • 0 

o : 

: o 

0 • • • 0 // 

p{F Zn zi + ... + F Zlq z^j 



F zn Z\ + . 
F Zql z\ + ■ 



+ Fz! „z q 



■ + F Zqq z q 



P ( F z q i Z l + • • • + F z qq Z q ) 

PZ\ 



FznI ••• F zJ 



F >J - F >J 



pz q 



(A.91) 



(A. 92) 



which is the expected result. < 



6. CALCULATING FOR SPECIFIC BIFURCATIONS 

In this section we will calculate the specific forms of the structural matrix D $ 
for individual types of bifurcations on the center manifold. To calculate the matrix D 
we need to calculate the four sub-matrices D p , D pz , D v and D zz , and then substitute 
them into equation A. 81. 
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a. One Dimensional Bifurcations: Saddle-Node, Tran- 
scritical and Pitchfork 

Saddle-node, transcritical and pitchfork bifurcations are one dimensional co- 
dimension one bifurcations characterized by the matrices F p = [F Ml ] and F z — [0]. 
For a saddle node bifurcation F Pl / 0. For a transcritical or pitchfork bifurcation, 
F Ul — 0. Again, we present our result in the form of a theorem. 

Theorem 6.1 ( D for a ID Bifurcation) For a one dimensional bifurcation char- 
acterized by the matrices F M = [F /;i ] and F z = [0], the structural matrix D ^ is given 
by 

0 0 0 1 



0 


to 

0 

O O 
1 


(A. 93) 


D P = 


[f„] 


(A. 94) 


D pz - 


lo] 


(A. 95) 


Dn = 


[2F„] 


(A. 96) 


D zz = 


[0] 


. (A. 97) 



Proof. Since F z = 0, we instantly have D pz = 0 and D zz = 0 by equations 
A. 83 and A. 85, since both matrices are linearly dependent on F z . Since y — [^j] and 
^ = [zi], we have y^ = [/ij], yz^ — [yzf[ and z ^ — [z\\. Evaluating equations A. 82 
and A. 84 for F p = [F Ml ] we get D p = [F^,] and D n = [2F Ml ]. Plugging into equation 
A. 81 gives the expected result. <i 



b. Hopf Bifurcations 

Hopf bifurcations are two dimensional co-dimension one bifurcations charac- 



terized by the matrices F p = 



0 

0 



and F, = 



our result in the form of a theorem. 



0 -cu 0 

Uq 0 



, where uq ^ 0. We present 



Theorem 6.2 ( D ( for Hopf Bifurcations) For a Hopf bifurcation characterized 

0 — c^o 



by the matrices F \ = 



and F z — 



COq 



0 



, where coq 7^ 0, the structural 
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matrix is given by 



D f = 



with 



' 0 


0 


0 


0 


0 


o * 




0 


0 


—Uq 


0 


0 


0 




0 

0 


CJO 

0 


0 

0 


0 

0 - 


0 

-2oj 0 


0 

0 


(A. 98) 


0 


0 


0 


LO 0 


0 


-U>0 




... 0 


0 


0 


0 


2cj 0 


0 




D P 


— 


‘ 0 ‘ 
0 










(A. 99) 


D pz 


— 


0 


1 


<^o 

0 






(A. 100) 






" 0 


0 ' 










D v 


— 


0 


0 








(A. 101) 






0 


0 














0 




■2cj 0 


0 






D zz 


= 


U>0 




0 


— 




(A. 102) 






0 


2 UJq 


0 







Proof. Since F p = 0, we instantly have D p — 0 and D v — 0 by equations 
A. 82 and A. 84, since both matrices are linearly dependent on F p . Since y = [pi] and 



z = 



z\ 

z 2 



, we have pU) = [//j], — 



H\z i 



and z ^ — 



Z\Z 2 



Using the 



“General Structure of D pz n theorem, with F z = 



0 — Uq 

OJq 0 



, we get 



D pz = 



0 

UIq 



-UJq 

0 



(A. 103) 



Evaluating equation A. 85 for D zz , we get 



D z 



z 1 

z \ 




Z\Z 2 


— 


2 




Z 2 





zz, we 


get 


dz \ 


0 


dz\ 


dz i zi 


dz l z 2 


dz\ 


dz 2 


0 


dz% 


dz2 



i 

0 

3 

1 

o 




z 1 


1 

1 

o 

1 




Z2 



(A. 104) 
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o 

bT 

CM 








— 2lOqZ\Z 2 






—UoZ 2 






z 2 Z 1 




LOqZ\ 




u 0 z\ — U) Q zl 


0 2z 2 








2uqZ\z 2 





1 

o 

3 

cu 

1 

o 




z 2 

z \ 


— 


0 

3 

1 

o 

o 

3 




z l z 2 




1 

o 

f 

CM 

o 

1 




<N <N 

i 



Plugging into equation A. 81 gives the expected result. < 



c. Double Zero Bifurcations 



Co-dimension one double zero bifurcations are characterized by the matrices 



K = 



o 



V-2 



and F z = 



0 A 0 
0 0 



, where Ao ^ 0. We present our result in the form 



of a theorem. 



Theorem 6.3 ( D for Double Zero Bifurcatio) For a double zero bifurcation char- 



acterized by the matrices F ^ — 
structural matrix is given by 



0 



M2 



and F z = 



0 Ao 
0 0 



, where A 0 ^ 0, the 



with 



' 0 0 0 0 0 0 ' 

0 0 Ao 0 0 0 

F n 0 0 0 0 0 

0 0 0 0 2A 0 0 

0 F n 0 0 0 A 0 

0 0 2 F^ 0 0 0 



D P 

D, z 

D „ 



0 

. F « J 

0 Ao 
0 0 

0 0 
K, 0 
L o 2 F, 2 

1 0 2A 0 0 

0 0 Ao 

0 0 0 



(A. 105) 



(A. 106) 
(A. 107) 

(A. 108) 
(A. 109) 
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Proof. Since // = [/ii] and z = 



Z\ 
Z 2 



, we have /A 2 ) = [// 2 ], 



and .A 2 ) = 



Z\Z 2 



Using the “General Structure of D pz ” theorem, 



0 A 0 
0 0 



, we get 



D, z = 



0 A 0 
0 0 



Evaluating equations A. 82, A. 84 and A. 85 for D p , D v and D zz , we get 

fl - 



D n 



Pi\ 



dpi z\ dfiiZj 
dz\ dz2 

dp\z 2 d^iZ2 
dz\ dz2 





o 


1 


1 






Pi o 

0 Pi 
0 



0 

Fn7pi 






A^i 



and 



D n 



P\Z\ 

PlZ 2 



dzf 

dz\ 



0 



dzj dz2 

0 ^ 

OZ2 



P2 



Pi 



2z\ 


0 










0 










0 






z 2 


z 1 








— 


F n p 1 Z\ 


0 


2z 2 








2 F P 2 P 1 z 2 


0 


0 










(O 


0 




fl X Zi 




0 


2 F 

P2 




m Vl z 2 _ 





PlZ\ 

P iz 2 

with F z = 



(A. 110) 



(A. Ill) 



(A. 112) 
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and 





' A ‘ 




dz i 
dz\ 


0 


D zz 


Z\Z 2 


— 


dz-\ zi 
3z\ 


dz-\ z? 

dz2 




z l 




0 


Bz\ 

dz 2 



0 Ao 




Zi 


O 

O 




. z 2 . 



2zi 

Z 2 



0 

Z\ 



XqZ 2 

0 



0 


2z 2 






0 


2A 0 


0 






0 


0 


Ao 




Z\ z 2 


0 


0 


0 




z l 



2\ 0 zi z 2 
X 0 zl 

0 



(A. 113) 



Plugging into equation A. 81 gives the expected result. < 

d. Two Zeroes Bifurcations 

Co-dimension one two zeroes bifurcations are characterized by the matrices 



F,= 



Ml 



M2 



and F z — 



0 0 
0 0 



We present our result in the form of a theorem. 



Theorem 6.4 ( D ^ for Two Zeroes Bifurcation) For a two zeroes bifurcation char- 



acterized by the matrices F M - 
is given by 

D,= 

with 



' Pm, ' 


and F z = 


i 

O ' 

o « 


^M2 




0 0 



' mi 
p 

' M2 

0 

0 

0 



0 

0 

0 

2F, 



Ml 

P 

l ll 2 

0 



0 

0 

0 

0 

Pm, 



2F l 



M2 



the structural matrix D, 






0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 



(A. 114) 



D P 

D pz 



Pm, 
PM2 
0 0 
0 0 



(A. 115) 
(A.116) 
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(A. 117) 



D v = 



D z , = 



2F M1 

0 



2F 



M2 J 



0 0 0 
0 0 0 
0 0 0 



(A. 118) 



Proof. Since F z = 0, we instantly have D — 0 and D zz = 0 by equations 
A. 83 and A. 85, since both matrices are linearly dependent on F z . Since /x = [/xi] and 



z — 



z 1 

Z2 



V\Z\ 

Mi^2 



, we have = [/Xj], fxz^ = 
equations A. 82 and A. 84 for D p and D v , we get 

D 



and z^ = 



Z\Z 2 



Evaluating 



Mi 



dji III 9ti\z\ 

dz\ dz2 

dy\Z2 Z2 

dz\ dz2 



f*l 



Mi 0 

0 /X] 



^miMi 

F* 2 Mi 



Ml 



M2 



Mi 



and 



Dr. 



Mi z i 

Ml z 2 



dzi 



-3*1*2 

dz2 

d z 2 

dz2 



f*l 



2 F, 



F, 



M2 

0 



0 

2F„ 0 



Mi^i 
Mi ^2 



Plugging into equation A. 81 gives the expected result. < 



(A. 119) 



(A. 120) 



o 

CM 








2^/x^i 






^M1 /^1 






Z2 Z-i 






— 


F^/xiZj + F #il /x 1 z 2 






^M2^1 






0 2z 2 








2F P2 hiz 2 
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APPENDIX B. QUADRATIC 
TRANSFORMATIONS 



In this Appendix we will develop the quadratic coordinate transformations 
which implement the quadratic normal form developed in Chapter V. From the 
Separation Principle theorem and the “Constraints on H from g(x)” lemma of that 
chapter, we have to solve six matrix equations subject to the constraints imposed by 
four additional matrix equations. The matrix equations to solve are 



Hy C D C AHy C Qyc Q 



yc 



(B. 1 ) 



Hym D m A fl ym — Q yvn Q ym 

HyuDff AHyu — Q yu Qyu 

H gc D c - F 0 H 0C - Q ac - Q ac 

Ham F rn F <jH am — Q am Q am 

H<ju D c - F a H au = Q 

au Qcru 

and the constraint equations are 



(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 



0 (B.7) 

G ac — H oc D By = 0 (B.8) 

j yu — H ym D B(7 = Gyu (B-9) 

Gyc — H yc D By = Gyc (B.10) 



Now we will look at actually solving these equations for the coordinate transformation 
matrices, the normal form matrices, and the components of the feedback. 
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1. CONTROLLABLE/UNCONTROLLABLE PART 

The controllable/uncontrollable portion of the quadratic coordinate transfor- 
mation process is given by the solutions H yu and Q yu of equation B.3, rewritten here 
for convenience, 

H yu D a — AH yu = Q yu - Q yu (B.ll) 



which is not subject to any of the constraint equations. Because the quadratic normal 
form of this portion was proven to be zero in Chapter V after feedback was applied, 
the coefficient matrix Q yu can have at most a non-zero bottom row after the quadratic 
coordinate transformation is complete. So Q yu has the form 



0 



Q 



yu 



o 




(B. 12) 



Equation B.ll is in the proper form to apply the Unstacking Theorem of Chapter V, 
which yields 



DJ -I 0 

o ••• •• 



0 



•• 0 
••• -/ 
0 Dl 



HL 




Q t 

Vy«j 




0 






QT 




0 

Q T 

L ^ v u p J 



(B. 13) 



The solution of equation B.13 



is the subject of the following theorem. 



Theorem 1.1 (Controllable/Uncontrollable Solution) The controllable/uncon- 
trollable portion of the quadratic coordinate transformation required to put a system 
into quadratic normal form is given by the solutions H yu and Q yu of the block matrix 
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equation 



where 



and 







/ 0 ••• o' 

Df -I 0 ••• 0 0 

0 ! : 


-1 


0 

Ql n 


H Iu p 

QU J 




; o o 

; •• •.-/ o 

0 0 Df I 




. Qk . 



H, 



yu 



Hy Ul 

Hyu p 



Qyu 



0 ■ 

0 

Qyup . 



(B. 14) 



(B 15) 



(B. 16) 



and where the matrix D a is obtained from Appendix A, and the block elements Q yU} 
are the rows of the coefficient matrix Q yu . 



Proof. The block matrix equation B.13 has p block equations in p + 1 block 
unknowns, and is therefore underdetermined. One of the block variables is therefore 
a free variable, which we can pick. We choose Hy Ui = 0, which is one additional 
block equation, which we append to equation B.13 and rearrange to show Q yUp as 
a variable. The resulting coefficient matrix is invertible as shown in equation B.14, 
since it is lower triangular with non-zero elements on the main diagonal. <i 



2. CONTROLLABLE/MIXED PART 

The controllable/mixed portion of the quadratic coordinate transformation 
process is given by the solutions H ym , Q ym and G yu of equation B.2, subject to the 
constraints of equation B.9, which are rewritten here for convenience, 

H y m D m AH ym — Qym -Qym (B.17) 

Gyu — H ym DB a = G yu (B.18) 
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Because the quadratic normal form of this portion was proven to be zero in Chapter V 
after feedback was applied, the coefficient matrices Q ym and G yu can each have at most 
a non-zero bottom row after the quadratic coordinate transformation is complete. So 



Q ym and G yu have the form 



Qym — 



and 



G yu — 



0 

0 

Qym p 

0 

0 

Qyup 



(B19) 



(B.20) 



Equations B.17 and B.18 are in the proper form to apply the Unstacking Theorem of 
Chapter V, which yields 



D T m -I 0 ••• 0 

0 : 

: ••• ••• •• 0 

: -i 

o 0 Dl 



h t 

n ym i 




1 

<o< 




0 


h t 

Ij ym p 




Q T 

^ ymp 




0 

Q T 

'Vymp J 



(B.21) 






0 



0 





h t 

ym\ 




Gyu, 




0 


- 


H T 

ym p 




. Gy u r . 




0 

. Gyup . 



(B.22) 



0 ••• 0 D T Ba 

The solution of equations B.21 and B.22 is the subject of the following theorem. 



Theorem 2.1 (Controllable/Mixed Solution) The controllable/mixed portion of 
the quadratic coordinate transformation required to put a system into quadratic normal 
form is given by the solutions H ym , Q ym and G ym of the block matrix equations 

GL, = 0 (B.23) 
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and 



where 



and 



and 



H t 

U ym\ 



H?L 

w y m p 



Q T 



ynn p 



0 
1 

s g 

Q 

1 




0 


0 ' 


_1 




o •• •• 


* . # 


0 


0 




1 

. s 

c-h 

( Q> 
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* • 




-I 


0 
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0 


0 


Of 


I 




Q T 

t yvri p 






0 


0 




C T 

^yui 


o 




; 






Gl 


* 










l v u p J 


0 

L 


0 


0 

D B. 


o o 
\ 







H yni — 



H. 



ym 1 



H, 



ym-p J 



Q 



ym 



0 ■ 

0 

Qym p . 




0 



0 

Gy Up 



= 0 



(B.24) 



(B.25) 



(B.26) 



(B.27) 



and where the matrices D m and Db„ are obtained from Appendix A, and the block 
elements Q ymj and G yUj are the rows of the coefficient matrices Q ym and G yu , respec- 
tively. 



Proof. The combined block matrix equations B.21 and B.22 have sp(p + 1) 
block equations in sp (p -f 1) + s block unknowns, and are therefore underdetermined. 
One of the block variables is therefore a free variable, which we can pick. We choose 
G yUp = 0, which we show as a separate block matrix equation. Then we append 
equations B.21 and B.22 together and rearrange to show Q ynip as a variable. The 
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resulting block matrix equation 

' Dl -I 0 

0 

0 

o ••• 

0 

and it only remains to be shown that the coefficient matrix in equation B.28 is invert- 
ible. The proof of invertibility uses block Gaussian elimination to put the matrix into 
upper triangular form, and follows exactly the proof given in the Controllable/Mixed 
theorem in Chapter V, which will not be repeated here. <i 

3. CONTROLLABLE/CONTROLLABLE PART 

The controllable/controllable portion of the quadratic coordinate transforma- 
tion process is given by the solutions H yc , Q yc and G yc of equation B.l, subject to 
the constraints of equation B.10, which are rewritten here for convenience 

H yc D c — AH yc = Q yc — Q yc (B.29) 

G yc — H yc D By — G yc (B.30) 



is 



••• 0 0 

••• 0 0 
-/ 0 
o Dl I 
■■■ 0 0 



0 0 
0 D? 0 



h t 

lJ ymi 



h t 

11 yrrip 



Q 



ym p J 



Q T 

^ ym\ 



Q T 

t ymp 
^yui 



Gyu p 



(B.28) 
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The quadratic norma] form of this portion was proven in Chapter V to include only 



selected t/| terms, which are Q Vc 



V i 

y\ 



y 2 P j 



, with Q yc having the form 



Qy c = 



0 0 713 



0 



7ip 

7(p— 2)p 

0 

0 



(B.31) 



which is seen to be upper triangular with zeros on the main diagonal and first super 
diagonal. Now, the matrix Q yc is defined by the relation 



Qycy (2) = Qyc 



'yf 




0 








V2 


+ 


• 






0 


i 

73 ro 

l 




<o< 

7? 



,( 2 ) 



(B.32) 



Because of the structure inherent in the matrix Q Vc , the controllable/controllable por- 
tion of the quadratic coordinate transformation is less amenable to a general solution 
than the other portions. Instead, the solution should be handled on a case by case 
basis. 



4. UNCONTROLLABLE/CONTROLLABLE PART 

The uncontrollable/controllable portion of the quadratic coordinate transfor- 
mation process is given by the solutions H cc and Q, TC of equation B.4, subject to the 
constraints of equation B.8, which are rewritten here for convenience, 

H ac D c — F a H ac = Q ac — Q oc (B.33) 

G ac — H ac DB y = 0 (B.34) 
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The quadratic normal form of this portion was proven to include all of the y] terms 



and nothing else in Chapter V. If we define the yj terms as Q c 



matrix Q ac has the form 



Q, c y m = Q 



Oc 



V\ 

yl 



vl J 



where the matrix Q„ c € R sxp has the block form 



Qa c = 



0 

Qw c 



yl 

yl 



J 



then the 



(B.35) 



(B.36) 



In order to perform the matrix operations we need to define a new matrix which 
relates Q ac to Q<j c . We do this in a lemma. 



_ ^ _ w p(p-fl) 

Lemma 4.1 (Definition of D qc ) The matrix D qc £ R pX 2 relates the rows of the 

matrix Q ac to the rows of the matrix Q Uc as follows 



Qacj — QocjDq c 


(B.37) 


The matrix D qc is defined iteratively by the relations 




D,„ = [ 1 ] 


(B.38) 


n _ ^<?c p Op 0 

<?C P + 1 0 0 1 


(B.39) 



where we have used the definition 0 p £ R pXp = 0. 



Proof. 

in Chapter III, 



By the “Notation for Multi-Variable Taylor Series Expansions” lemma 
the elements of the quadratic state vector y(P are ordered by the rule 
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VhVt > VjVk if i > k, or h > j if * = k, which gives 



V i 



,( 2 ) - 



ym 

vl 



(B.40) 



yl 



The matrix D qc is the matrix which selects only the yj terms from this vector. <i 
So now we can state the form of the matrix Q ac , which is 



Qcrc — 



Qoc\ 




Qc„D„ 


Qac s 




Q,.,D„ 



(B.41) 



Applying the Unstacking Theorem from Chapter V to equations B.33 and B.34, we 
get 



DJ 0 

o ••• 



... o 

•• 0 
0 DT 



\ 



F I 

r °u 1 



FaJ 



Fa u J 



FoJ 



H T 

a c\ 



Hj Cs 



Qlc x 



QZc 



Q 



<JC\ 



D T By 0 • • • 0 

0 •• : 

: . 0 

0 • • • 0 Dl 

The solution to these equations is the subject of the next theorem. 



*■ 








HL 
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<JC\ 




ac\ 




Hi, 
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o 

. 

in 

1 



Qac s 

(B.42) 



(B.43) 



Theorem 4.2 (Uncontrollable/Controllable Solution) The uncontrollable/con- 
trollable portion of the quadratic coordinate transformation required to put a system 
into quadratic normal form is given by the solutions H ac and Q ac of the block matrix 
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equation 
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-Fa 21 I 




0 










' Q? Cl 


»lc s 


= 


►-i 

... 

£ Q 


~ F ”(S- 1)5 7 

0 ■ • ■ 0 


0 

0 




0 


0 

< 

0 




r>T 

G °c\ 
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0 d b 
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r T 

L G crc s J 



(B.44) 



Proof. We begin by plugging equation B.41 into equation B.42, and appending 
equations B.42 and B.43 together. The resulting block matrix equation is 






-F I 
r °2\ 1 



Dl, 












(Of - F ass l) 
0 



£> 



Hj Cl 



Hi 



Qlc, - D q c Ql c , 

Qlc s - D JcQv Cs 

Gj Cl 



Gl 



<TC S 



(B.45) 



which can be rearranged to show Q ( Tc as a variable, and then inverted, yielding 
equation B.44. Now, all that is left is to show that the coefficient matrix in equation 
B.44 is, in fact, invertible. The proof of invertibility follows closely the proof of the 
Uncontrollable/Controllable theorem in Chapter V. We begin by noting that row 
exchanges can be used to put every row which has a non-zero element of the matrix 
D^ c in order on the bottom of the matrix. This yields a new matrix which is block 
lower triangular, where the lower right block matrix is the ps xps identity matrix, and 
where the upper left block is the matrix A c trunc which was shown to be invertible in 
the proof of the Un controllable/ Controllable theorem in Chapter V. Therefore, since 
both diagonal blocks are invertible, the entire new matrix is invertible, and since row 
exchanges do not alter the invertibility of a matrix, this proves the theorem. < 
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5. UNCONTROLLABLE/MIXED PART 

The uncontrollable/mixed portion of the quadratic coordinate transformation 
process is given by the solutions H am and Qam of equation B.5, subject to the con- 
straints of equation B.7, which are rewritten here for convenience, 



Ha m D m - Fa Ham = Qam ~ Qam (B.46) 

Gan ~ HamD Ba = 0 (B.47) 

The quadratic normal form of this portion was proven to include all of the ay x terms 
and nothing else in Chapter V. If we define the ay x terms as Q am [cyi] then the 
matrix Q am has the form 

QamCry (2) = Qa m [cn/l] (B.48) 



where the matrix Q am € R sxs has the block form 





0 




0 


0 


Q°m ~ 


Q Zm 




Qzm, 


Q Z-m.2 




Qwm 




Qwm j 


Qwm 2 



(B.49) 



In order to perform the matrix operations we need to define a new matrix which 
relates Q, Tm to Q am ■ We do this in a lemma. 



Lemma 5.1 (Definition of D qm ) The matrix D qin (E 7? sxps relates the rows of the 
matrix Q cc to the rows of the matrix Q ac as follows 

Qcrcj = Q <7 C] Hq m (B.50) 

where D qm is defined by the relation 



D 



Qm 



I 0 ••• 0 



(B.51) 



Proof. By the “Quadratic State Vector” lemma in Chapter V, the elements 
of the quadratic state vector cry^ are ordered by the rule > ayy*. if i > k, or 
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h > j if i = k , which gives 



ay {2) = 



cry 1 

cry 2 

rry v 



(B.52) 



The matrix D qm is the matrix which selects only the oyi terms from this vector. < 
So now we can state the form of the matrix Q am , which is 



Qam — 



Q om\ 




Q 0mi Dq m 


Qam s 




Q &m$ Dqm 



(B.53) 



Applying the Unstacking Theorem from Chapter V to equations B.46 and B.47, we 
get 
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(B.54) 
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The solution to these equations is the subject of the next theorem. 



(B.55) 



Theorem 5.2 (Uncontrollable/Mixed Solution) The uncontrollable/mixed por- 
tion of the quadratic coordinate transformation required to put a system into quadratic 
normal form is given by the solutions H am and Q Cm of the block matrix equation 
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(B.56) 



Proof. We begin by plugging equation B.53 into equation B.54, and appending 
equations B.54 and B.55 together. The resulting block matrix equation is 
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(B.57) 



which can be rearranged to show Q am as a variable, and then inverted, yielding equa- 
tion B.56. Now, all that is left is to show that the coefficient matrix in equation B.56 is, 
in fact, invertible. The proof of invertibility uses block Gaussian elimination following 
the proof of the Controllable/Mixed theorem, and uses block row exchanges to invoke 
the “Invertible Matrix” theorem following the proof of the Uncontrollable/Mixed the- 
orem, all in Chapter V. We first use block row exchanges to put the rows containing 
the matrices directly below the rows containing the matrices and 

then exchange the rows containing a top block of the matrix to the bottom of 
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the matrix in order, where we have used the fact that 



D 



T 

m 



Fj 0 0 

i : 

o •• •• •• : 

: 0 

0 • • • 0 I Fj 



(B.58) 



This results in a matrix with identity matrices on the main diagonal, and only upper 
triangular zero main diagonal matrices above the main diagonal of the whole ma- 
trix. Block Gaussian elimination can then eliminate all sub-matrices below the main 
diagonal, resulting in an upper triangular matrix, which is invertible. <i 



6. UNCONTROLLABLE/UNCONTROLLABLE PART 

The uncontrollable/uncontrollable portion of the quadratic coordinate trans- 
formation process is given by the solutions H au and Q au of equation B.6, rewritten 
here for convenience, 

H (JU D 0 — F a H au = Q au — Q au (B.59) 



which is not subject to any of the constraint equations. The quadratic normal form of 
this portion is the Poincare normal form of the uncontrolled dynamics, and is entirely 
dependent on the structure of the matrix F c . Without a detailed knowledge of the 
specific problem to be solved, we can only say that Q au has the general form 



Qau — 



Qau i 
Qa u s 



(B.60) 
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Equation B.59 is in the proper form to apply the Unstacking Theorem of Chapter V, 
which yields 
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(B.61) 

Further analysis is not fruitful unless the specifics of the problem are known, which 
will be taken up in Appendix D. 
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APPENDIX C. STRUCTURAL MATRICES 
USED IN CALCULATION OF THE CENTER 

MANIFOLD 



X. INTRODUCTION 

There are several matrices which occur in the course of developing the dy- 
namics on the center manifold which do not depend strongly on the details of the 
problem being considered. Instead, they occur as a consequence of the structure 
of the solution method being used, and are referred to as “structural” matrices 
here and in the text. These matrices include the matrix valued functions M\ (IIl), 
M 2 ( n L ), M 3 (ft L ), M 4 ( n L ), M 5 (Q L ,n L ), Me( n L ), M 7 (fi t ,II t ), and M a ( n L ), and 
also Ni (IIq), N 2 (fig), N 3 (f f Iq), N 4 (f II, SIq), and N 5 (CIl, Hq, II l, Ilg). 

Where do these matrices come from? They are a consequence of the fact that, 
on the center manifold, both y and w are functions of y and 2 , i.e 



^ cm — (/i, 2 ) 


(C.l) 


V cm = 11 (/i, z) 


(C.2) 



which we can expand in a Taylor series using functional order notation and vec- 
tor/matrix notation as 

f \{y,z) = ft* 1 ) (y, 2 ) + (y, 2 ) + (C.3) 



= fir 
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+ ft 



Q 



yW 

yz^ 

2 ( 2 ) 



+ o( 3+ ) 



and 



n (y,z) = n^(y,z) + n^(y,z) + 0^ +) 

|( 2 ) 



= n L 



2 



+ n c 



/*' 



( 2 ) 



yz 

2(2) 



+ 0 (3+) 



(C.4) 
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Here we have used the fact that the zeroth order terms are zero, since the center 
manifold is tangent to the center subspace, that is, on the center manifold, w and y 
are zero when y and z are zero. 

Now, in the quadratic normal form of our control system, we have several 
quadratic state vectors containing elements of w and y which we would like to evaluate 
on the center manifold as functions of y and These include the quadratic state 
vectors w^ 2 \ yy\, etc. When we evaluate these on the center manifold by plugging 
in equations C.l and C.2, we get quadratic combinations of the terms in equations 
C.3 and C.4, which can be grouped according to term order. This grouping by term 
order leads directly to the quadratic matrices M and cubic matrices N which we will 
calculate in this appendix. We illustrate the process with a brief example. 

Example. [Structural Matrices for the Center Manifold] Look at a system with 
a one dimensional center manifold in y only, 



y I* 



= n. 
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Ml 


Ml 


+ n Q 


Mi ^i 
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+ o< 3+ > 



(C.5) 



n Ll n l 2 



Mi 
z l 



+ 



Hq! n q 2 u Q3 



m? 



y\z i 



+ 0 (3+) 



where y = [/ii] G R 1 , z = [sq] G R 1 and y = [?/i] G R 1 . Now, suppose we wanted to 
evaluate the quadratic state vector y ^ = [j/j] on the center manifold. Plugging in 
equations C.2 and C.4, we get 



< c - 6 > 

= (n( 1 )(^,0) + n( 2 )( / r, 2 ) + o( 3+ )) 2 

= (n (1) (y, z)) 2 + (n (1) (y, z ) n (2) (y, z ) + n (2 > (y, z) IT 1 ) (y, z)) + O < 4+ > 

= (n L ,^i + n l 2 2i ) 2 + 2(n Ll yi + n L2 z x ) (ng ,^ 2 + u Q2 y 1 z i + n Q3 zty + o {4+) 
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where we have grouped all the quadratic order terms together, and all the cubic 
order terms together. Now, any quadratic order term can be expressed as a matrix 
of coefficients times the appropriate quadratic state vector, and likewise for the cubic 
terms. So, we can write 





’ ^ ) ’ 




f *< 3 > 


y£! = M(n L ) 




+ iv(n L ,n Q ) 


HZ& 




z < 2 ) 




z( 3) 



+ o ,4+| 



(C.7) 



where 



and 



m( n L ) = 



n i, 2iu.ii!, n i. 



(C.S) 



n(Hl,iiq)= 2n L , n,,, 2 (n^. iiq, + n^n^,) 2 (n^,, nQ 3 + n^riq.) 2iu.nQ 3 

(C.9) 

We can see that the quadratic matrix of coefficients M (TIi) is a matrix valued 
function of the elements of the linear center manifold coefficient matrix 11^, and that 
the cubic matrix of coefficients N (IIl, IIq) is a matrix valued function of the elements 
of both the linear and quadratic center manifold coefficient matrices IIz, and IIq. We 
will use this type of development throughout this appendix. « 



2. DEFINITIONS OF THE VARIOUS STRUCTURAL 
MATRICES M AND N 

The structural matrices A/j (11^), -A/ 2 (IIl), M 5 (fii,, 

Ms (n L ), Mi {yiL.Iii), Ms(Ul), and Ai (IIq), A^IIq), ./V 3 (Hl, ^q), N 4 
Ns Hq, II l, IIq) are defined by the relations 



+ 0 (4+) (C.10) 
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+ 0 (4+) 



(C.ll) 
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+ 0 (3+) 



(C.15) 
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y 



( 2 ) 



= m 8 (n L ) 



yz 

Z ( 2) 

yW 

yz^ 



+ 0 (3+) 



+ 0 (3+) 



We will look at the individual matrices in subsequent sections. 



(C-16) 



(C.17) 
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3. THE MATRICES M x AND N x 

The matrices M\ (II/,) and N\ (IIg) are defined by equation C.10, which we 
repeat here for convenience 



i*y i 


= Mj (n L ) 


' A 2) 


+ fVi (n Q ) 


i 

^ 1: 

2 ^ 

i 


zyi 


cm 


zW 




z 0) 



+ 0 (4+ ) 



(C.18) 



and where // € R T , z £ R q and y G R v ■ We first look at the case for when r = 1 and 
q = 1; then we will look at the case when r = 1 and q = 2. 



a. One Dimensional Case 

For n £ B } , 2 £ R 1 and y £ R p , that is, for a one dimensional co-dimension 
one bifurcation, the matrices Mi (II/,) and N\ (IIg) are defined by the relation 







0 




Ml 


v\y\ 


= Ml (n L ) 




+ Ni (ng) 


Mi z i 

o 


ziyi 


cm 






M\ z \ 








_ A _ 



+ 0 ( '' +, 



(0-19) 



Using our definition of y on the center manifold from equation C.2 for the one dimen- 
sional case, we have 



Hem — 



Vlcm 

ypem 

n L lfM n Ll2 



n r . Ur 

r-’PP l U V*\ 



(C.20) 



V i 

Z\ 



+ 



n «i,? 



ng pfi 2 n ew, 1 Iq pz 2 





A 




Ml z l 







+ o< 3 +> 



Now, plugging in for y ]cm allows us to calculate the matrices M\ (Id/,) and N\ (fig), 
which are given by 



Mi (n L ) = 



0 Hli m1 n Llzi 



(C.21) 
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iVi (Uq) = 



r q 1m 2 n giMlM 



n 






^<3^2 n Q 1>M2I ^Qi z 2 



(C.22) 



where the notation Xii xj and ITg tj indicates the appropriate element of the matrices 
FIl and IIq respectively. 

b. Two Dimensional Case 

For y G Ft 1 , z G R 2 and y € R p , that is, for a two dimensional co-dimension 
one bifurcation, the matrices Mi (ITl) and N\ (fig) are defined by the relation 



A 

y\zi 

\l X z\ 



urn 

Z\V\ 

Z2Vl 



= Ml (n L ) 



A 



y\zi 

ftlZi 



Z1Z2 



+ Ni (fig) 



yiziz 2 
Pi z 2 



z\z 2 

Ziz\ 



+ 0 {4+) 



(C.23) 



Using our definition of y on the center manifold from equation C.2 for the two di- 
mensional case, we have 



Hem — 



yie 



Vpc 



(C.24) 



n Ll2 



i^Lp2 



P3 



Ml 

*2 
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+ 



n Q n n Ql2 n Ql3 ii<3j 4 n Ql5 i1q 16 

n<3 P i n Qp2 nQ p3 n Qp4 tiq p5 ng p6 



A 



fJ-lZl 

H\ z 2 



z l z 2 



+ 0 (3+) 



Now, plugging in for j/i em allows us to calculate the matrices Mi (IIl) and N\ (IIq), 
which are given by 



Mi (n L ) = 



hiLii n Ll2 n Ll3 



0 0 



0 



o n Lll o iIl 12 o 



o o n Lll o n Ll2 n il3 



(C.25) 



n , (n Q ) = 



^Qn n Ql2 n Ql3 n Ql4 n Ql5 n Ql6 o o o o 



o n Qn o n Ql2 n Ql3 o i1q 14 n<5 15 n 



Qi 



0 



0 



o n 



Qn 



o n Ql2 n Ql3 o n<3 15 n Ql6 



(C.26) 

where the notation IIl.j and IIq indicates the appropriate element of the matrices 
Yii and I1 q respectively. 

4. THE MATRICES M 2 AND iV 2 

The matrices M 2 (Yli) and IIq) are defined by equation C.ll, which 

we repeat here for convenience 



+ 0 (4+) (C.27) 



and where p € R T , z 6 R q and y <E R p . We first look at the case for when r = 1 and 
< 7 = 1 ; then we will look at the case when r = 1 and q = 2. 



y\ 

y\ 


= m 2 ( n L ) 


’ p( 2 > ’ 

fiz 


+ jv 2 (n L ,n Q ) 


p( 3 ) 

yz( 3) 


. yl . 


cm 


z<*> 




z < 3 ) 
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a. One Dimensional Case 

For fi G Z? 1 , z G R l and y G R p , that is, for a one dimensional co-dimension 
one bifurcation, the matrices M 2 (IU) and N 2 (n L , IIq) are defined by the relation 



+ 0 (4+) (C.28) 



Using our definition of y on the center manifold from equation C.2 for the one dimen- 
sional case, we have 



Ml 2 




9 




Mi 


y\ 


= m 2 (n L ) 


Mi 

Mi z i 


+ n 2 (!1l, n Q ) 


phi 

9 


• 




2 ? 




Mi*i 


. 2/p J 


cm 






~i J 



Hem — 



3/1 cm 
Vpcm 

n L lm n Llzi 



n L P(1I n l vzi 



(C.29) 



Mi 

z\ 



+ 



n «, M ? n< 3i»*in U Qu 






n 0 2 n 

“1 



" 


,2 




Pi 




P\Z\ 







+ 0< 3+ > 



Now, plugging in for y cm allows us to calculate the matrices M 2 (n^,) and N 2 (n^, Hq), 
which are given by 

.2 _ /_ \ 2 



M 2 ( n L ) = 



(n Llfj] ) 2 n LlMi n LlZ] (n Llzi ) 

_ (n^Pi) 2n L Pfn n Lp2i (n Lpn ) 



(C.30) 



iv 2 (n L ,n Q ) = 



nil n i 2 n i3 n U 



n P i n P2 n P3 n p4 



(C.31) 



where the elements of the matrix jV 2 (II^, I1 q) are given by the formulas (for i = 1 to 
P) 



n t 1 — 2H Ltft n Qiii2 



(C.32) 
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= 2 n «.Mi n <5,^ J 


(C.33) 


= 2 (ii/,,^ u Q ^ + n Ltzl u Qtntl ) 


(C.34) 


= 2n L, 21 II g 2 2 


(C.35) 



and where the notation 11/,^ and IlQ tj indicates the appropriate element of the matri- 
ces U L and Ilg respectively. Now, because of the unique structure of one dimensional 
bifurcations, such that F z = 0 for the general case, we can simplify the matrices 
M 2 (n L ) and iV 2 (n L ,ng) for the one dimensional case. From the Linear Center 
Manifold Solution theorem of Chapter VI, we have an expression for the rows of the 
matrix II /,, which is 

r -i t— 1 



TIl, = n /,, 



0 0 



F F 

1 /i 1 Z 



(C.36) 



For a one-dimensional bifurcation, we plug in F z = 0 and multiply out to get 



Liz,! = 

n L2 = 



^ = 



Hli m , n /, 12 j 



0 



0 0 



(C.37) 

(C.38) 

(C.39) 



for j — 2 to p (for p > 2). Now we can plug the components of 11/, into equations 
C.30 and C.31 and get our final result for M 2 (11/,) and N 2 (IT/^, I1q), which is 



M 2 (U l ) 



( n ^i M1 ) 2n L lMi n Ll21 (nL l21 ) 

(f„IIz, 12i ) o o 

ooo 



(C.40) 



0 0 0 
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iv 2 (n L ,n Q ) = 



^ll ^12 ^13 ^14 

«2j «2 2 n 2i 0 

0 0 0 0 



(C.41) 



0 0 0 0 

where the elements of the matrix iV 2 (11^, IIq) are given by the formulas (for i = 1 to 

P) 



7i\ l 2IIl 1mi n Qi ^ 


(C.42) 


n u = 2 + n Ll2i n Qi ^ 


(C.43) 


n l3 = 2 (n Ll(M n Qiz , + u LlZi n Ql(MZi 


(C.44) 


n u = 2n Llzi n Qiz? 


(C.45) 


n 2l = 2F^U Lizi Uq 2 ^ 


(C.46) 


n ?2 2 -^M^^l2i n<52f.]Zi 


(C.47) 


n 2 3 = ^FJi Llzi 11 q 2z2 


(C.48) 
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b. Two Dimensional Case 

For // € R} , z € R 2 and y € RP , that is, for a two dimensional co-dimension 
one bifurcation, the matrices M 2 (fl/,) and N 2 (n^IlQ) are defined by the relation 



vi 

yl 



L 



= M 2 (n L ) 



iA 



Mi^i 

m z \ 



z x z 2 



+ iv 2 (n L ,n Q ) 



iA 
\A z i 

y]z 2 

mi A 



M i Z\ z 2 
Mi z \ 



z\z 2 

Z\z\ 



+ 0 {4+) 



(C.49) 



Using our definition of y on the center manifold from equation C.2 for the two di- 
mensional case, we have 



V cm — 



+ 



y u 



y Pc 



n Lu n Ll2 n Ll 



n L p i ili/p2 Hi/p3 



Mi 

Z\ 

Zi 



i^Qn Hq 12 Hq 13 Hqi 4 Hqi 5 Hqi 



n Qpi n Q P 2 Hq P 3 n Qp4 n Qp5 n Qp6 



Mi 



Mi z i 



Ml z 2 

A 



Z\Z 2 



(C.50) 



+ 0 (3+) 
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Now, plugging in for y cm allows us to calculate the matrices M 2 (IM) and jV 2 (IM, TIq ) , 
which are given by 



m 2 ( n L ) 



' (n Lll ) 2 2n Ln n Ll2 2u Lll n Li3 (n Ll2 ) 2 2iu 12 n il3 (iu 13 ) 2 ' 

. (n Lpl ) 2 2n Lpl n ip2 2n Lpl iu p3 (n ip2 ) 2 2n ip 2 n Lp3 (n Lp3 ) 2 . 



(C. 51 ) 



n x , n\ 2 n l3 n u n u n u n lr n u n lg n i 10 



iv 2 (n L ,n Q ) = 



(C.52) 



Ti-p 1 n V2 Tlp 3 Tlp A Tip b Tlp 6 flp 7 Tlp^ 7lp 9 ^p 10 
where the elements of the matrix fV 2 (11^, I1 q) are given by the formulas (for i = 1 to 

P) 



n,-, = 2 n Lil n gil (C. 53 ) 

n h = 2(n L , 1 nQ , 2 + n Ll 2 no tl ) (c.54) 

n i 3 = 2 (nLung.a + n^ng.j (C.55) 

n u = 2 (nL tl n Qi4 + n Ll2 nQ, 2 ) (c.56) 

n i s = 2 (nL„n giS + nL t2 riQ t 3 + nL l2 n g , 3 ) (c.57) 

n , 6 = 2 (n Lil n Qi6 + n Lt 3 n g ,3) (c.58) 

n i7 = 2n L , 2 n Ql4 (C. 59 ) 

= 2(n Li 2 n Q , 5 + n Li 3 n g , 4 ) (c. 60 ) 

n ig = 2(n Li 2 ng , 6 + n L , 3 n Q j (C. 6 i) 

n ho = ^L, 3 ^Q, 6 (C.62) 



and where the notation II £, and IIg t; indicates the appropriate element of the ma- 
trices Yii and Tig respectively. 



5. THE MATRICES M 3 , M 4 , M 5 , M 7 AND N 4 

The matrices M 3 (CIl), M 4 (Ql), M 5 (Ql, FIl), M 7 {£Il^l) and N 4 (Ql,CIq) 
are defined by equations C.12, C.13, C.14 and C.16 which we repeat here for conve- 
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nience 



(XW^ 

zw^ 



= M 3 (n L ) 



w 



( 2 ) 



= M 4 (ft L ) 



/i< 2 > 








/rzC) 


+ iV 3 (f li, fig) 


fiz^ 


+ 0 (4+) (C.63) 


zW 




z (3) 




^ ' 




' /d 3 > ' 






+ N 4 (f 11, fig) 


/iz< 3 > 


+ 0 (4+) (C.64) 






z £) 





wy i 





flM 




/d 3 > 


= Ms (Ol, n L ) 


lizM 


+ Ns (IIl, Hl, Ilg) 


/IZ< 3 > 




z™ 


' /d 2 ) 


zW 



+ 0 (4+) (C.65) 



wy 



( 2 ) 



= m 7 (n t , n L ) 



( 2 ) 



2 ( 2 ) 



+ o< 3+ ) 



(C.66) 



Now, since each element of the matrices M 3 (fM, M 4 (IIl), Ms (£Il, IIl), M-j (0l, IIl) 
and N 4 (Q,l,^Iq) contains an element of fli as a factor, and since it was shown in 
Chapter VI that 0 l = 0 always, then each of these matrices is zero. That is, 



M 3 (Q l ) 


= 0e r< r+9)xt:M r 2±li 


(C.67) 


m 4 (fl L ) 


= 


(C.68) 


Ms (Ol, IIl) 


= 06 


(C.69) 


am n L ,n L ) 


= o e R mpx --'-r---- 


(CTO) 


(Hl, Hg) 


x (’-+TX’-+?+tK’-+'?+2) 
= 06/2 2 6 


(C.71) 



6. THE MATRICES M 6 , M 8 , JV 3 , iV 5 AND C z 

The matrices Ms(U.l) and Ms (IIl) are defined by equations C.15 and C.17 
and were shown in the corollary to the Center Manifold Theorem in Chapter VI to 
have no effect in our general method of bifurcation control if the quadratic gain vectors 
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K^u Kzy(V an d Ky ( 2 > were set to zero, which can be done in all cases without loss of 
generality. We will not calculate Me (II/,) or Mg (II/,) in this appendix. If calculation 
of these matrices should become necessary, then the method used to calculate the 
matrices Mi (11/,) and M2 (11/,) can be used with success. 

The matrices N 3 (Q.l,CIq) and A^ (fl/,, fig, II/,, IIg) are defined by equations 
C .12 and C.14, which we repeat here for convenience, where we have included the 
fact that both M3 (fl/,) and M5 ( 0 /, , II/,) are zero as shown in the previous section 



zw^ 



J cm 



N 3 (f 1 L , fig) 



A 



( 3 ) 



( 3 ) 



/J.Z 

z( 3 ) 



+ 0 {4+) 



(C.72) 



V- 



wy 1 



= n 5 (fi/,, fig, ri/,, rig) 



(3) 

,( 3 ) 



+ 0 {4+) 



(C.73) 



z( 3 ) 

and where // € /? r , z G / 2 9 , G R m and y G / 7 P . Now, the situation for both matrices 
is simplified because of the fact that fl/, = 0, and we get 



A /3 (fl/,, fig) — N 3 (Qq) 

N 5 (SI/, , fig , II/,, Ilg ) = N 5 (II/,, fig) 



(C.74) 

(C.75) 



since only cubic order terms which don’t include fl/, survive. 

The matrices N 3 (fig) and N5 (II/,, fig) are used in the calculation of the matrix 
C Z (U L ), which is defined by the relation 



c z (n L ) 


’ ^ 
/ZZ< 3 ) 


= (Q V! A , 3(S!«) + Q,„ ! A's(n I „n«)) 


’ ^ 




zl 3) 







+/i 3) (/b Z » W lm, I/cm) + d 2) (M, Z , “III. I/cm) V 



( 1 ) 



(C.76) 



Although it is possible to calculate the matrices N 3 (Q,q) and ./V 5 (II/,, fig) in the 
general case, ultimately it is the matrix C z (II/,) we care about, and we calculate that 
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on a case-by-case basis for the specific system we are analyzing. So, the matrices 
N 3 (Qq) and should be calculated as a part of the calculation of the 

matrix C z (IU). 
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APPENDIX D. POINCARE NORMAL FORMS 
FOR COMMON BIFURCATIONS 



In this appendix we will present the Poincare normal forms and associated 
formulas for various common types of bifurcations. For each type of bifurcation, 
the Poincare normal form will be given, then the coordinate transformation which 
achieves the normal form, then the formula which is used to achieve the coefficients of 
the normal form from the non-transformed system. This appendix will cover saddle- 
node, transcritical, pitchfork and Hopf bifurcations. 



1. SADDLE-NODE BIFURCATIONS 

A dynamic system of the form 



+ Q 



Ml 




0 


0 




Mi 


z 1 




. F » 


0 







o 




Mi 


Mi 


+ c 


Mi*i 


Ml -21 


o 






Mi z i 

z 3 

J 



+ o (4+) 



with 7 ^ 0, and where Q and C are coefficient matrices having the form 

Q = 



0 0 0 

q \ <72 93 



c = 



0 0 0 0 



C\ c 2 c 3 c 4 

can be transformed into the cubic order Poincare normal form 



+ Qp 



Mi 




0 


0 




Mi 


Z\ 






0 




Z 1 



9 




M? 


Mi 




9 A 


Mi h 


+ Cp 


Mi-i 


p 

~i 




Mi*i 






Z\ J 



+ 0 (,,+l 



(0.1 ) 



(D-2) 



(D.3) 



(0.4) 
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The matrices Qp and Cp are the quadratic and cubic Poincare normal form coefficient 
matrices respectively, having the form 



Qp = 



C P = 



0 0 0 

0 0 q$ 

0 0 0 0 



0 0 0 c* 



(D.5) 



(D.6) 



The system experiences a saddle-node bifurcation at — 0 when / 0. If = 0, 
but c* 4 ^ 0, then the system does not experience a bifurcation, but is characterized by 
a single equilibrium point whose stability is dependent on the sign of c* A , as discussed 
in Chapter VII. The quadratic coordinate transformation 



Ml 




Mi 


Z 1 




h 



+ H 



M? 



Mi 2 i 



(D.7) 



suffices to put the quadratic terms of the system into normal form, where H is a 
coefficient matrix of the form 



H = 



0 0 0 

h\ h 2 

with the coefficients hi given by the formulas 

h\ — 0 
9 1 



(D.8) 



ho — 



ho — 



1 v- 
92 

2 Fa 



(D.9) 

(D.10) 

(Dll) 



Finally, the coefficients of the Poincare normal form are given by the formulas 

q ; = q 3 (D.12) 

c 4 = c 4 (D.13) 
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2. ONE DIMENSIONAL DEGENERATE BIFURCATIONS 

The one dimensional degenerate bifurcations include transcritical bifurcations, 
pitchfork bifurcations, and the case of the isolated equlibrium point. Each of these 
cases is characterized by a dynamic system of the form 



Mi 

Z\ 



= Q 



9 




M? 


Mi 




9 




+ c 


Mi 2 i 


Mi 24 


9 


z 2 

z i 




Mi 24 
2 3 

J 



+ 0 < 4+ > 



where Q and C are coefficient matrices having the form 



(D.14) 



Q = 



0 0 0 

<7l <72 <73 



(D. 15) 



C - 



0 0 0 0 

Cl C 2 c 3 c 4 



(D. 16) 



The dynamic system in equation D.14 exhibits different dynamic behavior depending 
on the relationship among the quadratic coefficients qi, q 2 and q 3 . We list some of 
the possible cases as: 



• For 93 7^ 0 and (q 3 ) 2 — ^q^qi > 0, two distinct local equilibrium points exist 
(except at /xj = 0, where there is only one). This situation characterizes a 
transcritical bifurcation. 

• For (<7 2 ) 2 — 4<7 3 <7] < 0, only one equilibrium point exists, at /xj = 0, and no 
equilibrium points exist for /x t ^ 0. This situation characterizes the case of an 
isolated equilibrium point. 

• For (73 — 0, a single local equilibrium point exists at 2* = — ^-/xi (for q 2 ^ 0), 
except when /x t = 0, in which case = arbitrary. This situation characterizes 
a pitchfork bifurcation. 

Other more degenerate cases are also possible. However, in each case, the 
dynamic system in equation D.14 can be transformed into the cubic order Poincare 



387 



normal form 











Ml 


- 








O A 


Ai 


= Q 




+ Cp 








A 9 


Z\ 




A O 




V\Z{ 






* 1 




-3 










z i 



+ o (,+) 



(0.17) 



where Cp is the cubic Poincare normal form coefficient matrix. (Because there are no 
linear terms in equation D.14, the quadratic coefficient matrix Q cannot be altered 
by the coordinate transformation.) For q-i / 0, the matrix Cp has the form 

0 0 0 0 



Cp = 



o c; o c* 4 



(D. 18) 



although other forms are possible, particularly if the coefficient q 2 — 0. (The degener- 
ate case of 92 = 0 will not be treated here.) The quadratic coordinate transformation 



Mi 




Mi 


. Zl 




. Zl 



+ H 



A 



V\Z\ 

Z2 



(D. 19) 



suffices to put the quadratic terms of the system into normal form, where H is a 
coefficient matrix of the form 

r 0 0 0 

h\ h 2 hs 

with the coefficients h{ given by the formulas 

( 0 . 21 ) 



H = 



(D.20) 






92 



/i2 — 0 



(D.22) 
(D.23) 

and where it is assumed that <72 7^ 0. Finally, the coefficients of the Poincare normal 
form are given by the formulas 



h 3 = - 
92 



,93 



9 1 



Co = —2 — ci — 2 — C3 



9 2 

C4 — C4 



92 



(D.24) 

(D.25) 
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3. HOPF BIFURCATIONS 

A dynamic system of the form 



Al 




*1 

^2 





0 0 
0 0 
0 



0 

-U>0 

0 



Mi 

zi 

z 2 



+ Q 



Mi 

Z l 

Z\Z 2 



+ c 



Mi 

Mi z i 

M? 2 2 

Mi 2 i 



/f 1 2 1 2 2 

Ml 2 2 



Z \%2 

^1^2 



+ 0 (4+) 



with a>o 7 ^ 0, and where Q and <7 are coefficient matrices having the form 







0 


0 


0 


0 


0 


0 






Q 


= 


?ll 


9l 2 


913 


9l« 


9i. 


91. 










92, 


92 2 


923 


924 


92s 


92s 






0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


c ii 


C l2 


c l3 


C l4 


C l5 


C l6 


c l7 


c l 8 


c l9 


c lio 


C 2i 


C 2 2 


C 2 3 


C 24 


C 2s 


C 2 6 


c 27 


c 2s 


c 2 9 


c 2io 



(D.26) 



(D.27) 



(D.28) 
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can be transformed into the cubic order Poincare normal form 



Mi 




h 




h 





0 0 0 

0 0 — u)q 

0 loq 0 



Mi 

Z\ 

Zl 



+ Qp 



A 



Mi^i 

Mi-^2 



~2 



ZlZ 2 



Z.2 



+ Cp 



Mi 

Ah 

Ah 

* 2 

Ml 2 ! 



Ml -1-2 

9 

Ml ^2 

'3 



2? 22 

Mf 

-3 



+ 0 (4+) (D.29) 



where Qp and Cp are the quadratic and cubic Poincare normal form coefficient ma- 
trices respectively, having the form 



Qp = 



0 0 0 0 0 0 

o o i - lo ; ooo 

0 w* cij 0 0 0 



(D.30) 





0 


0 


0 


0 


0 


0 


0 


0 


0 


0 




Cp = 


0 


a 2 


~ U 2 


0 


0 


0 


a* 


-b* 

u 0 


a o 


-K 


(D.31) 




0 


w 2 


<*2 


0 


0 


0 


K 


a o 


A* 

u 0 


a 0 





The system experiences a Hopf bifurcation at fj,\ = 0 when oq ^ 0 and Oq ^ 0. The 
quadratic coordinate transformation 







A 










Hih 


Ml 




Ml 






2l 


= 


h 


+ H 


Mi h 

A o 


2 2 




h 














21-22 






2o 



(D.32) 
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suffices to put the quadratic terms of the system into normal form, where H is a 
coefficient matrix of the form 



H = 



0 


0 


0 


0 


0 


0 


K 


h \ 2 


hi 3 




h i s 


hi 6 


h 21 


h 2 2 


^•23 


^2 4 


h 2h 


h 2 6 



with the coefficients hij given by the formulas 



h i, 
h 2j 



1 

<?2i 




1 



h l2 

h i 3 

h 2 2 

h 2z 



0 

0 



1 

2cj 0 

1 

2o? 0 



(9i 2 — 92 3 ) 
(9i 3 + 92 2 ) 



^i< — x — ( — 9i s — 92 4 — 2^2 6 ) 

3u>o 

^is = ~ — ( 2 9n - 2 9 i 6 + 92 5 ) 

3u^o 

h\ & = T~ (9ls ~ 2 924 -92.) 

OC^o 

^2 4 = (9l4 + 291s ~ 92s) 

^2 S = o ( — 9l 5 + 2 92 4 — 2^2 6 ) 

OCOo 

^2 6 = ;jrj- ( 2 9i 4 + 9l 6 + 92s) 

The coefficients of the Poincare normal form are given by the formulas 

. 1 , 

a i = 2^ l2+923 ' 

w i = 2 ^ 9u + 92 2 ) 



(D.33) 



(D.34) 

(D.35) 

(D.36) 

(D.37) 

(D.38) 

(D.39) 

(D.40) 

(D.41) 

(D.42) 

(D.43) 

(D.44) 

(D.45) 
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(D.46) 

(D.47) 



(D.48) 



a 0 — 3” (^ Cl 7 Cl 9 C 2g + ^ C 2 io) + ao 
o 

with 

o° = (9 i 5 (9i 4 + 9u) — ?2 S (924 + 92 6 ) — 2 9l4ft4 + 2^ l6 g 26 ) (D.49) 

We will not be concerned with the cubic order coefficients a * 2 , or 6 q, as they are 
essentially higher order terms to lower order dynamics. We also note that equations 
D.48 and D.49 were adapted from Wiggins [Ref. 21]. 
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APPENDIX E. MATLAB SIMULATION 

PROGRAM 



The following MATLAB program was used to produce the simulation results 
presented in the first example in Chapter VIII. 

'/, Given a system which exhibits a saddle-node bifurcation 

in the absence of control (controllable states held to zero) , 
find and apply feedback which stabilizes the system as 
% close to the origin as possible. 

y 

y Our system is: 
y mu_dot = 0 

'/. z_dot = mu + 4*z~2 + 5*z*y + y~2 
'/ y_dot = u 

y 

y We will implement the system two ways: 

y (1) Linear control applied to stabilize the controllable 
y state y (u = Ky*y) . 

y (2) Linear and quadratic control applied to stabilize the 
y controllable state y, and to stabilize the uncontrollable 

y state z by transf orming the uncontrollable system into 

y z_dot = mu - 3*z"3 + 0~(4) 

y The control needed to implement this is: 
y u = Ky*y + Kz*z + Kzz*z~2 

7, This section contains all the problem information. 

y 

y Initial conditions: 
muO = 0.1; 
zO = 0.1; 
yO = 0; 

xO = [muO; zO; yO] ; 

y 

'/, Control law gains: 

Ky = -10; y Pick Ky at will to stabilize y. 

Pi_L_z = -1; y This value is fixed by our system. 

'/, Pick either of these next two gains, not both. 

‘/.Kz = 0; ‘/Gain for case (1) 

Kz = -Ky*Pi_L_z; y.Gain for case (2) 
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Pi_Q_zz = -1; % This value can be picked. 

Gamma_l_zz = 0 ; 

♦/, Pick either of these next two gains, as above. 

’/,Kzz = 0; */,Gain for case (1) 

Kzz = -Ky*Pi_Q_zz - Gamma_l_zz; '/.Gain for case (2) 

’/, This section initializes the numeric integration. 

*/ Tf is the run time of the integrator, dt is the time 
“/, step size. 

Tf = 20; 
dt = 0.01; 
time = 0 :dt :Tf ; 
kmax=length(time) ; 
u = zeros (1, kmax) ; 
x = zeros (3, kmax); 
x ( : , 1) = x0( : ,1) ; 

'/. This section is the heart of the program. This is 

'/, the numeric integrator where the dynamics are calculated 

# /, and where the control laws are applied. 

for (i=l :kmax-l) 
mu = x ( 1 , i ) ; 
z = x(2, i) ; 
y = x(3, i) ; 

'/, State propagation and control law application 
v = Ky*y + Kz*z + Kzz*z~2; 
mu_dot = 0 ; 

z_dot = mu + 4*z~2 + 5*z*y + y~2; 
y_dot = v; 

mul = mu + mu_dot*dt; 
zl = z + z_dot*dt; 
yl = y + y_dot*dt; 
x(:,i+l) = [mul; zl; yl] ; 
u(l,i) = v; 

y. 

end; 

*/, This section plots the results, 
clg 

plot(x(2, :) , x(3, :)) 
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title( 'Phase plane plot of z vs y'); 

xlabel('z'), ylabel('y'); 

grid; 

*/, print ; 
pause ; 
figure 

plot (time , x(2 , : ) ) 

'/,axis([0, Tf, -1.5, 1.5]) 

title( 'forward time plot of z'); 

xlabel('time (sec)'), ylabel('z'); 

grid; 

pause 

figure 

plot (time, x(3,:)) 

y,axis([0, Tf, -1.5, 1.5]) 

title( 'forward time plot of y ' ) ; 

xlabel('time (sec)'), ylabel('y'); 

grid; 

pause 

figure 

plot(time, u) 

y,axis([0, Tf, -1.5, 1.5]) 

title( 'forward time plot of u'); 

xlabel('time (sec)'), ylabel(’u'); 

grid; 

pause 

figure 

subplot (4, 1 , 1) , plot(time, x(l,:)); grid; 
axis( [0 , Tf, -0.15, 0.15]) 

title( 'Forward time plot of mu, z, y, and u') 
xlabel(''), ylabel('mu') 

subplot (4, 1 , 2) , plot(time, x(2,:)); grid; 
’/.axis ( [0 , Tf, 0, 2]) 

*/,t it le( 'Forward time plot of z') 
xlabel(''), ylabel('z') 

subplot (4, 1 ,3) , plot(time, x(3,:)); grid; 
y,title( ' Forward time plot of y') 
xlabel(''), ylabel('y') 

subplot (4, 1 ,4) , plot (time, u) ; grid; 
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'/.title( 'Forward time plot of u’) 
xlabel( 'time' ) , ylabel(’u') 

‘/.print ; 
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